SECTI ON |
' CHAPTER 3 SOVE SI MPLE PROPCSI TI ONSj

|

1FDOxOy ( x =y Oy =x)

2 FOxOyOz ( x =y &y =z 0 x =2z)

3FOxOy (= x=y 0O -y =x)

4FDOxOy (x =y O-ax=y)

5F 0OxOyOzOa ( (x =y Oz =a) &-~-x =y 0 z =a)

6 F OxOyOzOa ( (x =y Oz =a) &-~z=al x =y)

7F DOxOyOzO0a ( (-x =y O=-z=a) &x =y 0 =z =a)

8|—DnyDzDa((—nx:yD—|Z—a)&z:aD—nx:y)

9 F OxOyDzOaObOec ( (x =y Oz =aOb=c¢) &=-x =y
0 z=alOb=c)

10 F OxOyOzOaObOcOdOe ( (x =y Oz =a Ob=c0Od = e)

& " X =y

O z=alOb=cOd=¢e)

11 F OPOQOxOy ( (Px] O Qyl) &~ Px] O Qy] )
12 F OPOQIxOy ( (P(x] O Qyl) &~ Qyl O P[x] )
13 F OxOyDzOa ( - (x =y Oz =a) O -x=y &-2z =a)
14 F OxOyOzOa ( =~ x =y &=~z =al - (x=y 0z =a) )
15 F OPOx ( P[x] O = P[x] )
16 F OxOy ( x =y O OP(P[Xx] = Ply]) )
17 F OPOxOy ( P[x] & = Ply] O = x =vy)
18 F OROxOy ( Rx,y] 0= RX,y] )
19 FOP ( Ox P[x] O =~ X = P[x] )
20 F OP ( x P[x] O = Ox = P[x] )
21 FOP ( Ox = P[x] O = X P[x] )
22 FOP( x = P[x] O =~ Ox P[x])
23 F 0P ( - Ox P[x] O X = P[x] )
24 FOP ( - x P[x] O Ox = P[x] )
25 FOP ( - Ox = P[x] O X P[x])
26 FOP ( -~ x =~ P[x] O Ox P[x] )
27 F OP ( Ox P[x] = = X = P[x] )
28 F OP ( X P[Xx] = =~ Ox = P[x] )
SECTION |1: MONADI C PREDI CATES

I CHAPTER 1 | NCLUSI ON AND EQUI VALENCE;
1% 0; POQ; Ox(Px1 O @x1)
2 FOPOQIx ( P[x] & POQO Qx] )
3FOPOQX (-~ Qx] &POQO = P[x] )
4FOPPOP
5FOPOQQR( POQ&QORDO POR)

6 FOPOQOROS ( POQ&QOR&ROSO POS)
73 =; P=Q; IX(Px] = Qx])

8FOPOQ( POQ&QOIPDO P=Q)
okFOPP=P

10 FOPOQ( P=QO Q=P)
11 FOPOQ( P=QO P OQ)
12 FOPOQ( P=QDO QOP)
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50 FOPOQOR ( POQ&QORO POR) i
60 FOPOQ( PO QO X(QxX] & = P[x]) ) i
61 F OPOQ ( PO QO X Qx] ) i
| CHAPTER 2 UNI ONS;

1D O; (POQ ; ; {a: Pla OQaj} i
2 FOPOQx ( (PO QIXx] < PIx] O0Qx] ) .
3 F0OPOQIx ( (PO QIx] O PIx] O0Qx] ) .
4 FOPOQx ( P[x] OQx] O (PO QIx]) i
5 F 0OPOQx ( P[x] O (POQI[X] ) .
6 F OPOQOx ( Qx] O (PO QIx] ) .
7 F OPOQOx ( (PO QIx] &= Px] O Qx]) i
8 FOPOQIx ( (PO Q[x] &= Qx] O P[x]) .
9 FOPOQIXx ( = (PO Q[x] O = Px]) .
10 F OPOQ@x ( - (PO QI[x] O =~ Qx] ) i
11 FOPOQX ( - (PO Q[x] O = P[x] & - Qx] ) .
12 FOPOQP O (PO Q .
13 F OPOQ P O (Q O P) i
14 F OPOQQR( POR&QORDO (PO Q OR) i
15 FOPOQ(PO Q O (QO P .
16 FOPOQ(P O Q =(Q0O P) i
17 FOPOQR ( (PO Q ORDO (QOP) OR) i
18 FOPOQIR ( RO (PO Q O RO(QOP) ) i
199 FOPOQR ( (PO Q =RO (QOP) =R) i
20 FOPOQR( R=(POQ O R=(QOP) ) i
20 FOPOQOR( POQDO PO(QOR ) i
22 FOPOQOR( PORDO PO(QOR ) i
23 FOPOQ( POQO (PO Q OQ) i
24 FOPOQ( POQDO (QO P OQ) i
25 FOPOQ( POQO (PO Q =Q) i
26 FOPOQ( POQO (QO P) =Q) i
27 FOP(POP) =P i
28FOPOQ( P=(POQ O QOP) i
29 FOPOQ( P=(QOP) O QOP) i
30FOPOQ( (POQ =Q0O QOP) i
31 FOPOQ( (QO P =PO QOP) i
32 FOPOQOROS ( POQ&ROSO (POR O(QOYS ) i
33FOPOQR( POQO (POR O(QOR ) i
34 FOPOQOR ( POQO (ROP) O(ROQ ) i
35 FOPOQOROS ( P=Q&R=S0O (POR =(Q0OYS) ) i
36 FOPOQOR( P=QO (POR =(QOR ) i
37 FOPOQOR ( P=QO (ROP) =(ROQ ) i
38 FOPOQR( P=QO (POR =(ROQ ) i
39 FOPOQR( Q=P O (POR =(ROQ ) i
40 F OPOQOROSOT ( P=Q&R=S&T=(POR O T=(Q0OY )

|
41 F OPOQOROSOT ( P=Q&R=S&(POR =T0O (QOS) =T)
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OPOQOROSOT ( Q=P & S

OPOQUIROSOT ( Q=P & S

OPOQOROS ( P=Q&(POR =S0O (QOR =8S)
OPOQOROS ( P=Q&S=(POR O S=(QOR )
OPOQOROS ( P=Q&(ROP) =SSO (ROQ =8S)
OPOQOROS ( P=Q&S=(ROP) OS=(ROQ )
OPOQOROS ( Q=P &(POR =SSO (QOR =8)
OPOQOROS ( Q=P &S=(POR O S=(QOR )
OPOQOROS ( Q=P & (ROP) =SSO (ROIQ =8S)
OPOQOROS ( Q=P &S=(ROP) OS=(ROQ )
OPOQOR ((PO0Q OR O (PO (QOR)

OPOQOR (P O (QOR) O((POQ OR

OPOQOR (
OPOQOR (

(POQ OR =(PU(QUR)
PO(QUR) =((POOQ OR
' CHAPTER 3 | NTERSECTI ONS;j

n ; (PnQ ,; ; {a: Pla &Qa]}
OPOQX ( (P n QIx] = PIX] & Qx] )
OPOQIx ( (P n QI[x] O P[x1 & @x] )
OPOQIx ( P[x] & Q@x]) O (P n QI[Xx] )
OPOQIX ( (P n Q[x] O P[x1 )

OPOQOx ( (P n Q[x] O Qx] )

OPOQIX ( = (P n QI[X] & P[x] O =~ Q@x] )
OPOQIX ( = (P n Q[Xx] & Q@x] O = P[x] )
OPOQIX ( = (P n Q[x] O =~ Px] O=Q@x] )

OPOQ (P n Q OP
OPOQ (Qn P OP
OPOQOR ( POQ&PORO PO(QN R )
OPOQ (P n Q O (Qn P)

OPOQ (P n Q =(Qn P)

OPOQCR ( (Pn Q ORO (Qn P) OR)
OPOQR ( RO(Pn Q O RO(QN P )
OPOQAIR ( (PN Q =RO (Qn P) =R)
OPOQCR( R=(Pn Q O R=(Qn P )
OPOQAR ( = (PN Q =RO - (Qn P) =R)
OPOQIR ( - R=(Pn Q O -R=(Qn P))
OPOQOR ( PO QO (Pn R OQ)
OPOQR ( PO QO (Rn P OQ)
OPOQ ( PO QO PO(PN Q)

OPOQ( POQO PO(Qn P))

OPOQ( PO QO (PN Q =P)

OPOQ ( PO QO (Qn P) =P)
0P (PnP) =P
OPOQ ( (PN Q =Q0O QO P)

OPOQ ( (Pn Q =P O POQ)

R&T=(POR O T=(QOY9 )

R&(POR =TO (QUOS) =T)



10 F OPOx ( P(x] O (PC)[x] )

11 F OPOx (P O (PC))[x]

12 FOPOQ ( (P6) 0 QO (@) OP)
13 F OPOQ ( PO (@) O Q0O (PC) )

30 FOPOQOROS ( POQ&ROSO (PnR O(Qn S ) i
31 FOPOQR( POQO (Pn R O0(Qn R ) i
32 FOPOQR( POQO (RnP) O(RN Q) i
BFOPOQROS ( P=Q&R=SO (PnR =(Qn S ) i
34 FOPOQR( P=QO (PN R =(Qn R ) i
35 FOPOQOR( P=QO (RN P) =(Rn Q) i
36 F OPOQOROSOT ( P=Q&R=S&T=(PnR OT=(Qn Y )

|
37 FOPOQOROSOT ( P=Q&R=S& (PN R =T0O (Qn'S) =T)

|
38 F OPOQOROSOT ( Q=P &S =R&T=(PnR OT=(Qn Y )

|
39 F OPOQOROSOT ( Q=P &S=R&(PNn R =T0O (Qn S =T)

|
40 FOPOQOROS ( P=Q& (PN R =SO (Qn R =5S) i
41 FOPOQOQROS ( P=Q&S=(Pn R OS=(Qn R ) i
42 F OPOQOROS ( P=Q& (Rn P) =SSO (RnQ =8S) i
43 FOPOQOROS ( P=Q&S=(RnP) O0S=(Rn Q) i
44 F OPOQOROS ( Q=P & (PN R =S0O (Qn R =8) i
45 F OPOQOROS ( Q=P &S=(Pn R O0S=(Qn R ) .
46 F OPOQOROS ( Q=P & (Rn P) =SSO (Rn Q =5S) i
47 FOPOQOROS ( Q=P &S=(RnP) O0S=(Rn Q) i
48 F OPOQOR ((Pn Q@ n R O (P n (Qn R) .
49 FOPOQOR (P n (Qn R) O((Pn Q n R i
50 F OPOQOR ((Pn Q@ n R =(Pn (Qn R) i
51 F OPOQOR (P n (QOR) O((Pn Q O (Pn R) i
52 F OPOQOR ((P n Q O(Pn R) O(Pn (QOR) i
53 F OPOQOR (P n (QOR) =((Pn Q O(P n R) i
54 F OPOQOR ((PO Q n R =((Pn R O(Qn R) i
5 F OPOQOR (PO (Qn R) O((POQ n (POR) i
56 F OPOQOR ((P O Q n (POR) O(PO(Qn R) i
57 F OPOQOR (PO (QnNn R) =((POQ n (POR) i
58 F OPOQOR ((Pn Q OR =((POR n (QOR) i

| CHAPTER 4 COVPLEMENTS;

1D ¢ ; (PY ; ; {a: - Pal} i
2 F OPOx ( (PC)[x] = = P[x] ) i
3 F OPOx ( (PC)[x] O = P[x] ) i
4 F OPOx ( = P[x] O (PS)[x] ) i
5 F 0OPOx ( P(x] O = (PC)[x] ) i
6 F OPOx ( = (PS)[x] O P[x] ) i
7 F OPOx (= (PC)[x] = P[x] ) i
8 F OPOx = (P[x] & (PC)[x]) i
9 F OPOx = (P n (PC))[x] i

|

|

|

|



14 F OPOQ ( (PC) =QO (QF) =P)
15 F OPOQ ( (P¢) = QO P = (@) )
16 F OPOQ ( P = () O Q= (P°) )
17 F OPOQ ( P =(QF) O (PC) =0Q)
18 F OP ((P6)C) O P
19 F OP P O ((PC)C)
20 F OP ((PS)C) =P
21 FOPOQ( PO QO (@) O (P )
22 FOPOQ ( (P¢) O(Q) O QOP)
23 FOPOQ( P=QO (PC) =(Q) )
24 F OPOQ ( (PC) =(CF) O P=Q)
25 F OPOQ ( P=Q = (P = () )
26 F OPOQ ((P n Q) O ((P°) O (Q))
27 F OPOQ ((PC) O (@) O ((Pn QF°)
28 F OPOQ ((P n QF) = ((P°) O (X))
29 F OPOQ ((P O Q¢ O ((P°) n (@))
30 F OPOQ ((PC) n (@) O ((P O QF°
31 F OPOQ ((P O QF) = ((P°) n (QF))
| CHAPTER 5 AN EMPTY PREDI CATE;j
1D ¢; ¢; ; {a: -a=a}
2 F0Ox (@x] = = x =x)
3 F Ox = @x
4 F - qO
5F0OP(P=¢e0 Ox - P[X] )
6 FOP( P=g@O -~ X P[x] )
7FOP( xPx] O-P=g9)
8FOPOQ( P=oe0O POQ)
okFoOPeOP
10 FOP(POeO P=g9g)
11 FOPOQ( Q=9 & PO QO P=¢)
12 FOPOQ( - P=@&POQO - Q=9)
13 F0POQ( POQO - Q=¢)
14 FOP-POGe
15 F0OP( - Ix PIx] OP=g¢g)
16 FOP( -P=¢0 X P[x] )
17 FOP ( Ox = P[x] O P=g¢)
18 FOP( P=¢ « Ox =~ P[x] )
199 FOP (PO @ =P
20F0OP (@O P) =P
21 FOPOQ( P=¢e0 (POQ =0Q)
22 F0OPOQ( P=¢@0 (QOP) =Q)
23 F OPOQIx ( P[x] & (Pn Q =00 = Q@x] )
24 FOPOQOx ( Qx] & (Pn Q =0 = P[x] )
25 FOPOQ ( (Pn Q =0 = X(P[x] & Qx]) )
26 F OPOQ ( x(PIx] & Qx]) O = (Pn Q =0)
27 F OPOQ ( Dx(P[x] & Qx] O F) O (Pn Q =¢)



28
29
30
31
32
33
34
35
36

37
38
39

40
41
42
43
44
45
46
47
48

0o ~NOoO Ol WNE

FOPOQ ( - X(P[x] &Qx]) O (PnQ =¢)
FOPOQ( - (Pn Q =¢0 XK(P[x] & Qx]) )
FOP(Pn @ =9
FOP(epn P) =9
FOPOQ( P=oO (Pn Q =9)
FOPOQ( P=¢e0O (Qn P) =9)
FOPOQ( - (Pn Q =90 ~P=g)
FOPOQ( - (Qn P =90 -P=g)
FOPOQOROS ( (PN Q =@ &ROP&SOQO (RN S
FOPOQR( (PN Q =9 &ROPO (RN Q =9)
FOPOQOR( (PN Q =9 &ROQO (PN R =9)
FOPOQR( (PN Q =9 & (Pn R =90 (Pn (QOR) =9¢)
FOPOQ( (Pn Q =0 PO (Q))
FOPOQ( (Pn Q =¢ O QO (PC) )
FOP(Pn (PC)) =¢
FOPOQR( QOP&RO(PC) O (Qn R =9)
FOPODQOR( QOP&RO(PY) O (RN Q =9)
FOPOQ( QO (PC) O (Pn Q =9)
FOPOQ( PO(Q) O (PN Q =9)
FOPOQ( (Pn Q =9 - QO (P°) )
FOPOQ( QO PO ((PS) nQ =9)
FOPOQ( PO QO (Pn (F)) =9)

I CHAPTER 6 A UN VERSAL PREDI CATE;
D U,; U,; ; {a: a=a}
FOx ( Ux] =« x =x)
F Ox Wx]
FoOP( P=1T O Ox P[x])
F(WC) = ¢
F(¢f) =T
FoOoPPOW
Fop( U OPOP=T)
FOP( Ox PIx] OP=T11)
FOP( -Ix - Px OP=T1)
FOP(-P=T 0O X - P[x] )
FoP(PO W) =1
FOP (U OP =1
FOP(Pn W) =P
FOP (U nP =P
FOP(PO(PC)) =T

| CHAPTER 7 DI FFERENCES;
D \ (P\ Q ; 5 (Pn (&)
F OPOQOx ( (P\ QI[X] < P[x] & - Qx] )
FOPOQx ( (P\ QIx] O P[x] &= Qx] )
F OPOQx ( Pix] & = Qx]1 O (P\ QI[x] )
F OPOQOx ( (P\ Q[x] O P[x] )

=0)



6 F OPOQOx

( (P\ Qrx] O -~ Qx])

&T=(P\ R OT=(Q\ S

)

i
&(P\R =T0O (Q\ S =T)

R&T=(P\ R OT=(Q\ 9 I)

R&(P\ R =T0O (Q\ Y9 ETI)

7 F0OPOQOXx ( = Px1 O=(P\ QIx])

8 FOPOQIx ( @x] O = (P\ QI[x] )

9 F OPOQOx ( P[x] & - (P\ QI[x] O Qx])

10 F OPOQOx ( Pix] O (P\ QI[x] O0Qx] )

11 F OPOQ (P\ Q = (P n (Q))

12 FOPOQ(P\ Q = ((F) n P

13 FOPOQ(P\ Q OP

14 F OPOQ (P \ Q O (@)

15 F OPOQOR ( PO RO (P\ Q OR)

16 F OPOQOR ( (QF) ORDO (P\ Q OR)

17 F OPOQOR ( (RC) 0 QO (P\ Q OR)

18 FOPOQIR ( RO QO (P\ Q 0O (RS )

19 F OPOQOR ( RO (P\ Q O ROP)

20 FOPOQOR( RO(P\ Q O RO (@) )

21 FOPOQOR ( RO (P\ Q O QO (RO )

22 FOPOQOR( RO(P\ Q O (Qn R =¢)

23 FOPOQOR( RO(P\ Q O (RN Q =9)

24 FOPOQR ( ROP&RO(Q) ORO(P\ Q

25 FOPOQOR( ROP& QO (RC) O RO(P\ Q

26 FOPOQOR( ROP& QO (P\ R O RO (P

27 FOPOQOROS ( POR&SO QO (P\ Q O(R
28F0OPOQOR( PORDO (P\ Q O(R\ Q)

29 FOPOQOR ( ROQO (PV Q O(P\ R )

30 F OPOQOROS ( P=R& Q=S 0O (P\ S = (R\
31 FOPOQOROS ( P=R & Q=S 0O (P\ Q = (R\
32 FOPOQOROS ( P=R & Q=S 0O (R\ S) = (P\
33 FOPOQIROS ( P=R&Q=S0O (R\ Q = (P\
3 FOPOQQR( P=RO (P\ Q =(R\ Q)

35 FOPOQOR ( P=RO (R\ Q =(P\ Q )

36 FOPOQOR ( Q=R O (P\' R =(P\ Q )

37 FOPOQOR ( Q=R O (P\ Q =(P\ R )

38 F OPOQOROSOT ( P=Q& R=S

39 F OPOQOROSOT ( P= Q& R=S

40 F OPOQOROSOT ( Q=P & S =

41 F OPOQOROSOT ( Q=P & S =

42 FOPOQOROS ( P=Q&(P\ R =S 0O (Q\ R
A3 FOPOQOROS ( P=Q&S=(P\ R O S=(Q\
44 F OPOQOROS ( P=Q& (R\ P =S O (R\ Q
45 F OPOQOROS ( P=Q&S=(R\ P) O S=(R\
46 F OPOQOROS ( Q=P & (P\ R =S 0O (Q\ R
47 FOPOQOROS ( Q=P &S =(P\ R O S=(Q\
48 F OPOQOROS ( Q=P & (R\ P) =S O (R\ Q

ES)
R )
ES)
Q )
ES)

R )
ES)



49 OPOQIROS ( Q=P &S =(R\ P OS=(R\ Q)
50 OPOQ ( PO QO (P\ Q =09)

51 OP (P\ P) =0

52 OPOQ ( P=oo O (P\ Q =0)

53 OPOQ (P\ Q =00 POQ)

54 OPOQ ( PO Q <= (P\ Q =09)

55 OPOQ ( (Pn Q =000 (P\ Q =P)

56 oP (P\ @ =P

57 OPOQ ( Q=0 0O (P\ Q =P)

58 OPOQ ( (P\ Q =P O (PN Q =09)

59 OPOQ ( (PN Q =¢ = (P\ Q =P)

60 OPOQIR ((P\ Q OR =((POR \ (Qn (RY)))
61 OPOQR ((P\ Q OR =((POR \ (Q\ R)

62 OPOQR ( QO RO ((P\V\ Q O0R =(POR )
63 OPOQ ((P\ Q 0 Q =(PUOQ

64 OPOQ P O ((P\ Q O Q

65 OPOQ( QO PO ((P\ Q 0 Q =P)

66 OPOQIR ( ROPO ((P\V Q OR (P\ (Q\ R) )
67 OPOQR((PO Q VR =((P\ R (Q\ R)

P

0
OPOQIR ((POQ VR =((Q0 P \ R
OPOQCR ( PORO ((POQ \ R OQ)
OPOQCR ( QO RO ((POQ \ R OP)
OPOQ ((POQ \ P) OQ
OPOQ((POQ \ Q OP

73 FrOPODQR( (Qn R =00 ((POQ VR =((PV\R OTQ )
74 FOPODQER( (PN R =00 ((POQ \R =(PDO(Q\ R) )
5 rFrOPOQ( (PnQ =00 ((PODQ \ Q =P)

76 FOPOQ( (PN Q =00 ((PODQ \ P =Q)

77 FOPOQR ( (PN Q =90&(PODQ =RO (R Q =P)

78 rOPODQR ( (PN Q =0&(PUOQ =RO (R\ P =Q)

79 F OPOQR (P\ (QDO R) =((P\ Q \ R

80 rOPUDQR ( RO QDO ((P\ Q n R =0)

81 OPOQ ((P\ Q n Q =0

82 F OPOQAIR ((P\ Q@ n R =(Pn (R\ Q)

83 F OPDQIR ((P\ Q@ n R =((Pn R \ Q

84 r IPOQIR (P n (RN Q) =((Pn R \ Q

85 F OPOQR ((Pn Q \ R O((P\V R n (Q\ R)

86 r PR ((P\ R n (Q\ R) O ((Pn Q@ \ R

87 r PR ((Pn Q \ R =((P\ R n (Q\ R)

88 rOPOQ( PO QO P=(Q\ (Q\ P) )

89 F OPDQIR ((P\ Q@ \ R =((P\ R) \ Q

(2]
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OPOQIR ( RO QO (P\ Q =((P\ (Q\ R) \ R )
| CHAPTER 8 SI NGLETON PREDI CATES;

1D ° (a*) ; ; {a: a = a}
2 F DaOx ( (a®)[x] « x = a)
3 FOalx ( (a®)[x] O x =a)
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11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39

40
41
42
43
44
45
46
47
48
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Oalx ( x = a 0O (a*)[x] )

Oa (a°®)[a]

OxOy ( OP(P[x] < Ply]) O x =y)
Oalx ( =~ x =a O =~ (a*)[x] )

Oalx ( ma=x 0 = (a*)[x] )

Oalx ( = (a*)[x] O =~ x =a)

Oax ( - (a*)[x] O = a=x)
Da - (a*) =0

OPOa ( (a*) O PO Pa] )

OPOa ( Pla] O (a*) O P)

OPOQJa ( Qal] & QO P O (a*) O P)
OPOalOx ( P[x] & PO (a*) O x =a)
OPOa ( Ox(P[x] O x =a) « PO (a%) )
OPOa ( P=(a*) O Pla] )

OPOalx ( P[x] &P =(a*) O x =a)
OPOa ( P=(a*) O Ox (P[x] =« x = a) )

OPOa ( P=(a*) O Plal & Ox (P[x] O x =a) )

OP0a ( Pla] & PO (a*) O P =(a*) )

OPOa ( Pla] & Ox(P[x] O x =a) O P =(a*) )

OPda ( PO (a®*) O P=oeOP=(a") )
Oaldb ( a=b O (a*) = (b*) )
Oaldb ( (a*) =(b*) O a=Db)
DaOx ( ((a*)€)[x] = -~ x =a)
OPOa ( - Pla] O (a*) O (PC) )
OPOalx ( (P O (a°*))[x] =« P[x] Ox = a

OPOQa ( Ox(Qx] = P[x] Ox =a) OO0 Q= (P 0O (a*)) )
OPOQJa ( Q= (P O (a*)) O Ix(Qx] = P[x1 Ox =a) )

OPOa {x : P[x] Ox =a} = (P 0O (a*))
OPOa (P O (a°*))[al

OPOa ((a*) O P)[a]

OPOQDa ( Q= (P O (a%)) O Qa] )
OPOa ( Play O (P O (a%)) =P)
OPda ( (PO (a*)) =P O~ Pal )
OPOa - (P O (a*)) (0}

OPOQ ( QU PO [a(~ Qal &(QO (a%)) O P )

OPOQa ( PO Q& QO (PO (a*))
OQ=POQ=(PO(a%)))
OPOa ( - Plag O (P n (a%)) =09)
OPOQ0a ( - Pla] & QO PO (Qn (a%))
OPOQa ( - Pla] & Q0O (a*) O (Qn P
Oaldb ( ma=b O ((a*) n (b*)) =0¢)
OPOa ( (P n (a%)) =0 =~ Pla] )
Oalb ( ((a®) n (b*)) =90 - a=">b)
Dalb ( -~ a=b = ((a%) n (b*)) =0)
OPOa - (P\ (a%))[a]
OPOalx ( (P \ (a*))[x] <« P[x] &~ x =

)



49 F OPOQJa ( Pla] & ~ Qa] O (a*) O(P\ Q )
50 F OPOa ( - Pla) O (P\ (a%)) =P)
51 F Oadb ( = a=b O ((a*) \ (b*)) =(a°*) )
52 F Oalb ( -~ a=b O ((b°) \ (a*)) = (b*) )
53 F OPOQJa ( Ox(Qx] < P[x] &=x =a) O Q= (P\ (a%)) )
54 F OPOQda ( Q= (P\ (a*)) O Ox(Qx] < P[x] &~ x =a) )
5 F OPOQ ( QO P O a(Plal] & QO (P\ (a%))) )
56 F OPOa ( Pla] O ( (P\ (a®)) O (a") ) =P)
57 F OPOa ( Plap O P=( (P\ (a*)) O (a") ) )
58 F OPOa ( Pla] O Ox ( P[x] « (P\ (a%))[x] Ox =a) )
50 F OPOa ( = Plag O P=((P O (a%)) \ (a%)) )
60 F OPOa ( - Pla] O (((a*) OP) \ (a%)) =P)
61 F OPOQJa ( Q= (P O (a®*)) &-Pla) O P=(Q\ (a%)) )
62 F Dalb ( = a=b O (((a*) O (b*)) \ (a*)) = (b*) )
63 F Dalb ( = a=b O (((b*) O (a*)) \ (a*)) = (b*) )
64 F OPOalb ( - a =b & P[b]
O (P\Y ((a%) O (b%))) O (b*) ) =(P\ (a%)) )
65 F OPOalb ( - a =b & P[a]

O (P\ ((a%) 0O (b%))) O (a%) )
= (P\ (b%)) )
66 F OPOQJa ( Qa] & QO P
O ((P\ Q O (a%)) =(P\ (Q\ (a%))) )

67 F OPOQJa ( Qal O (PO Q = ((PO(Q\ (a%))) O (a%)) )

I'CHAPTER 9 DOUBLET, TRI PLET, AND QUADRUPLET PREDI CATES;

1D £ ; (abi) ; ; {a: a=ala=Db}
2 F OaObOx ( (a b $)[x] =« x =a Ox =b)
3 F Dalb (a b 1) = ((a*) O (b*))
4FOalbOx ( - x=a&-x=b 0O =(abf)[x)
5D v ; (abcvwv) ; ; {a: a=ala=b0a=c}
6 F OaObOcOx ( (abc w)[X] « x=alOx=bOx=c)
7 F DaObOc (abcw) =((abf) O (c))
8 FDalbOcOx ( -~ x =a &-X=b &-x=c¢
O - (abc wvw[x])

9D »; (abcd®H* ;; {a: a=alla=bda=c0a-=d}

10 F DaObOcOdOx ( (a b ¢ d %)[x]
e X =alx=b0Ox=c0Ox=4d)
11 F DaObOcOd (a b c d %) = ((abc w) O(d))

SECTION 1'l11: DYADI C AND TRI ADI C PREDI CATES
I'CHAPTER 1 DYAD C | NCLUSI ON AND EQUI VALENCE;

, RE s, IxOy (Rx,yl O S[x,Y1)
ROSOxOy ( Rx,y] & RS SO 9[x,y] )
RRE&ER

ROSOT ( RES&SETORET)

; RE S DxUy(Rx,yl = S[x,¥1)
RIS( RES&SERORES)

T & T T T EA
O mgogglin

O O WN PP



7FORRER i
8FOROS( RESO SER) i
9FOROS( RESO RES) i
10 FOROS ( RE SO SER) i
11 FOROS( RESO RES&SER) i
12 FOROS( RES&SER < RES) i
13 FOROSOT ( RE S&SETORET) i
14 F OROSOT ( RE S&TESORET) i
15 F OROSOT ( RES&SETO RET) i
16 FOROSOT ( RES&SETO TER) i
17 FOROSOT ( RES&TESO RET) i
18 F OROSOT ( RES&RETO SET) i
19 F OROSOTOU (RES&SET&TEUD RE U i
20 F OROSOxOy ( Rx,y] & RE SO 9x,y] ) i
21 F OROSOxOy ( Rx,y] & SE RO S[x,y] ) i

I CHAPTER 2 DYADI C UNI ONS;j
“ ; (Rw's ; ; {ab: Rab OYab]}
DROSDxDy ( (R 9)[x,y] = Rx,yl OSxyl)
OROSOxOy ( (RY S)[x,y]l O Rx,yl OSx,y] )
OROSOxOy ( Rx,yl] O9Sx,y] O (RY §[x,y] )
OROS (R4 S) £ (SuU R
OROS (RY' S) E (SU R
OROS RE (RY S)
OROSRE (SY R
OROSOT ( RET&SETO (RS &£T)

Il

O© oo ~NOoO oL WN B
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10 FOR(RY R ER

11 FOROSOTOU ( RES&TEUDO (RYT) E(Sw U )

12 FOROSOTOU ( RES&TEUD (RYT) E(SU U )

13 FOROSOT ( RE SO (RYT) E(SYT))

14 FOROSOT ( RESO (TYR E(TWYS )

15 F OROSOTOUOV ( TE (RY S) & REU&SEVOTE (UL V) )
|

16 F OROSOTOU ( TE(RY S) & REUDO TE (Uw S) ) i

17 FOROSOTOU ( TE(SY R &REUDO TE(Su U ) i

18 F OROS ((Rw S) »'S) E (RU S) i

| CHAPTER 3 RELATI ONAL | NVERSES;
(R ;  {ab: Rb ay}

OROxOy ( (R)IX, ¥yl = RY,x])

OROxOy ( (R)[x,y] O Ry,x] )

OROxDy ( Ry, x] O (RO)[Xy] )

ORDz ( X RXx,yl =« Oy (R)(z,y] )
OROSOxOy ( (RY) € S& Rx,y] O 9y, x] )
OROSOxOy ( RE (S') & Rx,y] O Sy, x] )
OROSOxOy ( (R)) €SO RE (S) )
OROSOxOy ( RE (S") O (R) € 8)

10 F OROSOxOy ( (R') E S & Rx,y] O SV, x] )
11 F DROSOxOy ( SE (R') & Rx,y] O vy, x] )

O© 0o ~NO Ol WDN B
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12 F ODROSOxOy ( (S*) E R&RX,y] O Sy, x] )
13 F OROSOxOy ( RE (S") & Rx,y] O vy, x] )
14 F OR ( DxOy(Rx,y] O Ry,x]) O RE (R") )
15 F OR ((R)*) € R
16 FORRE ((R)™)
17 F OR ((R)*) E R
18 F ORRE ((R)™)
199 FOROS( RE SO (R) € (5) )
20 FOROS ( RE SO (R) 2 (SY))
21 FOROS ( (R') E(S") O RES)
22 FOROS( RES « (R') 2 (5))
23 FOROS ( (R') Es O (S) ER)
24 FOROS ( (R') ES 0O RE (SY) )
25 F OROS ( RE (S") O SE (R) )
26I—DRDS(R:(S)D(R* =S)
27 F OROS ((RY §)F) = ((R) w (S))
28 F OROS ((R) w (S)) E ((RY 97)
| CHAPTER 4 A DYADI C EMPTY PREDI CATE;
1D o; &; ; {a,b: - a=a}
2 F OxOy ( d[x,y] « = X = X )
3 F OxOy = d[x,vy]
4FDOR(RE ®0O OxOy = RX,y] )
5FOR(RE®0O - Xy RX,y] )
6 FOR® ER
7FOR(RE®0O RE @)
8 FOR( OxOy - Rx,y] 0 RE @)
9FOR( - Xy Rx,y] O RE o)
10 F OR(RY @) ER
11 FOR(® @ R ER
12 FOROS( SEod 0 (RY S) ER)
13 FOROS( SEd 0 (SYR ER)
14 F o = (@)
1I5F0OR( (R) E0®0RE @)
| CHAPTER 5 DOVAI NS;
D D; (RD;; {a: ¥y Rayl}

OROx ( (RD)[x] = Oy RX,yl )
OROx ( (RP)[x] O Oy Rx,y] )
OROx ( Oy Rx,yl O (RD)[x] )

© 0o ~NOoO Ok WN R
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10 F OROA ( Ox(Oy Rx,y] O Ax])) O (RD) OA)
11 F OROA ( OxOy(Rix,y] O Alx]) O (RD) O A)
12 F OROA ( Ox(AIx] O Oy Rx,y]) O A O (RD) )

OROxOy ( Rix,y] O (RD)[x] )

DROAOXOy ( Rix,y] & (RD) O A D Ax] )
OROADXDY ( Rix,y] & (RD)
OROADX ( AIX] & AD(RD) O Oy Rx,y] )
OROADX ( Alx] & (RD) = AD0 Oy Rx,yl )

AD AX )



13 F OROA ( Ox(Oy Rx,yl = Ax]) O (RD) =A) .
14 FOROS( RE SO (RD) 0 (sH ) i
15 FOROS ( REs O (RD) = (sh ) i
16 F OROSOA ( (RPD) =A&RESO (SD =A) i
17 F OROSOAOB ( (RP) =A&RES&A=BO (SP = i
18 F OROSOx ( ((RY 9D x) 0 (RD[x1 O(SPx1 ) i
19 F OROS ((R~ 9D = ((RD) O (sb) i
20 F OROSDAB ( (RD) =A&(SPD) =B O ((Ru 9D = (A0 B))

|

21 F (oD O ¢ .

22 F (oD =9 i

23FOR(RE® O (RD) =¢9) i

24 FOR( (RD) =90 RE o) i

25 F OR( OxOy Rx,y] O (RD) =1) .
| CHAPTER 6 | MAGES;

L (R  {b: X Rx, b}

ORDy ( (R)Iy] = X RXx,y] )

OROy ( (R)[y] O X Rx,y] )

OROy ( Ox Rx,y] O (R)[y1 )

OROxOy ( Rx,yl O (R)[y1 )

ORDy (-~ (R)[y] O = X Rx,y] )

OROxOy ( Rix,y] &= (R)[ag O =y =a)

OROBOxOy ( Rx,y] & (R OB O By] )

OROBOxDy ( Rx,y] & (R) =B O By] )

0o ~NOoO Ol WN -
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|
|
|
|
|
|
|
|
|
10 F OROBOy ( Bly] & BO (R) O x Rx,yl ) .
11 F OROBOy ( Bly] & (R') =B O X Rx,y] ) i
12 F OROB ( Oy(x Rx,y] O By]) O (R') 0B) i
13 F OROB ( Oy(Bly] O Ix Rx,y]) O BO (R) ) i
14 F OROB ( Oy(x Rx,yl = Bly]) O (R) =B) i
15 F OR (R) = ((R)D i
16 F OR (RD) = ((R)) i
17 FOROB ( (R') =B O ((R)D =B) i
18 F OROB ( ((R)D =B O (R) =B) i
19 FOROB ( (R) =B « ((R)D =B) i
20 FOROS( RE s O (R) O(9)) i
21 FOROSOYy ( SER&-(R)[y1 O = (SHiy1) i
22 FOROS ( RE SO (R) =(9)) .
23 FOrROsSB ( (Rl) =B&REsSsO (s) =B) i
24 F OROSOBOA ( (R) =B&RES&B=A0 (S) =A) i
25 F OROS ((Rw 9 1) = ((R)Y O (9)) i
26 F OROSOADB ( (R) =A&(Sl) =B O ((Ru 9l)y =(A0B) )
27 F OROADB ( (RD) = A& (R) =B &k Alx] O Oy By] )

29 FOR( RE o0 (R) )
30 FOR( (R) =90 R )
| CHAPTER 7 RESTRI CTI ONS;

i
i
28 F (ol) = o i
i
i

[1]] M
ASI
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O, (ROA ; ; {ab: Rab &Aal}
OROAOxOy ( (R OAI[X,y]l] = RX,y] & AX] )
OROAOxOy ( (ROA[Xx,y] O Rx,y] & AlX] )
OROAOxOy ( Rx,y] & Alx] O (ROATI[X,Y] )
OROAOxOy ( (R OAI[X,y]l O RX,y] )

OROAOxOy ( (ROA)[X,yl O AX] )

OROA (R OA) € R

OROSOAOB ( RE S&AODBO (ROA £ (S OB )
OROSOA ( RE SO (ROA £ (SUOA )

OROADB ( AOBO (ROA £ (ROB) )
OROSOACB ( RES&A=B0O (ROA E(SOB) )
OROSOA ( RE SO (ROA E (S OA )

OROADB ( A=B O (ROA £ (RUOB) )

OROAOB ((ROA OB) € (RO(A n B))

OROADB ( BOAD ((ROA OB £ (ROB) )
OROAOx ( Alx] O ((ROA O(x*)) E (RO(x®)))
OROSCA ((RY S) OA £ ((ROA w (SOA)
OROSOA ((ROA Y (S OA) € ((RY S OA
OROSOA ((RY S) OA E ((ROA “ (S OA)

OA (@ OA £ o
OR(ROg E o
OROA ( A= O (ROA E o)

OROA ( (RP) OA O RE (ROA) )

OROA ( (RD) DA DO (ROA ER)

OROSOA ( RE S&(RD) ODAO RE (SOA )

ORIADB ( (RP) O (ADOB) O ((ROA “ (ROB)) ER
OROADB ( (RP) = (A0 B O ((ROA Y (ROB)) ER
OROA ((ROAD O (RD

ORCA ((ROAD OA

OROA ((ROAD = (R n A

OROA ( AO(RD) 0O ((ROAD =4a)

OROAOB ( (R®) =A&BUOADO ((ROBD =8B)
OROA ( ((RD) n A =¢0 (ROA = o)

OROSCA ( ((RD) n A =90 ((RY'S OA = (SOA )
OROSOA ( ((RD) n A =0 ((SY R OA = (SOA )

OROA ( (RD) =1 0 (ROAD =A)
OROx ( = (RP)[x] O (RO(x*)) E &)
OA ((¢ OA!) =0
DR ((ROQ!) =0
OROA ( A= O ((ROA!) =9¢)
OROACB ( (RP) O (A O B)

0 ((ROAH O (RO )
OROACB ( (RP) = (A O B)

0O (((ROANH OROBN ) =(R))
OROAOBOC ( (A O B) =C

(R) )

0O (((rROAN O rOB) ) =((ROO) )

v\./



44 F OROSOx (- (RP[x1 O (((R2's) O(x*))) = ((somxnh))

|
45 F OROSOx (= (RP[x1 O (((s= R Ox* ) = ((somxnh)

|
46 F OROADY ( ((ROA!) [yl = @Z(Rz,yl & Az]) ) i
47 F OROA {y : (Rz,y] & Alz])} = ((ROA) i
48 F OROx {y : Rx,y1} = ((RO(x*))) i
49 D O ; (ROB) ; ; {a,b: Ra,b] & Bb]} i
50 F OROBOxOy ( (R OB)[X,y] < RX,yl & Bly] ) i
51 F OROB (R OB) £ (((R') OB™) i
52 F OROB ((ROB)*) = ((R) OB) i
53 F OROAOB ( OxOy(Rx,yl O (AIX] = Blyl))

0 (ROA E (ROB) ) i
| CHAPTER 8 FUNCTI ONAL PREDI CATES;
f; fR; OxOyOz ( Rx,y] &Rx,z] Oy =2z) |
OROxOyOz ( fR & RX,y] & Rx,z] Oy =2z) i
OROS ( fFR&SE RO FS) i
OROA ( fRO f(ROA ) i
OROS ( fR&RE SO fS) i
OROS ( fFR&SERO fS) i
OROS ( fR&FS & ((RP) n (SD) =90 F(Ru S ) i
OROSOAOB ( fR&FS & (RD) =A&(SP) =B & (An B =9
O f(RY S) )

0O ~NO Ol WN -
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|
9 Ffo i
1085F; RFA; (RD =A&fFfR i
11 F OROSOUAIB ( RF A&RES&A=B0O SFB) i
12 F OROSOA( RF A&RE SO SF A) i
13 F OROAOB ( RF A&A=B0O RF B) i
14 F OROAOB ( RF A&B=A0 RF B) i
15 FORDA ( fR&A DO (RD) O (ROA F A) i
16 F OROSOAOB ( RF A&SFB& (AN B =9
O (R2S) F (ADOB)) i
17F ®F ¢ i
18 FOROx ( fR& (RD)[x] O & Rx,a] ) i
19 F OROx ( fR& (RD)[x] O DyOz(Rx,y] & Rx,z] Oy =2)) ;i
20 T " ; (Rx) ; fR&(RD)[x] ; RX,Y] i
21 F OROxOy ( fFR&RXx,y] Oy = (Rx)) .
22 FOROxOy ( fFR&RXx,y] O (Rx) =vy) .
23 FOROSOx ( FR&SE R&(SD[x] O (Sx) = (Rx) ) i
24 FOROSOx ( FR&SER&(SD[x] O (Rx) =(Sx)) i
25 F OROSOx ( FR& (RD)[x] & RE SO (Rx) = (Sx) ) i
26 F OROSOx ( fR& (RD)[x] & SERDO (Rx) = (Sx)) i
27 F OROSOxOy ( RE S&(Rx) =y O (Sx) =vy) .
28 F OROSOxOy ( RES&(Sx) =y O (Rx) =vy) i
29 F OROSOxOyOdz ( RE S& (RxXx) =y &(Sx) =z 0Oy=2z) |
30 FOROS ( fR& (RD) =(SD) & Ox ( (RP[x] O (Rx) = (Sx))



0 RES)
31 FOROSOx ( f(R2 S) & (RD)[x] O ((RY S 'x) = (Rx) )
32 FOROSOx ( F(RY S) & (SP)x] O ((RY S x) = (Sx) )
33 F0OROSOX ( FR&FS & ((RP) n (SD) =09 & ((Ru 9D x
O ((R2 97 x) =(Rx) DR 9§ 'x) =(Sx) )i
34 FORDADXx ( FR&A D (RD) & Ax] O ((ROA'x) = (Rx) )
| CHAPTER 9 1-1 PREDI CATES;

1%1; 1 R,; OxOyOz ( Rx,y] & Rz,y] O x =2z)

2 F OROxOyOz ( 1 R& RX,y] & Rz,y1 O x =2)

3FOR( 1RO f(R))

4FOR(f(R) O1R)

5FOR(1R < f(R))

6 KkOR( fR = 1 (RY) )

7FOR(fRO 1 (R))

8FOR(1(R) O fR)

9FOROS( 1T R&SERO1S)

10 FORIA (1 RO 1 (ROA) )

11 FOROS( 1 R&RE SO 1S)

12 FOROS( 1T R&SERDO1S)

13FOROS (1 R&(R) ESsO fS)

14 FOROIS( 1 R&(S) ERO fS)

15 F0ROS( FR&(R) ESO1S)

16 FOROS ( fFR&(S') ERO 1 S)

17 F OROAOB (1 R& (A n B) =9
O0((ROAN n((rROB) ) =9)

18 F1 @

19%1; RIB; (R) =B&1R

20 FORIB( R1BO (R) F B)

21FORB( (R) FBO R1B)

22 FORIB( R1B = (R) F B)

23FORIA( RFADO (R) 1A)

24 F ORDA ( (R) 1 A0 RF A)

25 FORODA( RF A - (R) 1A)

26 F OROSOADB ( R1A&RES&A=B0O S1B)

27 FOROSOA ( R1A&RESDO S1A)

286 F ORODALIB ( R1A&A=B0 R1B)

29FOR(1ROR1(RY)

30 FORODA (1 RO (ROA 1 ((ROA)

31 F OROSOAIB ( R1A&S1B&(An B =9

O (RS 1(AOB))
2kl

33F0OROy (1 R&(R)[y] O a Ra,y] )

3 FORDy (1 R& (R)[y] O DxOz(Rx,y] & Rz,y] O x =2) )
35 T ; (Ry) ; 1 R&(R)[yl ; Rx,y] i

36 FOROxOy ( 1 R&RX,y] O x = (Ry))

37 FOROxOy (1 R& RXx,y] O (Ry) =x)



38 FOROSOYy (1 R&SER&(S)[y] O (Sy) =(Ry))
39 FOROSOy (1 R&SER&(S)[y] O (Ry) =(Sy) )
40 F OROSOYy (1 R& (R)[y] & RES O (Ry) =(Sy) )
41 FOROSOy (1 R& (R)[y] & SERO (Ry) =(Sy) )
42 FOROx ( fR& 1 R&(RD)[x] O (R(RX)) = x)

43 FORDy ( fR& 1 R&(R)[yl O (R(Ry)) =vy)

44 F OROxOy (1 R& (Rx) =(Ry) O x =y)

45 F OROxOy ( fFR& (Rx) = (Ry) O x =vy)

46 F OROx ( fR& (RD)[x] O ((R)"x) = (Rx) )

47 FORJy (1 R&(R)[y1 O ((R)y) = (Ry))

I CHAPTER 10 COMPCSI TI ON;j
°; (R ; ; {ab: Z(Raz] & Sz bj)}
OROSOxOy ( (Re° §[x,y] = [E(RX,z] & Sz,y]) )
OROSOxOy ( (R e° 9[x,y] O E(RXx,z] & Sz,y]) )
OROSOxOy ( [(Z(RX,z] & S[z,y]) O (Re° SI[x,y] )
OROSOxOyOz ( Rx,z] & S[z,y] O (R° S)[x,y] )
OROSOTOU ( RET&SEUDO (ReS) £E(Te>U )
OROSOTOU ( RET&SEUDO (R 9 (T-U )

© 00 N O 0o A WON P
T—_ T T T T T T T #

OROSOT ( SETO (ReS) E(R°T) )

OROSOT ( SETO (S°R E(Te°R )
10 F OROSOT (R° (S°T)) E((R°S) T
11 F OROS ((R° 97) E ((S") ° (RY))
12 F OR3S ((S*) ° (R)) 2 ((R° 97)
13FOR(R° ®) E o
14 FOR(®° R E @
15 F OROSOxOy ( Rx,yl & (SP)y1 O ((R° 9D[x1 )
16 F ORJS ((R° 9)!) = (((S) = (R))D
17 F OROS ((R° YD) O (RD
18 F ORIS ( (R O0(sD O ((R° 9D = (RD )
19 F OROSOAOB ( (RD) = A & (SD) =B & (R) OB

O ((R° 9D =A)

20 F OROSOA ((R° S) OA = ((ROA © 9
21 F OROSOA ((R°S) OA E (Re° (S OA)
22 FOROS ( fR&FSO f(R°S))
23 F OROSOx ( FS & (SDI(Rx)] O ((R° 9'x) =(S(Rx)) )
24 F OROSOAIB ( RFA &SFB&(R) OBO (R°S) FA)
25 FOROSOBOC ( R1B &S1C&(SP OBO (ReS) 1C)
26 F OROSOAIBOC ( RFA&RIB&SFB&SI1C

0 (RS FA&(R°S) 1C)
| CHAPTER 11 | DENTI TY PREDI CATES;

1D E ; E; ; {ab: a=b}
2 F OxOy ( E[x,y] « X =Yy )
3 F DOxOy (E(x,y] O x=y)



4 FOxOy ( x =y O E[x,y] )
5 F Ox E[x, X]
6 F OxOy ( E[(x,y] O E[y,x] )
7 FEE (E
8 F (E*) £ E
9F (ED =w
10 F f E
11 FEF U
12 F OA (E OA) = (E OA
13 F OA ((E OAY) £ (E OA
14 FOR(E ° R ER
15 F OR(R° E) ER
16D I ; (IA ; ; (EOA
17 F ODAOxOy ( (IA)[X,y] = X =y & AIX] )
18 F OxOy ( (IA[x,y] O x =y & AIX] )
19 F OxOy ( x =y & AXx] O (IA[X, Y] )
20 F OAOxOy ( (IA)[x,y] O x =vy)
21 F OAOB ( AOB O (IA £ (IB) )
22 FOAOB ( A=B 0O (IA £ (IB) )
23 F DA ((IA¥) = (IA
24 F OA ((IAD = A
25 F OA f (1A
26 F OA (IA) F A
27 F OA (IA) 1 A
28 F ORDA ( (RD) OA DO ((IA ° R ER)
29 F OROSDA ( (R') ES&(RD) =A&1 RO (R°S) = (IA )
30 F OROSOA ( RE (S') & (RD) =A&1 RO (R°S) = (IA )
31 F OROSOA ( (R) ES&(R) =A&fRO (S°R = (IA )
32 F OROSOA ( RE (S') & (R)y =A&fRO (S°R E (IA )
33 F OROSOT ( RE (S*) & (TD) O (RD) &1 R
O ((ReS »T) ET)
34 FOROSOT ( TE(S) & (R) O(Tl) &FfT
0 (R°e(S°T) ER)
35 F OROSOT ( RE(S") & (TO) O(RD) &1 R
O (Re(S°T) ET)
36 F OROSOT ( TE (S") & (R) O(Th) &fT
O ((ReS =T ER)

I CHAPTER 12 PAI RI NG PREDI CATES;j
= ; (a®"b) ;; {ab: a=aé&b=>b}
OalObOxOy ( (a = b)[x,y] « x =a &y =Db
OalbOxOy ( (a = b)[x,y] O x =a &y b
OaldbOxOy ( x =a &y =b 0O (a = b)[x,Y]
Oaldb (a = b)[a, b]
OalbOxdy ( m (a " b)[x,y] O -~ x =a -y =Db)
ORJalOb ( Ra,b] O (a=Dhb) £ R)

)
)
)

~N o ok WwNE
T T T T TH



8 F OROalb ( (a = b)

RO Ra,b] )

<
9 F OalbOcOd (a=c &b =d0 (a=*"b) & (c=d))

10
11
12

13
14

15

16
17
18
19
20

21
22
23
24
25
26

O© 0o ~NO Ol WN -

e e el e
a b~ wWDNPEFO

16
17

18
19

T T T T T T T TE&3

|
|
OalbOcOd ( (a=*b) E(c*d) O a=c&b=4d) i
|

F
F DabbOcOd (a=c &b =d 0 (a=hb) £ (c=d) )
=

OROalb ( Ra,b] & OxOy(Rx,y] O x =a &y =Db)
0O RE (a®"hbh)) i

F OROaOb (RY (a = b))[a,b] i
F OROSOaOb ( SE (RY (a = b))
O OxOy ( SIx,yl = Rx,yl O(x =a &y =Db) )
i
F OROSOaOb ( OxOy ( S[x,y] = Rx,y] O(x =a &y =b) )

T T T T

T—T T T T T

T—T T T T T

™ T

T T

O SE(RY (am=h))) i

OROallb {x,y : Rx,y] O(x =a &y =Db)} E(RY (a="Db)) j

Oalb ((a = b)*) £ (b = a) i

Oadb ((a = b)D) = (a*) i

Oadb ((a = b)) = (b*) i

OROSOaObOx ( - (R)[a] & SE (RY (x = b)) &=-a=>b
0 - (shra )

Oalb f (a = b)
Oaldb (a = b) F (a°)
ORJa ( RF (a*) O b RE (a=" b))
Oaldb ((a = b)"a) =b
Oaldb 1 (a = b)
Oaldb (a = b) 1 (b*)
I CHAPTER 13 CORRESPONDENCES;
~; A~B; (R( RFA&RI1B)

|
OAOB ( A=B O A~B) i
OA A ~ A i
OAOB ( A~B O B~A) i
DADBOC ( A~B&B~CO A~C) i
OAOBOC ( A~B&B~CO C~A) i
OADBOC ( A~B&C~BO A~C) i
DADBOC ( A~B&A~CO B~C) i
OAOBOC ( A~B&A=C0O C~B) i
OADBOC ( A~B&C=A0 C~B) i
DADBOC ( A~B&B=C0O A~C) i
OAOBOC ( A~B&C=B0O A~C) i
OAOBOCOD ( A~B&A=C&B=D0O C~D) i
OAOBOCOD ( A~B&C=A&D=B0O C~D) i
DAOBOCOD ( A~B&C~D&(ANC =¢0&(BnD =0

0(ADCQ ~(BOD ) i
OROA ( ADO(RD) & fR&1T RO A~ ((ROAD ) i

DAOBOC ( (AOB) ~C&(An B) =
0O ME((DOE =C&(DnE =¢g&A~D
)

OA(A~o@O A
OA( @~ADO A



20F0A( A~ = A=9g) .
210 FOAIB( A~B&A=¢0 B=g¢g) .
22 FOADB( A~B&B=¢e0O A=9) i
23F0O0AB(A~B&-A=¢0 -B=g) .
24FDAB( A~B&-B=¢0 - A=g¢g) i
25 F OAOB ( A~ B &k Aix] O X Bx] ) i
26 F Oadb (a*) ~ (b*) i
27 F OAOb ( (b*) ~A DO A A= (a") ) .
28 F OACb ( A~ (b*) O a A=(a") ) i
29 F OAOBOalb ( A~ B & - Ala] & = Bb]
O (AD(a%)) ~ (B O (b%)) ) i
30 F DADaOb ( -~ Ala] & = AAb] O (A O (a*)) ~ (A O (b)) ) i
31 F 0DAOBOaOb ( (A\ (a®)) ~ (B\ (b*)) & Ala] & Blby O A~ B)
|
32 F OAOaOb ( Ala] & Atb] O (A (a*)) ~ (A\ (b*)) ) i
33 F OAOBOa ( A ~ B & Al a]

O b ( Blbp & (A\ (a%)) ~(B\ (b)) ) ) i
34 F OAOBOaOb ( A~ B & Aja] & Blby O (A\ (a*)) ~ (B\ (b%)) )
35 F DAOBOaOb ( (A O (a®)) ~ (B O (b®)) & - Ala] & = B[b] |
O A~B) i
36 F OPOQOROSOalb
( Ral & ROP & Sb) &S 00Q
& (P\ (R\ (a%))) ~(Q\ (S\ (b%)))
O(PVR ~ (Q\V 9 ) i
| CHAPTER 14 PAI R REMOVAL;
(Rirab);; {ab: Rabl &(~a=al-=-b=>0b }
i

OROalbOxOy ( (R 1 a b)[x,vVY]

= Rx,y] &(-x=al-y =Db)) i
OROalObOxOy ( (R 1 a b)[Xx,vVy]

O RX,y]l &(-x=al-y=Dhb)) i
OROaObOxOy ( Rx,y] & (- x =a 0=y =b)

O (Rt ab)ix,y] ) i
ORDaObOxOy ( (Rt a b)[x,y] O RXx,y] ) i
OROaObOxOy ( Rx,y] &~ x =a 0 (R1 ab)[x,y] ) i
OROaObOxOy ( RIX,y] & =y b O (Ritab)jx,y]) i
OROaldb - (R 1 a b)[a,b] i

i
|
|
|
|

T T T T T T T =

ORJalb (R1 a b) ER
OROSOalb ( RE SO (Rirab) £(Si1ab))
OROSOalb ( RE SO (Riab) E(Stab))
ORJalb ( Ra,bj O RE ((Ri1ab) Y (am=h)))
OROuCa (1 R& Ru,al O = ((R1ua)l)ray )
OROuba ( = ((Rtual)ags 0 (Rrual) =(R) \ (a*%)) )
|
OROuCa (1 R& Ru,al O ((Riual) =(R)Y\ (a%)) )
OROSOuOvOa (1 R&1 S &Ru,a & Sv,al & (R) = (9
O ((Rrual)y =((sival)) i

o
w
T T T™—T T T T



11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26

27

28

29

30
31

T T ™ T T

a ; (Raahb); ;
{ab: (-b=a&-b=Db&Ra,hb])
O(Ra,a &b =Dhb)
O (Ra bl &b =a) } i
OROalbOxOy ( (Ra a b)[x,y] = (ny =a&-y =Db &RX,YV])
O (Rx,a] &y = b)
O(Rx, bl &y =a) ) i
OROalbOxOy ( (Ra a b)[x,y] O (-ny =a&-y =Db &RX,Yy])
O(Rx,a] &y =Db)
O(Rx, bl &y =a) ) i
OROatbOxOy ( (ny =a & -y =b & RXx,y])
O(Rx,a] &y =Db)
O(Rx,b] &y = a)
O (Raab)ix,yl ) i
OROalb (Ra ab) £ (Ra b a) i
OROallb (Ra ab) € (Ra b a) i
OROalbOxy ( -y =a &-y =b &Rx,y] O (Raab)[x,y] )
|
OROalbOx ( Rx,a] O (Ra a b)[x,b] ) i
OROalbOx ( Rx,b] O (Ra a b)[x,a] ) i
F OROaObOxOy ( -y =a & -y =b & (Ra a b)[x,y]

O Rx,yl ) i
F OROaObOx ( (R o a b)[x,a] O Rx,b] ) i
F OROaObOx ( (Ra a b)[x,b] O Rx,a] ) i
F OROSOaOb ( RE SO (Raab) E(Saab)) .
F OROSOalb ( RE SO (Raab) E(Saab)) i
F OROaOb ((Ra ab) a ab) €ER .
F OROaOb RE ((Ra a b) a a b) .
F OROaOb ((Ra ab) a ab) ER .
F OROaOb ((Ra ab) aba) ER i
F OROaOb RE ((Ra a b) ab a) .
F OROSOalb ( RS (Saab) O (Raab) £€S) i
F OROSOaOb ( (Raab) £SO RE (Saab)) i
F OROSOaOb ( (Raab) £SO (Saab) ER) .
F ORJaOb ( RE (Raab) O (Raab) ER) i
F ORJa RS (R a a a) .
F OROa (Ra a a) ER .
F OROSOaObOx ( ((RY S) o a b)[x,a]

= ((Raab) W (Saab))ixa ) i
F OROSOaObOx ( ((RY S) a a b)[x, b
= ((Raab) “ (Saab))ix,b] ) i
F OROSOaOb ((RY'S) aab) E((Raab) Y (Saab)) i
F OROSOTOUOVOaOb ( RE (S T) &(Saab) EU
& (Taab) gV
O (Raab) E(ULYV) ) i
F Dalb (® o a b) E & .
F ORDaObDy ( -y =a & -y =b & ((Raab!)yr 0 (R)iy1)

'CHAPTER 15 SW TCHI NGS;j



32
33
34

35
36
37
38
39
40
41
42

43

44

0O ~NO Ul WN -
T—T T T T T T T e

T T T T T T T ™ T T

T

™ T

T— T T T T T T

T T T T T T T T T T

OROaOb ( ((R o
OROalb ( ((R a
ORJaCbOy ( -y

N 9 9

OalbOullv ( = v=a&-vVv =0>0

b)yl)yray O (R)(by )
b)y!)tby O (R)[a) )
a&-y=Db&n-(R)y

0 - ((Raab)l)y)
OROaOb ( = (R)[a] O = ((Ra a b)l)ib )
ORDJatb ( = (R)[b] O = ((Ra ab)l)ra] )
OROuOvOalOb ( Ru,a] & Rv,b] O ((Ra a b)l) = (R) )
OalbOu (u = a) & ((u =
Oal0bOu ((u = b) a a b)
OalblOu ((u = b) a a b)
OalbOu ((u = a) a a b)
OalbOullv ( = v = a & -

O (u=v) €E((u="v) aab))

O
-
Q
QD
O
-

< Wom o

(u = a)
(um=a
(u = b)

= b

OROaObOu ((Ra a b) 1t u a)
OROabObOu ((R 1 u b) a a b)

' CHAPTER 16 SI MPLE CARTESI AN PRODUCTS;j
; {a,b:

X ; (a X B) ;

DadBOb ( Bfb] O (a X B)[a, b] )

(
(

(u=v)

)

Riub) aahb)
Raab) 1 ua

a =a & Bb]}
Oad0BOxOy ( (a X B)[x,y] =« X = a & Bly] )
OaOBOxOy ( (a X B)[x,y] O x = a & Bly] )
DabBOxOy ( (a X B)[x,y] O x = a)
Oa0OBOxOy ( (a X B)[x,y]l O Bly] )

Oal0BOb ( (a X B)[a,b] = B[b] )

A)
A
A
A

(b X B)

OalObOAOB ( a =b & A=B 0O (a X
OalObOAOB (( a =b & A =B 0O (a X
OalbOACOB ( (a X A £ (b X B) O
OalbOACOB ( (a X A) £ (b X B) O
OalB ( B=e O (a X B) £ ®)
Oa (a X @ E @
Oaldb (a X @ E (b X @
OaObOAOB ( - A= & (a X A E
OalObOAOB ( - A= 0

O (a=b&A=B -

DalB ((a X BID) O (a*)

DadB ( B=¢ O ((a X BD =9)

(a X A

DalB ( - B=¢ 0 ((a X BD =(a*))
DaOBOROP ( (RD) OPO ((Rw (a X B)D O(PO(a%)))
DalB ((a X B)l) B
DaOBOR ( RE (a X B) O (R) =B)

DaOBOR ((Ru (a X B))!) = ((R') O B)
OalB ((a X B) O(a*)) E (a X B)
OaxOOB ( = x = a 0O ((a X B O(x*)) E

DaOBOR ( = (RD[a] O ((RY (a X B)) O(a*))

P )

B) )
B) )
a=>b)
(b X B)) )

(a X B) )



27 F DaOxOBOR ( -~ x = a

O (R« (a X B) O(x*)) E(RO(X%)) ) i
28 F DaOB 1 (a X B) i
29 F DalB (a X B) 1 B i
30 F DaOAOBOR ( R1 A& (A n B) =0

O (R“ (aXB)1(AOB ) i
1F0aBOR( 1 R& ((R) n B =90 1 (RY (a X B)) ) i
I CHAPTER 17 PRQIECTI ONS OF TRI ADI C PREDI CATES;
Do; (Toc); ; {ab: Ta,c,b}
OTOcOxOy ( (T ¢ c)[x,y] <= T[x,c,y] )
OTOcOxOy ( (T ¢ ¢c)[x,y] O Tix,c,y] )
OTOcOxOy ( T(x,c,y] O (T ¢ c)[x,y] )
OTOcOxOy ( ((T ¢ ¢)™)[x,y] < Ty, c, x] )

- W

ga b~ W Nk
— T T T

SECTION 1'V:  THE NATURAL NUVBERS
I'CHAPTER 1 COUNTI NG

OnOC ( €[n,Q O 1 C)

OC ( G[0,g - CE ®)

OC ( ©[0,g O CE o)

OC( CE o 0 %[0,Q )

OC ( €0, O - Xy 4x,yl )

OnOCOxOy ( €[n,Q & Cx,y] O = n=0)

OnOC ( E[n,Q & C[0,C O n =0)

OnOCOD ( &[n,Q & ©[0,0 & () =(D') O n=0)

OnOnJCODOa ( win] & o[n,m & = (C)[ja] &DE (CY (m= a))
O (C[n, g - TmDO) ) i

O© oo ~NOoO Ol WN B
T—_T T T T T T T T

10 F OnOnOCODOa ( win] & o[n,nm & - (Cl)[a] & DE (CY (m= a))
& C[n, Q
O SmD ) i
11 F OnOnOCODOa ( win] & ofn,m & - (Cl)[a] & DE (CY (m= a))
& G[mDO
O ©n, Q) i

12 F OnOnidCHa ( win] & o[n,m & BG(mQ & m a]
O &n,(Ctma)] &= ((Ct ma)l)[a] ) i
13 F OnOnOCOa ( win] & o[n,mM & G(mQ & Om a]
O &n,(Ct ma)] ) i
14 F OnOndC ( w{n] & o[n,m & GImQ & - m= 0
0 Ca (Oma] & Gn,(Ct ma)] &~ ((Ct ma)l)ray) )

|
15 F On ( wn &-n=00 p(wpl & olp,n]) ) i
16 F OnOCODOaOb ( win] & G[n, g &DE (Caab) O T[n, D ) j
17 F OnOCOD ( win] & ©[n,Q & CE DO ©[n, O ) i
18 F OnOCHa ( win] & B[n,Q & = X X, a

O Om( om & Em(CHY (m=a))] ) ) i
19 F OnOkOCOD ( win] & o(wip] & o[p,k]) & G[n, Q & Gk, D
& (d)y =(D) O n=k) i



'CHAPTER 2 AN | NTERMEDI ATE SUPPORT]

U
1 FOnOP ( N[N, Pl = OC( ©n, g & (C) =P) )
2 FOnOP ( N[n, Pl O C( &n,g &(c) =P) )
3 F OnOPOC ( &n,g & () =P O TNn, P )
4 F OnOP ( N[N, P & N[O,Pl O n=0)
5 F OnOkOP ( uD)[n] &Epgoo[p] & o[p,kl) & N[n, P & N[k, P
n:
6 FOP ( NO,P =« P=g¢g)
7 F OnOnOPOQJa ( win] & o[n,n & - Pla] & Q= (P O (a%))
& T[n, Pl
O N[mQ )
8 F OnOnOPOQJa ( win] & o[n,m & - Pla] & Q= (P O (a°))
& N[mQ
0 Tin, P )

9 F OPOaln ( wn & N[n, Pl & = P[a]
O On(wfm & T[m (P O (a*))1) )
10 F OnOnP ( w(n] & wm & N[n,P] & N[imP] O n =m)
11 F OnOnOPOa ( win] & o[n,mM & P[a] & T.[m P
O Tin, (P\ (a%))1 )
12 F OnOniOPOa ( w{n] & o[n,m & = P[a] & .[n, P
O Tim (P O (a*))1 )

13 F OnOPOQ ( N[n,Pl & P=Q 0O 9.[n,Q )
| CHAPTER 3 THE NUMBER O

oP ( N[o,Pp O P=9)

OoP ( P=oe O TN[0,P )

OP ( M.[Oo,P O Ox = P[x] )

OP ( Ox - P[x1] O N[0,P] )

P ( N[o,Pr O = X P[X] )

OP ( - x P[x] O N[O,P )

P ( -P=¢0 - N[O, P )

oP ( - N[o,Pp O - P=g¢)
OP ( Ix P[x1 O = N[O0,P )

OP ( = N[O, P O [k P[X] )
OPOn ( Mn, Pl & =P =0 =n
OPOn ( N[n,P] & X P[x] O = n
OP ( N.[0,P] O X P[x] )

N[0, @

OPOQ ( N[0, P O (P~Q <= T[0,Q) )
OPONn ( N[n,P] & Ox = P[x] O n=0)
OPOn ( M[n,P] & = n =00 [X P[x] )

OPOQON ( T[n, Pl & T[n,Q & Ox P[x] O x Qx] )
| CHAPTER 4 NUVBERS AND CORRESPONDENCES;

F OnOPOQ ( win] & N[n, Pl O (P~ Q < T[n, Q) )
F OnOPOQ ( w(n] & N[n,Pl & P~ QO T[n, Q)
F OnOPOQ ( win] & N[N, Pl & Q~P O N[N, Q )
F OnOPOQ ( wnl & N[N, Pl & M[n,Q O P~ Q)
F OnOPOQ ( w{n] & N[n,Pl & P=Q O T[n,Q )

O© 00 ~NOoO Ol WN B
T—_T T T T T T T T
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6 F OnOPOQ ( win] & N[n,Pl & Q=P O N[N, Q ) i
7 F OnOnOPOQ ( win] & w(nm & N[n, Pl & (M Q &P ~QO n =m)

i

8 F OnOROS ( win] & T[n, (RD)] & RE SO Nn, (SO ) i

9 F OnORDS ( w{n] & M[n, (RD)] & S=E RO N[N, (SP)] ) i

10 F OnOROS ( w{n] & Min, (R)] & RE SO Nn, ()] ) i

L i

I_
11 F OnOROS ( win] & Nin, (R)] & SE RO N[n, ()] )
12 F OnOPOR ( win] & T[N, ((ROP)1)]
O TNin,{y : (Rz,¥y] &Pz])}] ) i
13 F OnOROx ( «in] & T.in, ((RO(x*))H)1 O Nin,{y : Rx,y1}] )
|
14 F OnOnOkOAOBOC
(N & N & okl & N[N, A & NimB] & N[k, (A O B)]
& Nk, &(An B =90

O MR (N[n,Q & N[mR & (QUR =C&(Qn R =9 )

15 F OnOPOa0b ( win] & N[n, (P O (a°))] & - Pla] & =~ P[b]
O Tpn, (P O (b*))1 ) i

d

16 F OnOPOa ( win] & N[N, Pl O On(wfm & N[mM(P O (a*))]) )i
17 F OnOkOPOQOROS ( w(n] & N[N, R & P~ Q&R ~S&ROP
&S00
o (PVR ~(Q\ 9 ) ) i
18 F OnOPOQ ( wn] & N[n,P] & N[n,Q &P O QO P=0Q) i
| CHAPTER 5 FI NI TE PREDI CATES;

1% f; fP; h( «wn & N[n, P ) i
2 FOn0OP ( wn & M[n, P O f P) i
3FOPOQ( fP&P~QO f Q) i
4FOPOQ( fP&Q~PO f Q) i
5F0POQ( fP&P=Q0O f Q) i
6 FOPOQ( f P&Q=P0O f Q) i
7Ffo i
8FOP(P=¢0 fP) i
OFOP( - P[x1 OFfP) i
10 FOPOQROS ( f R&P~Q&R~S&ROP&SOQ

Oo(P\V R ~(Q\V 9 ) i
11 F OnOPOQ ( wn] & N[N, Pl & QO PO f Q) i
12 FOPOQ( f P&QIPO f Q) i
13 F0OPOQ( fF(POQ O fP) i
14 FOPOQ( f(POQ O f Q) i
15 FOPOQ( f(POQ O fP&F Q) i
16 F OPOa( f PO f (P O (a%)) ) i
17 F Oa f (a°) i
18 F OnOPOQ ( win] & N[n,Q & f PO f(POQ ) i
19 F OPOQ@Inmk ( wm & Wikl & N[mP] & N[k, Q

O Ch (wn & N[n, (PO Q1) ) i
20F0POQ( fP&FQO f(POQ ) i
21 FOPOQOR( f P& f Q& (POQ =RO fR) i
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OPOQOR ( f P& f Q&R=(POQ O fR)
Oaldb f (a b 1)

OalObOc f (a b ¢c v)

OabOcOd f (a b c d )

P(POw&-P=@&(f P
0 -(onP) =0&f (0nP))

! CHAPTE 6 | NFI NI TE PREDI CATES;]

P)
P)
(win] & T[N, P1) )

P
i
f
OP ( = h ( wn & N[n, P ) O 1+ P)

OPOQ( + P&P~QO 1 Q)
OPOQ( +t P&Q~P O t Q)
OPOQ( +t P&P=Q0 1 Q)
OPOQ( +t P& Q=P 0 1 Q)

OP (+ PO X Px] )

OPOQ ( + Q& QO PO + P)

OPOQ( + P& f QO + (P\ Q)

OPOa ((+ PO 1 (P\ (a%)) )

OPOQ ( + P& Ff QO X (P\ Q[x] )
OnOP ( win &t PO M(N[NQ &QOP) )
OnOPOQ ( win] &1t P& f Q

O R(NNR &RIOP&(QnNn R =9 )

On ( «n O PR (N[N, P & = Play)) ) O+ T

'CHAPTER 7 AN INFINITY OF THI NGS;

( wn O P N[n, P )

( wn &-n=00 [PHA (N[n, P & Pla])
v U

OP( f PO « (U\ P))

OP ( f PO X = P[x] )

OPOn ( win] & T.[n,P O X = P[X] )
OnOm ( «wn] & o[n, M

H HP;, OQ( PIQ O QO P)
OP ( K PO = P[P )

W@

OP( ® PO -P=(PO(P)))

OP ( . PO H (PO (P)) )

On ( wn O B (H B&I[n B) )
On ( «wn O PR (N[N, P & = P[a]) )
Un

(n

O PCa (N[n, Pl & - Pla] & TL[m (P O (a*))1) )

)

OnOm ( w{n] & o[n,nm O [PCa Nim (P O (a*))] )

OnOntdP ( win] & N[n, Pl & o[n,m
O o (- Pla] & Tim (P O (a°))1) )
OnOP ( win] & f PO (N[N, Q & (P n Q
OnOm ( «wn] & wm
O PR (N[N, Pl & .M Q & (P n Q

® )
9 )



199 FOn ( wn O OPR( NWNnQ &(POQIQOIP )) i
20 F OnOP ( win O M ( N[N, Q &(POQOQOP ) ) i
21 F OnOm ( «wIn] & wm

O PR( N[n, Pl & N[mQ &(POQOQOP ) ) i
| CHAPTER 8 SUCCESSORS;

OnOnOPOa ( w(n] & om & T[n,P] & N[m (P O (a*))] & -~ P[a]
O ofn,m ) i

OnOm ( «wfn & o[n,n O «wnm ) i
On ( «wn O Ono[(n,m ) i
OnOnidk ( wfn] & ofn,m & o[n,k] O m=k) i
OnOmidk ( «fn] & k] & olnm & ok,m O n =k) i
n ( «wn O = on,0] ) i
Ox ( Oy (o Dw)[x,y] = wXx] ) i
F((c DwbD =w i
F OxOyOz ( (o Ow[x,y] & (0 Ow)[x,z] Oy =2) i
10 F f (0 Dw) i
On ( wn O f(oOw & ((oc Ow)Dn) i
i

i

i

i

i

i

i

i

i

~N o o wN
T— T T T T T T

©O

11 F

12 D ; (n") 5 own 5 ((o Dw’n) i! (DD Prop)

13 F On ( wn O on,(n)])

14 F OnOm( (n') = mO wn] & o[n,m)

15 F OnOm( m=(n') O wn & aon,m)

16 F OnOm ( (n') = mO o[n, M )

17 F OnOm( m= (n') O o[n,m )

18 F OnOm ( win] & ofn,m O (n') = m)

19 F OnOm( win] & oln,m O m=(n') )

20 F OnOm( (n') = m - (o Ow[n,m )

21 F OnOnOPOa ( w{n] & o{m & T[n, Pl & [m (P O (a°))] & - P[a]
O (n") =m) i

22 F OnOPOa ( win] & N[n, Pl & - Pla] O T[(n'),(P O (a*))] ) i

23 F 0On ( wn O P (N[N, P &~ Pla] & T[(n'),(P O (a*))]) )

i

24 F On ( wn O CPa N[(n'),(P O (a%))] ) i

25 F On (win O {(n)] ) i

26 F OnOm ( (n') = mO wm ) i

27 F OnOm( m=(n'") O wm ) i

28 F OnOm( win &n=mO (n') = (mM) ) i

29 F OnOm( = wn &n=m0O = (n') = (M) ) i

30 F OnOm( winl & n=m0O (M) =(n") ) i

3 FOnOm( (n') = (M) O n=m) i

32 F0On-(n) =0 i

33|——|Eh(n') =0 i

4 FOn(wn &-n=00 On(mM) =n) i

35 FOn = (n') =n i

36 F OnOm( (n') =m0O = n=m) i
I CHAPTER 9 THE NUVBERS 1 AND 2

1F0) =1 i

2 F w1 i



3 F Oa N1, (a*)]
4 F 01, (0°)]
5F-0=1
6F-1=0
7 k= (001
8FOP( MN1,P O B P=(a"))
9FOP( N[1,P O a ( Pla] & Ox (P[x] O x =a) ) )
10 F (1) =2
11 F 2]
12 F Dalb ( =a=b O N[2,(ab 1))
13 F MN[2,(0 1 $)]
14 F ((0)") =2
15 F-0=2
16 F-1=2
17F-2=0
18 F-2=1
19 F - (01 %2
| CHAPTER 10 THE NUMBERS 3 AND 4
1F(2) =3
2 F 3]
3F0Oalbc ( ~a=b&-c=a&-c=b0 N3, (abc v)])
4 F N[3,(01 2 w)]
5F ((1)') =3
6 F(((0))) =3
7F-3=0
8F-3=1
9F-3=2
10 F = (012 w)I[3
11 F (3') =4
12 F w4
13 F DaObOcOd ( ~a=b &-c=a&-c=b&-d=a
&-~d=b&-d=c
O N[4,(abcdx»])
14 F N[4,(0 1 2 3 %)]
15 F ((2°)') =4
16 F (((1)")") =4
17 F ((((0")")')") =4

I CHAPTER 11 k- UNI FORM PREDI CATES;
v; Ruk P, wxkl &Ox ( P[x] O N[k, ((RO(x*)))1)
OROPOk ( Ruk P O wk] )
OROSOPOQIk ( Ruk P& QO P&RE SO Suk Q)
OROPOQIk ( Ruk P& QO PO Ruk Q)
OROPOQIk ( Ruk P& Q=P 0O Ruk Q)
OROPOQIk ( Ruk P& P=Q0O Ruk Q)
OROSOPOK ( Ruk P& RE SO Svuk P)
OROPOACK ( Ruk P& ADO PO (ROA vk A)
OROk ( wk] O Ruk @)

©O© 00 N O Ol WN
T T T T T T T T BA
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11
12
13

14

15
16

17
18
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Ol O

OP & ug P
OROPOk ( RE® &-~P=¢@&Ruk PO k=0)
OBOalk ( wk] & T.[k,B O (a X B) uk (a°*) )
OROSOPOQk ( Ruk P& Suk Q& ((SD) n P) =9

& ((RD) nQ =9

O (RYS vk (POQ )
OROPOBOalk ( Ruk P & (RD) O P & - Pla] & ik, B

0O (RY (a X B)) vk (PO (a%)) )
OnOkOPOR ( «fn] & T[n,Pl & Ruk PO f ((ROP) )
On0j ( «Inl & )j]

0 PR (N[N P &Ry P&1 R&(RD) OP&f (R)))

On0j ( oinl & wj] O PR (T[N, Pl &Ruj P&1 R )

On0j ( wnl & wj]
0 PR (N[N, Pl &Rvuj P&1 R&(RD OP) )

SECTION V:  ADDI TI ON, SUBTRACTI ON, AND MULTI PLI CATI ON
I'CHAPTER 1 ADDI Tl ON;j
I'CHAPTER 1 ADDI Tl ON;j

OnOmdkOAOB ( win] & ojm & k] & T.[n, Al & T.[m B]

& (An B =0
O (Oin,mk] < N[k, (ADOB)]) )

OnOmiJkOAOB ( win] & ofm & wk] & T.[n, Al & T.[m B]

& (An B =0¢ & 0O/n,mk]
O Nk, (A O B)] )

OnOmJkOAOB ( win] & ofm & wk] & T.[n, Al & T.[m B]

& (An B =0 & Nk, (ADOB)]
O din,mKk] )

OnOmidk (N & wnm & okl & O/n, mKk]

O DAB (N[n, A & NimBl & (A n B)
& N[k, (A O B)I) )

n
S

OnOm ( on] & ofm O B (ofa] & O/n,maj) )
OnOm ( [N & wm

O Oalb((wa] & O/n,ma]) & (wb] & O/ n, mb])
0 a = b))
; (n+mM 5 wn &awn ; («fa] & 0On,maj)
nOm ( «n] & om O o(n+tm] )
nOm ( «{n] & «m O On,m(n+mM] )
OnOmidk ( (n + m) =k O wk] )
OnOnidk ( k = (n + n) O k] )
OnOmidk ( «fn & oM & k] & On,mk] O k = (n+n) )
OnOmidk ( «fn & oM & k] & On,mk] O (ntm =k )
OnOnidk ( (n+m) =k O wn & oM & ofk] & O/n,mK] )
OnOmidk ( «(n] & oM & wk] & On,mKk] < (ntn) = k)
OnOmJAOB ( ofn] & oM & T[n, Al & I.imB] & (A n B) = ¢
O Ni(n+m, (A0 B )



17 F OnOniDkOADB ( win] & o(m & wik] & T.[n, Al & T[m B
& (A n B) = ¢ & N[k, (A O B)]
O k = (n+tm ) i
18 F OnOm ( win] & win
0O OAB (N[N, A & \[mB &(An B =¢
& Nr(n+tm, (A T B)]) ) i
19 F OnOnk ( k = (n+m)
0 OAB (N[N, A & . [mB] & (An B) =¢
& Nk, (AU BI) ) i
20 F OnOm ( w{n] & ofm O CAB (N[N, A & N[(n+m),B & A0 B) )
|

21 F OnOnDAOB ( w{n] & «fm & N[n, Al & N.[mB & AOB

O k ((k+n) = m& N[k, (B\ A]) ) i
22 F OnOnDA ( N[ (n+m), A

O MR (N[N, Q & N[MR & (QOR =A

&(Qn R =9 ) i
| CHAPTER 2 BASI C LAWS OF ADDI Tl ON|

1 F OnOnidk ( win & Wkl &n=m0O (n + k) = (m+ k) ) |
2 F OnOnidk ( wfn & k] & n=m0O (k +n) =(k +m ) .
3 F OnOnikDj ( «fj] &(n+m =k O ((n+m +j) =(k+j))
|
4 F OnOnikDj ( ofj] & (n+m =k O (j +(n+m) =(j +k))
|
5F0OnOm( winf &«m O (n+m = (m+n) ) i
6 F OnOnik ( (n+mM =k O (m+n) =k ) i
7F0OnOnik ( k=(n+mM O k=(m+n)) i
8 F OnOnik ( win] & w{m & K]
O ((n+m +k) =((m+n) +Kk)) i
9 FOnOnikOj ( ((n+m +k) =) O ((m+n) +k) =j) i
10 F OnOnikDj (j = ((n+m +k) O j =((m+n) + k) ) i
11 F OnOnik ( on] & oM & oKk]
O (n+(m+k) =(n+(k+m)) i
12 F OnOnkOj ( (n + (m+ k)) =j O (n+(k+mM) =j ) i
13 F OnOnkDj (j =(n + (m+ k) O j =(n+(k+m)) i
14 F OnOnk ( on] & oM & oKk]
O (n+(m+k)) =((n+m +Kk)) i
15 F OnOnikOj ( (n + (m+ k)) =j O ((n+mM +k) =j ) i
16 F OnOnikDj ( ((n+m +k) =j O (n+(m+Kk)) =j ) i
17 F OnOnkODj (j =(n+ (m+ k) Oj =((n+mM +k)) i
18 F OnOnikDj (j =((n+nm +k) Oj =(n+(m+k)) ) i
19 F OnOnk ( @n] & o[m & k]
O ((n+m + k) =((n+k) +m) i
20 F OnOnikO) ( ((n+ M +k) =j O ((n+k) +m =j ) i
210 F OnOniIkgj (j =((n+m +k) Oj =((n+k) +m ) i
22 F OnOnmidk ( wIn] & winm & wik]
O (n+(m+k)) =(m+ (n+Kk)) ) i
23 F OnOnikgj ( (n + (m+ k) =j O (m+ (n+k) =j ) i
24 F OnOnikOj (j = (n+ (m+ k) Oj =(m+ (n +k))) i
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49
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OnOnidk ( win] & oM & uK]
O ((n+m +k) =((k+n) +m)
OnOmdk ( w[n] & oM & kK]
O (n+(m+Kk)) =(m+ (k +n)) )
OnOnmidk ( w(n] & wim & K]
O ((n+m +k) =(((k+m +n))
OnOmidk ( @[N] & winm & «fK]
O (n+ (m+k)) =(k +(m+n)) )
OnOnikOj ( n] & ofm & k] & ofj]
O ((n+m +(k+j)) =((n+k) +(m+]j))

On ( on O n=(n+0))
On ( wn O n=(0+n) )
n ( «wn O (n+0) =n)
On (winp O (0 +n) =n)

OnOm( (n +0) =m0 n=m)
nOm( n=(m+0) O n=m)
OnOm( n=(n+nmM O m=20)
OnOm( n=(m+n) O m=20)
nOm( (n+ M =n0 m=0)
nOm( (m+ n) =n 0 m=20)
n ( wn O (n") =(n + 1)
On (win O (n") = (1 +n)
On ( wn O (n+1) =(n")
n ( wn O (1 +n) =(n")

OnOm ( (n') = m0O (n + 1)
OnOm( (n + 1) =m0d (n')
OnOm( (n') = me<= (n + 1)
OnOm ( «wn] &onnm O (n+ 1) =m)

OnOm ( w{n] & ofn,m O m=(n + 1) )

n ( wn &-n=00 On(m+ 1) =n)

n ( wnp O n=000n(m+ 1) =n)

OnOm (- win] & m O (n+ (m)) =((n+m") )
OnOnidk ( (n + (M)) =k O ((n+mM") =Kk)

nmn il e e — -

m)
m)
m)

OnOm( (n+ M =00 m=0)
OnOm( (n+mM =00 n=20)
OnOm( (n+mMm =00 n=0&m=0)
OnOm( m=(n+1) 0 - m=20)

n - (n+1) =0
OnOP ( M[(n + 1),P O X P[x] )

OnOm( (n + 1) =(m+ 1) O n=m)
OyOkOn ( () +n) =(k+n) 0 ) =k)
OpOkOn ( () +n) =(n+Kk) Oj =k)
OjOkOn ( (n+j) =(k+n) Oj =k)
OpOkOn ( (n+j) =(n+ k) Oj =k)

OPOa ( wal & Pla] & On (P[(a+n)] O P[(a+t(n+l))])
O On (win] O P(atn)]) )
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(0+0) =0
0 =(0+0)
(0+1) =1
(0 +2) =2
(1 +1) =2
(2 +1) =3
(1+2) =3
(3+1) =4
(1 +3) =4
(2 +2) =4
<, <5 5 {xy:

OnOm ( £[n,mM =
OnOm ( £(n,m 0O

| CHAPTER 3 | NEQUALI TY;
W X] & &yl & A[X,Yyl}
wn & wn & AN, M)
wn & wnm &ANNM)

OnOm ( win] & o{m & A[n,m O <[n,m)

OnOm ( <[n,m 0O
OnOm ( £(n,m O
OnOm ( £[n,m 0O
OnOm ( <[n,m 0O
OnOniJAOB (- Wl n]

wn & wn )
wn] )

wn )
ALn,m )

& oM & N[n, A & N.fimB] & A B

O <[n,m )

OnOnJAOB ( <[n,m & T[n, Al & \fmB & B O0A 0 A=B)
& N[n,A O B (N[mB &ATOB))
& M[mB O A (TN[n, Al &A 0O B) )
OnOm ( <fn,m O ODAB (N[n,Al & .imB] & A 0O B) )

OnOniJA ( €[N, m
OnOmIB ( €[N, m

OnOm ( £[n,m O
OnOm ( g[n,m 0O

[k (k + n) =m)
[k (n + k) = m)

OnOm ( Ek (k +n) =m0 <n,m)
OnOm ( Tk (n + k) = mO <[n,m)

OnOm (
OnOm (
OnOnida ( <[n, M
OvOnOnidz ( <[V,
OnOm ( £[n,mM &

On ( wn O <n,

nm < [k (k +n) =m)
nm < [K (n+ k) =m)
<

& gffma] O <[n,a] )

n & <[(n,mM &<[mz] O <v,2z] )

SImn] O n=m)
nj )

On ( «wn O <0,n] )

On ( £[n,0] O n
OnOm ( €ffmn] &

:0)
-m=00 -n=0)

On ( <[1,n O = n=20)

OnOmidz ( €[n, m
OnOnidz ( g[n, M
OnOmdulv (<[,
OnOnmidz ( €[N, m
OnOndz ( <[n, M

& Wzl O <[(n+2z),(m+ 2z)] )
&wzl U <[(z +n),(z+mM])

M & <fu,vl O <[(n +u),(m+ v)] )
& wiz] O <[n,(m+ 2)] )

& Wzl O <g[n,(z +mM] )

OnOm ( «n] & on O <[n,(n + m] )
OnOm ( «n] & on O <[n,(m+ n)] )

On ( wn O <[n,

(n+1)1)



36
37
38
39
40
41
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66
67
68

OnOm ( «{n] & ofn,m O <[n,m )

On (N

O <1, (n + 1] )

n ( wn &-n=010 <1,n] )

On ( wn O n=00c¢<1n])

OnOmidz ( g[(m+ 2z),n] O <mn] )
OnOnidz ( g[(m+ z),n] O <z,n] )
OnOmdz ( g[(n + 2),(m+ z)] O <£[n,m )
OnOmdz ( g[(z + n),(z +mM] O <£n,m )
OnOm ( <[(n + m,n O m=20)

OnOm ( gf(m+ n),n] O m=0)

<[ 0, 0]

<0, 1]

<0, 2]

<[1, 1]

<[1, 2]

<[2, 2]

OnOm ( <[n,mM & = n mO <[(n+l),nm )

OnOm (
OnOm (

OnOmidx (oM & ofmx] & <[n,x] O <n,n On=x)
OnOm ( gfmn] & <[n,(m+ 1)] O n=m0On=(m+ 1) )
OnOm ( f(m+ 1),n] & <[n,(m+ 2)]

O n=(m+1) On=(m+ 2) )
On ( g(n,1] O n=00n=1)
n ( g(n,21 O n=00n=10n=2)
On ( £n, 31 O n=00n=10n=20n=3)
On ( g[1,n &<[n, 2] On=10n=2)
On ( <[1,n &<n,3] O n=10n=210n-=3)
On ( <[1,n] &-n =10 <2,n )
OnOm ( «wn] & oM O <n,mM O<gmn] )
OnOm ( «wn & oM O <fnm O<[(ml),n] )
OnOmidk ( m=(n + 1) & k] O <[k,n O<[mk] )

<(n,(m+ 1)]
<[n,(m+ 1)]

&
U

= N =
<nm On=(m+ 1) )

(m+ 1) O f[nm)

OnOm ( ofn] & ofn & - </n,n O <(m-l),n] )

T T T T T T T T T T TTTTT T TT T T T T T T T T T T T T T T T T™TT™T™

OnOm ( N & oM & = <[nm O <mn] )
OnOm ( «fn & oM & - <[(mtl),n] O <[n,m )
OnOm ( £[n,mM & = g[(n+l), M O n = m)
OPOa ( wal & Pla] & On (<[a,n] & P[n] O
O On (<gfa,n] O P[N]) )
On (o]
O OP ( Ox (g[x,n] O = P[X])
Ok (<[x,n] & P[X]
& Ly (wyl & PLy]
OP ( X («(X] & P[X])
O X (afx] & P(x] & Uy (w{yl & Pryl O <(x,y1)) )
OnOP ( wn] & T[N, (wn P] &= (wnP) =0
O X (&fx] & P[x] &0y (wy] & PLy]
P (-~ (wnP) =0&f (wn P
0 X (fx] & P[x] & Oy (wy] & PLy]

PI(n+1)])

0 <[x,y1)) ) )

O <[y,Xx1)) )i

0 <[y.x1)) )
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<
Ux Oy

I CHAPTER 4 STRI CT | NEQUALI TY;
{n,m: <nm &-n =nj

<
( <[X,y] = <[X,y] &= X =Y)

OxOy ( <[x,y] O <€[x,y] &= X =Yy )

OxOy ( <[X,y] &=~ x =y O <[x,y] )

OxOy ( <[x,y] O <[x,y] )

OxOy ( <[x,y] O = x=vy)

OxOy ( - <[x,y] O = <[x,y] )

OxOy ( <[x,y] O <[x,y] Ox =y)

OxOy ( <[x,y] O ox] & «{y] )

OxOy ( <[x,y] O «x] )

OxOy ( <(x,yl O wlyl )

(X = <[X, X]
Ox = <[x, 0]
Ox ( <(0,x] O -x=0
Ox (wx] &-x =00 <[0,x] )

OxOyOz ( <[(x,y] &
OxOyOz ( <[(x,Yy] &
OxOyOz ( <[x,y] &

Ox Oy (
Ux Oy
Ux Ly
Lx Oy
[x Ly
Ux Dy
OxOy (

<0, 1]
OxOy (
OxOy (
Ox Oy (

<[X,y] & <[y, X]
<[x,yl O = <y,
<[x,yl O = <y,
<[x,yl O = <y,
<[x,yl & wiz] O

WX] & Wyl &-y =00 <[x,(x+y)] )
WX &yl &=y =00 <x,(y+x)] )
Ox (I X]

<[x, (y+1)]
<[X, Y]
<[X, (y+1)]

O <[x, (x+1)]

)

<[y, z] O <[x,2z])
<[y,z] O <[x,2z] )
<[y,z] O <[x,2z] )

O F)
x] )
X] )
X] )
<[x,(y+z)] )

)

O <[x,yl )
O <[x, (y+1)] )
= <[X,Y] )

OnOm ( «[n] & o[n,m O <[n,m )
OxOnOm ( <[x,n] & o[n,m O <[x,m )

OxOnOm ( w[n] & ofn,mM & <[x,m O <£[x,n] )
O <(x,yl )
O <(x,yl )
O <((x+1),y1 )
O <((1+x),y1 )

OxOy (
OxOy (
Ox Oy (
OxOy (
OnOnidk
Ux Oy Oz
x Oy Oz
Ux Dy Uz

OxOyOzOa ( <[x,y] & <[z, a]
OxOy ( IX] & W)Y]
OxOy ( «fX] & afy]

<[(x+1),y]
S[(1+x), Y]
<[X, Y]
<[X, Y]

(
(
(
(

SIn,m & <[1,k] O <[n,(mk)] )
S[(x+y),z] & -~y =0 0O <[x,2z] )

<[X,y] & wz]
<[X,y] & wz]

O <[x,y]

0 <((x+z),(y+z)] )
O <((z+x),(z+y)1 )

OxOy ( o[x] & &fy] & = <[x,y] O <[y, X] )

O <[(x+z),(y+a)] )
O <[x,yl O<[y,x] )
Ox =y O<1y,x] )
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OxOy ( ox] & oyl & = <[x,y] O <[y,x] ) i
OxOy ( «[x] & &yl & -~ x =y O <[x,y] O<[y,x] ) i
OxOy (0 X] & &fy] & = <[X,y] &= <[y,x] O x =y ) i
OP ( Ix (w[x] & P[X])
O X (0x] & P[x] &0y (<[y,x] O = P[y1)) ) i
OP ( Oy ( wy]l O X (P[x] &<[y,x]) ) O v P) i
1 W i
| CHAPTER 5 SUBTRACTI ON| |

F OnOnkOAOB ( win] & ofn & k] & N[n, Al & imB] & A OB

O @mn,kl < N[k, (B\ AT ) ) i

F OnOnikOADB ( win] & w(n & wfk] & T[n, Al & I\ (mB] & AO B

& @[mn, K]
O N[k, (B\ A] ) i

3 F OnOnkOAOB ( w(n] & o{m & wfk] & N[N, Al & I.[mB] & A OB

& N[k, (B\ A]
O ®[mn, K] ) i

4 F OnOnik ( K] & <[n,m & @[mn, K]

5 F OnOm (
6 F OnOm (

7

T - ; (m-n

O CABB (T[N, A & LimBl & AO B & N[k, (B\ A1) )
i
m 0 [ (wfa] & ©[mn,a]) ) i
m O Oalb ((wa] & @[mn,a]) & (wfb] & @[mn, b))
0 a=b)) i
) 5 sSIn,m ; (wa] & @[mn,a])

<[n,
<[n,

8 F OnOm( stnm O wf(mn)] )

9

10
11
12
13

14

15

16

o g1 WN B

T T T T T

™ T T T

OnOm ( £[n,mM O @[mn,(mn)] )
OnOmidk (k] & gn,m & @mn, k] O k = (mn) )
OnOmidk ( okl & g(n,m & @mn, k] O (mn) =k)
OnOnJACOB ( w{n] & ofnm & TN[n, Al & I.imB] & AU B

O Nf(mn), (B AJ ) i
OnOnmdkOAOB ( win] & wim & wik] & N[n, Al & N.fmB] & AO B

& N[k, (B\ A)]
0 k= (mn) ) i

|
i
i
F OnOnik ( (mn) = k O wk] ) i
i
i
i

OnOm ( <[n, m
O ODAB (N[n,AA & .imB] & AUOB
& Tp(mn), (B A1) ) i
OnOmidk ( k = (mn)
O OAB (MN[n, A & .imB] & AOB
& Tk, (B\ A1) ) i
OnOm ( g(n,m O CAB (M[mB] & T.[(mn),A & A O B) ) i
CHAPTER 6 BASI C LAWS OF SUBTRACTI ON;
OnOmidk ( g(n,m &n =k 0O (m-n =(m- k) )
OnOmidk ( g(n,m &m=k O (m- n) =(k - n) )
OnOm ( g(n,m O ((m- n) + n) =m)
OnOm ( gfn,m O (n+ (m- n)) =m)
OnOmidk ( (m - n) k O (n+ k) =m)
OnOnidk ( (m - n) k O (k+n) =m)



7 F OnOnidk ( (n + k)
8 F OnOnmidk ( (k + n)
9 F OnOnik ( (m- n)

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
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mO (m- n)
mO (m- n)
k = (n + k)

k
k
m

~_ —

OnOnidk ( (m- n) =k =« (k+n) =m)

OnOmidk (( k = (m-n) O m=(n + k) )

OnOnidk ( k = (m- n) O m=(k +n) )

OnOnidk ( m=(n + k) O k=(m- n) )

OnOmidk ( m=(k +n) O k =(m- n) )

OnOnidk ( (m- n) =k O (m- k) =n)

OnOnidk ( (m- n) =k O <gk,m )

OnOmidk ( (m-n) =k &=k =00 = m=20)

(0-0 =0

(2 -1 =1

(3-1) =2

(3-2 =1

(4-1 =3

(4 -3 =1

(4 -2 =2

n ( wn O (n-0) =n)

n ( «wn O (n-n) =0)

OnOm( n =mé&wn O (n-nm =0)

OnOm( n=(0-mM O n=0)

OnOm( (m- n) =m0d n=0)

OnOm( n=(m- 0) O n=m)

OnOm( (m- n) =00 n=m)

OnOm( (m- n) =00 m=n)

OnOm ( «wn] & om O (m+ (n-n)) = m)

OnOm ( «wfn &wom O ((n-n) +mM = m)

OnOm ( win] & odm O ((ntm) - m =n)

OnOm ( «n] & om O ((n+tmM - n) = m)

OnOm ( gfn,m O (m- (mn)) =n)

OnOnidk ( g[n,m & k] O ((mtk) - n) = ((mn) + k) )
OnOnidk ( <[n, k] & o(m O ((mtk) - n) = (m+ (k-n)) )
OnOmidk ( <(n, k] & <fn,m O ((mn) + k) = (m+ (k-n)) )
OnOnidk ( wn] & w(im & okl O (((ntm+k) - k) = (n+m) )
OnOnridk ( wn] & om & okl O (((n+tmM+k) - M = (n+k) )
OnOmidk ( «(n & om & k] O (((ntm+k) - n) = (mtk) )
OnOnidk ( wn] & wm & okl O ((ntm + (k-k)) = (n+m) )
OnOnidk ( w(n] & wim & k] O ((k-k) + (n+tm) = (n+m )
OnOmidk ( g(n,m & okl O ((mn) + (k-k)) = (mn) )
OnOmidk ( g(n,m & k] O ((k-k) + (mn)) = (mn) )
OnOnidk ( gfn,m & ofk] O ((mn) + (k+n)) = (m+k) )
OnOmidk ( £(n,m & okl O ((mn) + (ntk)) = (mtk) )
OnOnidk ( gfn,m & k] O ((k+n) + (mn)) = (k+m )
OnOnidk ( gfn,mM & (k] O ((n+k) + (mn)) = (k+m )
OnOmidk ( <(n,m & <(k,n] O ((mn) + (n-k)) = (mKk) )
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64

65

66

67
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70
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73
74
75
76
77
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CnOmidk
OnOnmiZk
OnOnilk
OnOnmiZk
OnOnmiZk
OnOnilk
OnOnmiZk
OnOnmiJk
OnOnilk
OnOnmiZk

AN AN AN AN AN AN NN NN

OnOnik (
OaObOcOd

HalbOcOd
HalbUOcOd
HalbOcld
OaObOcOd
HalbUOcOd
HalObOcld

OaObOcOd

OnOm (
OnOmidk  (
OnOmidk
OnOnidk
OnOmiJk
OnOniJk
OnOnmizk
OnDOmiJk
OnOnidk
OnOnizk
OnOmiJk
OnOniJk
OnOnmizk
OnDOmiJk

e R e e R N R N e e e )

<[(n, m

Snm & k] O ((mk) -
<(n,n & okl O ((mk) -
SInm & k] O ((k+m -
(n,m & ofk] O ((k+m) -
<(n,n & okl O ((mk) -
Snm & k] O ((k+m
<n,m & <(mk] O ((k- n)
S[k,nl & <n,m O ((mk)

<(m (k+n)] & <(n,m O (k-

<tk,(mn)] O ((mn) - k)
( <(d,c] & wia] & b

0O ((atb)+(c-d)) = (((a+h)+c) -

( <(d,c] & wal & wbj

O ((c-d)+(atb)) = (((c+a)+b) -
( €[d,c] & €[d,
O ((at+b)+(c-
( €[d,c] & <€[d,
O ((a+b)+(c-

a] & wb]

b] & fa]

( <[b,a] & <[d,c]

O ((a-b)+(c-
( <[b,a] & <[d,
O ((a-b)+(c-

( s[(c-d), (a+tb)]

0 ((at+h)-(c-d))

( s[(c+d), (a-b)]

0 ((a-b)-(c+d))
OnOnidk ( (mn) = (k-n) O m
OnOmidk ( (mn) = (mk) O n
stn,m O <[(mn),nm )

(
k
k

)
)

stk, (mn)] O <tk,m )

sImk] & wfn] O <[(k-m, (k+n)] )

(n+k)) = (mn) )
(k+n)) = (mn) )
(n+k)) = (mn) )
(k+n)) = (mn) )
(mn)) = (k+n) )
(mn)) = (k+n) )
- (k-m) = (mn) )
(n-k)) = (mn) )
(mn)) = ((k+n) -
= (m- (n+k)) )
d) )
d) )

& <[k,n O ((n-k) + (mn)) = (mKk) )

d)) = ((a-d)+(b+c)) )
d)) = ((b-d)+(a+c)) )
d)) = ((atc)-(b+d)) )
c] & €[d,a] & <[b, c]

d) = ((a-d)+(c-b)) )
(((atb)+d)-c) )
a- ((b+c) +d)) )

<(n,m &<[mk] O <[(mn),(k-n)] )
n,m & <[mk] O <(k-m, (k-n)] )
nl O <(mKk] )

<[ (mn), (k-

<tk, (mn)]
<k, (mn)]
stm (k+n)]
stm (n+k)]
<[ (n+k), m
<[ (k+n), m
<[ (mn), K]
<[(mn), k]

N
0]

<[(n+k), m )
<[(k+n),n] )

& <nm O <[(mn),k] )
& <[n,m O <[(mn), K] )

OO O

O

<k, (mn)] )
<k, (mn)] )
SIm (n+k)] )
<[m (k+n)] )

OnOnmidk( <[ (mk),(mn)] O <[n, k] )

OnOmidk0j) ( <[n,j1 & <[j,kl & <s[k,m O <(k-j),(mn)] )
OnOnidk ( g((mn), k] O (k -

(mn)) = ((k+n) -

m )

m )
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91 F DabbOcOd ( <[ ((b+c)+d), a]
O ((a-b)-(c+d)) = (a-((btc)+d)) ) i
92 F OaObOcOd ( <[(c-d), (a-b)]
O ((a-b)-(c-d)) = ((at+d)-(b+c)) ) i
93 F DaObOcOd ( <[b,d] & <[d,c] & <[c, a]
O ((a-b)-(c-d)) = ((a-c)+(d-b)) ) i
94 F OnOm ( g(n,mM &-n=00 < (mn),m ) i
95 F OnOnidk ( <(n,m & <[mk] O <((k-m, (k-n)] ) i
96 F OnOnik ( <(n,mM & <(mk] O <((mn), (k-n)] ) i
97 F OnOnmidk ( <((mn),(k-n)] O <(mKk] ) i
98 F OnOnmidk ( <((mKk),(mn)] O <[n, k] ) i
F i

OnOm ( <(n,m O <[1,(mn)] )
| CHAPTER 7 MULTI PLI CATI ON;

1 F OnOnDkOPOR ( in] & «ik] & T[n,P] & RumP &1 R

O ( Oin,mkl = Ak, ((ROP)T ) ) i
2 F OnOnOkOPOR ( w{n] & wik] & T[n,Pl & RumP & 1 R & O[n, mKk]

O Nk, (ROPT ) i
3 F OnOnOkOPOR ( w{n] & okl & T[n,P] & RumP &1 R

& Nk, ((ROP))]

O Oin,mKk] ) i
4 F OnOnOkOPOR ( w{n] & wik] & I[N, Pl & RumP &1 R & (RDP) DP

& O[n, mK]

0 Tk, (R)71) i
5 F OnOniDkOPOR ( w{n] & wk] & N[n,P] & RumP &1 R & (RD) DP

& Nk, (R)]

O Orn, mK] ) i
6 F OnOnik ( wn] & wim & k] & O/n, mKk]

0 (PR (N[N, Pl & RomP &1 R & N[k, (R)]) ) i

OnOm ( ofn] & ofm O [A («fa] & 0On,maj) ) i

OnOm ([N & wm
O Oalb((wa] & O/n,ma]) & (wb] & O/ n, mbj)
O a=b) )

9T x; (nxm ; «n &wnm ; (wa & 0On,maj)

™ T

|

|
10 F OnOm ( wfn] & om O «(nxm] ) i
11 F ( wn &wm O On,m(nxm] ) i
12 F OnOnidk ( (n x M =k O k] ) i
13 F OnOnidk (( k = (n x m O wfk] ) i
14 F OnOnk ( o{n] & om & k] & On,mk] O k = (nxm ) i
15 F OnOnk ( @wn & oM & okl & On,mk] O (nxm = k) i
16 F OnOnOROP ( win] & T[N, Pl & RomP &1 R& (RD) O P

O r(nxm, (R ) i
17 F OnOnDKOROP ( w{n] & o{k] & N[n,Pl & RumP &1 R

& (RD) O P & N[k, (R)]

0 k = (nxm ) i
18 F OnOnOKkOROP ( «in] & ofk] & T[n,P] & RumP &1 R

& (RD) O P & Nk, (R)]



O (nxm =k )

19 F OnOm ( win] & wim

~No o wWwN R
T T T—T T T T T T

10
11
12
13
14
15
16

17
18
19
20

21
22

23

24

25
26
27
28

29
30

}_
I_
I_
|_
I_
I_
I_

I_
I_
I_
I_

™ T

™ T T T

™ T

O (PR (N[n,Pl & RumP &1 R& (RD) O P &

T (nxm), (R)1) )
I CHAPTER 8 BASI C LAWS OF MULTI PLI CATI ON;

OnOmdk ( fn] & k] &n =m0 (n x k) = (mx k) )

OnOmdk ( wfn] & wikl] &n =m0 (k xn) =(k xn )

On ( wfn O (0 xn) =0)

On ( wn O (nx0) =0)

nOm( = (nxXxXmM =0 & wn O =-n=0)

OnOm( = (nxmM =0 &wn O -~-m=20)

OnOm( = (nxnMmM =0 & wn &M O -n=0&-m=20)
i

OnOnidk ( (n XM =k &=k =00 =-n=20)

OnOmidk ( (nxmM =k &-k=00 -m=0)

OnOnidk ( (n XM =k &-k=00 - n=0&-m=0)

(0Ox0) =0

(0Ox1) =0

(1 x0) =0

On ( «wn O (1 xn) =n)

(1 x1) =1

OnOnidk ( win] & oM & wK]

O ((n+m xk) =((nxk) +(mxk)))
OnOm (- &fn] & wfm O ((n+1) xm =(((nxm +nm)
On ( wn O (nx1) =n)

(2 x2) =4
OnOmidk ( wfn] & oM & k]

O (nx(m+Kk)) =((hxm +(nxKk)) )
OnOm (- &fn] & wfm O (n x (m+ 1)) =((nxm +n))
OnOnikOj ( «n & ofm & (k] & oj]

O ((n+m x(k+7j))
= (((nx k) +(nxj))
+ ((mx k) + (mxj))) )
OnOnikDj ( wn] & wn & ofk] & wj]
O ((n+m x (k +7j))
= ((n x k)
+ ((nxj) + ((mxk) +(mxj)))) )
OnOnti O ( «fn] & om & ofi] & oj]
Ok ((n+m x (i +j)) =({(nxi) +k))
OnOm ( wn & oM O (nxXxnm =(mxn) )
OnOmdk ( (n xnm =k O (mxn) =k)
OnOmidk ( k = (nxmM O k=(mxn) )
OnOnidk ( win] & oM & wK]

O ((nxm xk) =(nx(mxKk)))
OnOnikD] ( ((nxm x k) =) O (nx(mxKk)) =] )
OnOnidkOj () =((nxnm xk)y Oj =(nx (mxk)) )
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37
38
39
40
41
42
43
44
45
46
47
48
49
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52
53
54
55
56
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-T-

OnOnidkOj ( (n x (mx k)) =
OnOnidkOj (] = (n x (mx k))
OnOmidk ( wfn] & oM & k]

O ((nxm xk)y =j)
O =0nxm xk))

O ((nxm xk) =((nxk) xm)

OnOnik ( &ln] & o & wik]

O (kx(nxm) =(nx(kxm))

OnOnidk ( [N, M & K]

O ((m-n) xk)y =((mxk) - (nxk)))

OnOmidk (€[N, m & w{K]

O (kx(m-n)) =((kxm - (kxn)))

OnOm( (nxmM =0&-n=20
OnOm( (nxnmM =0&-m=20 =
OnOm( (nxmM =00 n=00m=20
OnOm( = n=0&-m=00 =
OnOnidk ( (n X k) = (mx k) &
OnOmidk ( (n x k) = (mx k) &
OnOnmidk ( (k. xn) = (mx k) &
OnOnidk ( (n x k) = (k xmM &
OnOmidk ( (k. xn) = (k xm &
OnOm( (nxmM =n&-n=20
OnOm( (mxn) =n &-n=20

OnOnDkO ( <(n, M & <(k,j] O

O n

(nxm =0)

-k =0&<mn O n=m)
-k=00n=m)

-k =00n m)

-k =00n m)
-k=00n=m)

O m=1)

O m=1)

[(n x k), (mx )] )

OnOmidk ( g(n,mM & k] O <(n x k),(mx k)] )
OnOnmidk ( g[n,m & ofk] O <[(k xn),(k xm] )

OnOnidk ( <[n, M & u)K]
OnOnidk ( <[n, M & wK]
OnOm (- «n & oM & -
OnOm ( «n & Wn & -
OnOmdk ( <[n, M & w)K]
OnOmidk ( <[n, M & W K]
OnOnidk ( <[n, M & K]

-k

Ro Ro R 3 3 R R
[
~ X OO X

- k

OnOmiJalb ( «fn & M & wa & wb] &-n=0&-m=0

O [k ( <[a, (kxn)]

00O <[(nxk),(mx k)] )
00 <[(k xn),(kxm])
s(n, (n x M1 )

N, (mx n)] )

00O <[n,(mxKk)] )

00O <[(n,(k xm] )

00O <[n,(k xm])

] I A o

& <[b, (kxm] ) )

OnOmidk ( g[(n X k),(mx k)] &=k =00 <[nm )
OnOnidk ( <[(k xn),(k xmM] &-k =00 <n,m)
OnOnidk ( <[(n X K),(mx k)] O <[n,m )
OnOnidk ( <[(k x n),(k xmM] O <[n,mM )

nOm( (nxmM =10 n=1)
nOm( (nxm =10 m=1)
OnOm ( (n x mM 10n=1%¢&
OnOm ( «n &wmM &-m=20

O b (n=((qgxm
OnOndglr OxOy ( n = ((g X M

m=1)

tr) &<(r,m) )
tr) &<[r,m

&n=((y xm +x) &<[x,m
O ofq & oyl & - <[q,y] )

OnOnmdqOr OxOy (( n = ((g x m

+r) & <[r,m



(y xm + x) & <[x,n
=q&x=7r1) i
69 F OnOxOy ( Ccd n (cxx) - (dxy)) & -y =0

O e n = ((cxy) - (dxx)) ) i
70 F OnOnOtOg0r ( n = ((gxt) +r) & e t = ((cxm-(dxn))

O e r = ((cxn)-(dxm)) ) i
| CHAPTER 9 | NFI NI TE | NTERVALS;

&n = (
Oy
= (

1D o; (bow ; ; {a: <bal} i
2 F ObOx ( (b ©)[X] < <[b,x]) .
3 F ObOx ( (b w)[x] O <[b,x] ) i
4 F ObOx ( g[b,x] O (b «)[x] ) i
5 F ObOx ( <[x,b] O = (b o)[x] ) i
6 F0Ob ( wbl O~ (bw =9) i
7F0b (- (bw =0 wbl ) i
8 F ObOx ( (b w)[x] O wx] ) .
9F Ob (bow Ow i
10 F (0 ) = w i

I CHAPTER 10 DYADI C ADDI TI ON, SUBTRACTI ON, AND MULTI PLI CATI ON;
D O; (Oc) ; 5 (((O0¢¢c) Dw Dw i
F OcOxOy ( wic] & (Oc)[x,y] < (x+c)
F OcOxOy ( wic] & (Oc)[x,y] O (x+c)

1
2 )
3 )
4 F OcOxOy ( (x+c) =y O (Oc)[x,y] )

5

6

TR
< <

F OcOx ( o{x] & wic] O (Oc)[x, (x+c)] )

F OcOxOy ( wic] & (Oc)[(x,y] O wx] & wy] )
7 F (00) = (Iw
8 F (01 £ (0 Dw)
9 F Oc (wcl O ((Oc)D =w)

27 F Oc ( wc) O f (Bc) )
28 F OcOx ( gc,x] O ((®c) x) = (x-¢) )

|
|
|
|
|
|
|
|
|
10 F Oc ( wc] O f(Oc) ) i
11 F Oc ( wc] O (Oc) F w) i
12 F OcOx ( o x] & wic] O ((Oc) x) = (x+c) ) .
13 F Oc ( wic] O ((Oc)!) = (c =) ) i
14 F Oc ( wc] O 1 (Oc) ) i
15 F Oc ( wic] O (Oc) 1 (c ») ) |
16 F Oc ( wic] O w~ (c o) ) |
17D ©,; (©c) ; ; (((20c) O(c »)) Dw i
18 F OcOxOy ( (®c)[X,y] < (x-c) =y ) |
19 F OcOxOy ( (®c)[x,y] O (x-¢c) =vy) i
20 F OcOxOy ( (x-¢) =y O (®c)[x,y] ) |
21 F OcOx ( <lc,x] O (®c)[x,(x-¢)] ) i
22 F OcOxOy ( (®c)[x,y] O wec]l & Wx] & wy] ) .
23 F Oc ( wc] O ((©c)*) E (Oc) ) i
24 F Oc ( wic] O ((Oc)*) E (Bc) ) i
25 F (©®0) £ (Iw) .
26 F (©1) £ ((0 Dw) ™) i
|
|



29 F Oc ( wicl O ((©c)D) = (c «) ) i
30 F Oc ( wel O1 (8c)) i
31 F OGO ( FG& wn & oi] & (P)[i]

O (((8n) > @ (n+i)) =(Gi) ) i
32 O, (Oc) 5 5 (B ¢) Dw Dw i

D
33 F OcOxOy ( wic] & (Oc)[x,y] < (cxx) =y )
34 F OcOxOy ( wic] & (Oc)[x,y] O (cxx) =y )
L
I_
F

i
i
|

35 OcOxOy ( (cxx) =y O (Oc)ix,yl ) i

36 OcOx ( wfc] & wix] O (Oc)[x,(cxx)] ) i

37 Helxby (wic] & (He)[x,y] O wix] & «fy] ) i

38 F (0O1) E (Iw) i

39 F Oc ( wic] O ((Oc)D = i

40 F Oc ( wc] O f (0Oc) ) i

41 Oc ( wc] O (Oc) F w) i

42 F OcOx ( wic] & wx] O ((Oc) x) = (cxx) ) |

43 F OROcOx ( wic] & {(Rx)] O ((R° (Oc)) x) = (cX(R X)) )i

I CHAPTER 11 THE FUNDAMENTAL THEOREMS OF ELEMENTARY ARI THVETI Ci

I 1. THE FI RST FUNDAMENTAL THEOREM OF ARI THVETI C (THE M NOR) .
Addition is repeated succession. i

1 F OnOROa ( wn] & wia] & (R0O) = a

& Ui ( <ri,m O (R(i")) =(Ri)"))

O (Rn) = (a+n) ) i
I 2. THE SECOND FUNDAMENTAL THEOREM OF ARI THMVETI C (THE MAJOR).
Mul tiplication is repeated addition. i
2 F OnOROa ( winl & wa] & (R0O) =0

& O ( <i,n O (R(i+l)) = ((Ri)+a) )

0O (Rn) =(nxa)) i

™ T

SECTION VI: THE GREATEST COMMON DI VI SCR
I'CHAPTER 1 DI VI SI ON;

| ¢ nlm; x (n xx) =

OnOm ( nfmO «wn & wm )
OnOm ( n|mO wn] )

OnOm ( nfmO wm )

OnOm ( nfmO X (x xn) =m)
OnOnidx ( (x X n) =m0 n|m)
OnOnOx ( m=(x xn) O nlm)
OnOm ( wfn] & &nm O nl(nxm)
OnOm ( wn] & om O n|(mxn) )

© 00 ~NOoO O WN PP
T T T T T T T T BAR

10 FOn ( wn O nln)

11 F On ( wn O nl0)

12 F0On (0lnOn=0)

13 F OnOm( nfm&-m=00 = n=0)
14 F On ( wn O 1| n)
15F0On(nf10n=1)

16 F o]0

17 F 1|0



19 F 1|1

i
20 F 1] 2 i
21 F 2|2 i
22 F OnOm(n|mO = n|m i
23 F OnOnik ( nfm&nmn O n=m) i
24 F OnOnidk ( nlm& mk O n|k) i
25 F OnOnidk ( nfm&n|k O n|(m+ k) ) i
26 F OnOnilk ( n|m&n|k & gk, m O n|(m- k) ) i
27 F OnOnidk ( n|m& wk] O n|(mx k) ) i
28 F OnOnik ( n|m& wikl] O n|(k xm ) i
29 F OnOabbOxOy ( n|x & nly & ofa] & wb] O n| ((axx) + (bxy)) )

|
30 F OnOaObOxOy ( n| x & n|y & <[(bxy), (axx)]

O n| ((axx) - (bxy)) ) i

31 F OnOndk ( nj (m+ k) &n|mO n|k) i
32 F OnOnidk ( n| (m+ k) &n|k O n|m) i
33 F OnOnik ( n|(m- k) &n|k O n|m) i
34 F OnOnidk ( n|(m- k) &n|m0O n|k) i
35 F OaObOcOn ( a = (b +c) &n|b &n|c O nla) i
36 F DadbOcOn ( a = (b +c¢) &nla &n|b O nlc) i
37 F DadbOcOn ( a = (b +c) &nla &n|c O n|b) i
38 F OaObOcOn ( (b +c¢c) =a &n|b &njc O nla) i
39 F DadbOcOn ( (b +c¢c) =a &n|la&n|b O nlc) i
40 F DabObOcOn ( (b +¢c) =a &nla &n|c O n|lb) i
41 F DaObOcOn ( a=(b-c¢) &n|b &n|c O nla) i
42 F DabObOcOn (a=(b-c¢) &nla &n|b O njc) i
43 F DalObOcOn (a=(b-c¢) &nla &n|c O n|lb) i
44 F DaObOcOn ( (b - ¢c) =a &n|b &njc O nla) i
45 F DaObOcOn ( (b - ¢c) =a &nla &n|b O njlc) i
46 F DaObOcOn ( (b - ¢c) =a &nla &n|c O n|lb) i
A7 F OnOm( nfm&-m=00 <n,m ) i
48 FOn (nf20 n=10n=2) i
49 F0On (n2 «=n=10n=2) i
50 F OnOm ( n|m& <mn; O m=20) i
51 F OnOnidgdr ( n=((gxm +r) &r =00 nmn) i
52 F OnOnidgdr ( n=((gxm -r) &r =00 nmn) i
53 F OnOnidgdr ( n = ((gXxm +r) &=-nnOd =-r =0) i
54 F OnOnidgdr ( n=((gXxmM -r) &-nnd =~r =0) i
55 F OnOnidgOr ( n=((g Xxm +r) &<(r,m &nfnOr =0) i
56 FOP( f P&P O w& - PO

0 X (wx] &-~x=0&00y (Plyl] O y[x)) ) i
OP( fP&POW&- POl & - P[1]
0 Ok (fx] &=~ x =1&00Oy (Plyl O =~y[x))) i
| CHAPTER 2 FI NI TE | NTERVALS;
_i (b_c); ; {a: <[ba &s<a,c]} i
ObOcOx ( (b _c)[x] = <[b,x] & <[x,c] ) i

-

57

1D
2 F



30
31
32
33

34

T T T T T T T T T T T TTTTTT™

™ T

ObOcOx ( (b _c)[x] O <£[b,x] & <[x,c] )
ObOcOx ( <[b,x] & <[x,c] O (b _c)[x] )
ObOcOx ( (b _c)[x] O <b,x] )
ObOcOx ( (b _c)[x] O g[x,c] )

ObOc ( <[b,c] O (b _c)[b] )
ObOc ( <[b,c] O (b _c)[c] )

ObOcOx ( <[(x,b] O = (b _c¢c)[x] )
_C)Ix] )

ObOcOx ( <[c,x] O = (b
ObOc = ((b+l) _ c)[b]
Oblc = (b _ ¢c)[(c+l)]

ObOc ( = (b _c) = 0O <b,c] )

ObOc ( <[b,c] O = (b _c¢)

Obc ( = (b _c) =9 = <b,c] )

ObOc ( = <g[b,c] O (b _c¢)

ObOc ( <[c,b] O (b _c)
(1_0) =9

?)

ObOc ( = (b _¢c) =00 whb & wc] )

ObOc ( = wb] O (b _c)
ObOc ( - wc] O (b _c)

®)
®)

ObOcOx ( (b _c)[x] O wx] )

ObOc (b _c¢) O w

OalbOcOd ( <[c,a] & <[b,d] O (a _b) O(c _d) )
OadbOc( <[b,c] O (a _b) O (a

~©))

OalbOc ( <[c,a] O (a _b) O(c _b))
OalblOc ( <[a, (c+l)] & <[c, b]

O ((a_c) O ((ctl) _Db)) O (a _
OalbOc ( wfc] O (a _b) O ((a

OalblOc ( <[a, (c+l)] & <[c, b]

0 ((a _c) O ((c+l) _Db))

Ob (wfby O (b _b) =(b%) )

(1 _1) =(1%)

ObOc ( <[b,c] O (((b+l) _ c)
Obc ( <[b, (c+1)] O ((b _c¢) O ((c+1)*)) = (b _ (c+1)) )
i

_¢) 0O ((c+l) _Db)) )

0 (b*)) = (b _c))

(a _

™ T T — T T T

T—T T T T T T

bbb ( wib] O ((b+tl) _c) =((b _c) \ (b*)) ) i
OalbOcOd ( <[b,c] O ((a _b) n(c _d)) =09) i
OalbOc ( <[a,(c+l)] & <[c, b]
0 ((a _c) O((ctl) _b)) =(a _b)

& ((a _c) n ((c+tl) _b)) =09) i
OAOBOalb ( wfal & wib] & A=(1 _a) &B=((a+tl) _ (ath))

O (AOB) =(1 _ (ath)) & (A n B) =0¢) i
OnOP ( PO (0O _n) &~ PO O PO(1 _n))
OPObOcOx ( PO (b _c¢c) &Px] O POw&-P=9)
OnOP ( Oy (Ply] O <y,n) O PO((0 _n))
OalbOc ( <[a,b] O (b _c¢) O (a ») )
ObOc ( ofb] O ((b+1) _c¢c) O (b ) )

i
i
i
i
i

OnOnikOx (- Xkl & (n _ mx] < ((n+k) _ (mk))[(x+k)]1 ) i



44
45
46
47
48
49

50

51
52

53

54

55
56

57

58
59
60
61
62
63

64

T ™ T T T ™ T T T—T T T T T

T T T T T T T

OnOnidk Ox
OnOnidk Ox
OnOnidk Ox
OnOnidk Ox
OnOnidk Ox
OnOntdk Ox

OnOnidk Cx

OnOmiJk Ox
OnOnidk Ox

OnOnidk Cx

OnOnmidk Ox

OnOnidk Ox

AN AN NN NN

(
(

Wkl & (n _ m[x] O ((n+tk) _ (mrk))[(x+k)] ) i
((n+k) _ (mrk))[(x+k)] O (n _ m[x] ) i
(n _ mi(x-k)1 0 ((n+tk) _ (mk))[x] ) i
((n+k) _ (mek))[x] O (n _ M[(x-k)] ) i
(n _ mi(x-k)] < ((n+k) _ (mk))[x] ) i
sfk,n & (n _ mM[x] < ((n-k) _ (mk))[(x-k)] )

stk,nl & (n _ m[x] O ((n-k) _ (mk))[(x-k)] )

((n-k) _ (mk))[(x-k)]1 O (n _ m[x] ) i
stkynl & (n _ m(x+k)] O ((n-k) _ (mk))[x] )

((n-k) _ (mk))[x1 O <fk,nl & (n _ mM[(x+k)] )
stk,nl & (n _ m[(x+k)] < ((n-k) _ (mk))[x] )

((n-k) _ (mk))[x] O (n _ mMi(x+tk)] ) i

OnOmidk (wfn] & w(m & k] O (n _m ~ ((n+tk) _ (mtk)) )

OnOniOF ( (FD) = ((n+1) _ m & <g[n, m

O ( ((On) ePHD) =(1 _ (mn)) )
On ( wn O N[n, (1 _n)] )

On ( wn O T[(n+l),(0 _n)] )

ObOc f (b _ )

|
|
|
OnOm ( sfn,m O T((mn)+1),(n _m1] ) i
i
|

OPObOc ( PO (b _c) O f P)
OPObOcOx ( PO(b _c) &P[x] 0 PO w&-P=¢@&f P)

OP ( xOy(wyl & Plyl] O <[y,x]1) O f (wn P)) i

' CHAPTER 3 THE LEAST NATURAL NUVBER;

1FOP( - (wnP) =9
O [ (wa] & Pla] & Uy (wfa]l & Pra] U <fa,y])) ) i
2FOP( - (wnP) =9
O Oabtlb ( ( wa] & Pla] & Oy (w{yl & Pyl O <[a,yl) )

3T pu,; (pP) ;

4

5
6
7
8
9
1

}_

T T T T

& (bl & Prb] & Oy (wly] & Pyl U <[b,y]) )
Oa=b)) i

~(0nP) =g

( wal & Pla] & Oy (wy] & Ply] O <a,y]) ) i
OP ( - (won P =0
O of(puP)] & P[(MP)] & Oy (wy] & Pyl O <[(uP),y]) )_

P ( - (wn P)
OP ( -~ (w n P)
P ( - (wn P)

o0 w(uP)] ) i
@O0 P[(HP)] ) i
@0 W(HUP)] & PI(HP)] )i

OPOy ( oyl & Plyl O <[(MP),Yy] ) i
OPOy ( <ty,(MP)] O = Pyl ) i

OF OPOa ( wa] & Pla] & Oy (wy] & Ply] O <a,vy])
U]

(uP) = a) i

11 FOPOQ( = (wn P) =9&POQO <(uQ, (HP)] ) i



12 FOPOQ( = (wn P) =9&P=Q0 (uP) = (pQ ) i
1B3FOPOQ( - (wnP) =9& Q=P O (PP) = (HQ ) i
14 F OnOPOQ ( (MP) = n & P=Q 0 (pQ =n) i
15 F OnOPOQ ( (WP) = n & Q=P O (MQ =n) i
16 F OPOQ ( P O Q& P(pQ] O (WP) = (pQ ) i
17 F OnOPOQ ( PO Q& PNl & (PQ =n O (MP) = n) i
18 F OPOQ ( <[(WP), (MQ] O (WP O Q) = (WP) ) i
19 F OPOQ ( <[(MP), (MQ] O (WQ O P)) = (WP) ) i
20 F OP ( PIO] O (pP) = 0) i
21 F ObOc ( gb,c] O (u(b _¢c)) =b) i
22 F OPObOc ( PO (b _c) &Pb] O (pP) = b)) i
23 F 0a ( wa] O (n(a®)) = a) i
24 FOP ( - On(pP) = mO On ( wn O = PNl ) ) i

| CHAPTER 4 THE GREATEST NATURAL NUMBER;
1FOP( - (0wnP) =0&f (wn P
O b ( wa & Pla] &0y (ofy] & Ply] O <y,a]) ) ) i
2FOP( - (wnP) =¢0&f (wn P
O Oabb ( ( wfa] & Pla] & Oy (wfy] & Ply] O <y,a]) )
gc( w[bg )&)P[b] & Oy (wy] & Ply] O <[y,b]) )
a = i

S3TXx,; (xP); ~(wnP) =0&f (wn P ;
( oa] & Pla] & Uy (wy] & Ply] O <y,a]) ) i
4AFOP( - (wnP) =¢0&f (wn P
O «of(xP)] & PL(xP)] & Oy (wyl & Pyl O <[y, (xP)1) )i
5FOP(-~(wnP =¢&f (0nP) O G(xP)] ) i
6FOP(-(wnP) =¢0&f (wn P OP(XP]) i
7TFOP (- (wnP) =2¢0&f (wnP) O G(xP)] &P(XP)] ) i
8FDOPOy ( f (wn P &awyl &Pyl O <y, (xP)1) i
9 F OPQy ( <[(xP),y)] O = Ply] ) i
WOFP(POW&-P=@&fP
O o (xP)] & PI(xP)] & Oy (Plyl O <y,(xP)1) ) i
11 FOP(POW&-P=¢&f PO o(xP)] ) i
12FOP(POw&-P=@&f PO P(xP)]) i
1I3FOP(POW&-P=0&f PO (xP)] &P(xP] ) .
14 F OPOa ( wia] & Pla] & Oy (wy] & Ply] O <y, a])
O (xP) =a) i
15 FOPOQ( = (wnP) =¢0&f(wn Q &P O QDO <(XP),(xQ1 )
|
16 FOPOQ( = (wn P =¢0&f(wnP) &P=Q0 (xP) = (xQ )
|
17|—DPDQ(—-(oonP)E(p&f(wnP)&QEPD()(P):()(Q))
|
18 FOPOQINn ( (XP) =n &P =Q0 (xQ =n) i
19 F OPOQ@IN ( (xP) =n & Q=P 0O (XQ =n) i
20 F OPOQ ( PO Q& P(XxQ1 O (XxP) = (x9Q ) i
21 FOPOQONn ( POQ&PN &(XQ =n 0O (xP) =n) i
22 F OPOQ ( <[(XP),(xQ1 O (x(P 0 Q) = (x9 ) i
23 F OPOQ ( <[(XP),(xQ1 O (x(QD1 P)) = (xQ ) i



24 F ObOc ( <gb,c] O (x(b _c¢)) =c)

25 F OPObOc ( PO (b _c¢) &Pic] O (xP) =c¢)

26 F Oa ( wfa] O (x(a*)) = a)

27 FOP( = (wn P =2¢0&f (wn P O<(UP),(xP)] )

0o ~NOoO Ok, WN -

28

29

30

31

32
33
34
35

D 6; (dnm ; ; {a: a|n &a|m}
F OnOniOx ( (8 n M[x] = x| n & x| m)
F OnOnx ( (& n m[x] O x|n & x| m)
F OnOnx ( x| n & x| mO (& n m[x] )
F OnOniOx ( (3 n m[x] O x| n)
F OnOnidx ( (3 n mM[x] O x| m)
F OnOnOx ( (3 n mM[x] O wx] )
FOnOm((dnm 0w
F OnOm(dnm O (d mn)
F OnOm(dnm = (5 mn)
FOnOm( = (dnm =00 «fn &wn ) |
FOnOm( win & om O (dn mM[1] )
FOnOm( wn &om O ~(dnm =¢) |
FOnOm( = wn O (dnm =¢)
FOnOm( = wn O (dmn) =¢)
F(5300 =w
FOnOm( -n=00 (dnm O(1 _n))
FOnOm( -=n=00 (dmn) O(1 _n))
FOnOm( =n=00 f(dnmnm)
FOnOm( -n=00 f (dmn))
FOnOm( -n=00-m=00 f(dnm)
FOnOm( nlmO (& n m[n] )
F OnOm( nfmDO (d mn)[n] )
FOnOnik ( nfk O (dnm O(dkm)
FOnOnidk ( Mk O (dnm O(dn k) )
F OnOm( win &wm &(-n=00-m=0)

O@0nmIJwé&-(dnmM =¢@&f (dnm)
FOnOm( win &wm & (- n=00-m=0)

O-(wn(dnmM) =¢&f (wn (dnmnm))

D A; (nAnMmM ; Wn &M &(-n=00-m=0)
(x(d6 nm)
F OnOm( «in] & &m & (- n =0 0= m= 0)

O o(nAmM] &((dnmi(nAm]

&Ly ((d0nm[yl O <[y,(nAm]) )

F OnOm( «fn &wmM &(-n=00-m=0) 0 o(nAm])
F OnOm( win &wm & (- n=00-m=0)

O (nAM|n&(nAnm|m)
F OnOm( wn & «mM & (-n=00-m=0) 0 (nAm|n)
F OnOm( wfn & wm &(-n=00-m=0) O (nAmM|m)
FOnOnidk ( (n Am =n 0 nlm)
FOnOnidk ( (nAmM =m0 nmn)

'CHAPTER 5 THE GREATEST COMMMON DI VI SOR;



36 F OnOnJalb ( win & wn &(-n=00-m=0) & wa & wb]
O (nAm|((axn) + (bxm)) )

37 F OnOnJalb ( <[ (bxm, (axn)] & (= n =0 0= m= 0)
O (nAm|((axn) - (bxm)) )
38 F OnOnidt ( k@ t = ((cxn) - (dxm)) & (- n =0 0= m= 0)
O (nAm|t) i
39 F OnOm( wn & wnm &-n=00 <(nAmM,n ) i
40 F OnOm ( @wn & &m &-m=00 <(nAmM,m ) i
41 F OnOnidy ( y|n &y|m&(-n=00-m=0) O <[y,(nAm])
|
42 F OnOm( @wn & oM & (- n=00-m= 0)
O (mAn) =(nAnm) i
43 F OnOnidk ( k|n & klm& <s((nAmM,kl O (nAmM =k) .
44 F OnOnik ( kln &klm& (n A M|k O (nAM =k) i
A5 F OnOm( nfm&-n=00 (nA M =n) i
46 F OnOm( nfm&-n =00 (mAn) =n) i
47 FOn ( wn &-n=00 (nAO0) =n) i
48 F On ( winl &=-n=00 (0AN) =n) |
49 F0On (wn O (NnA1 =1) .
50 F On ( wn O (1An) =1) i
51 F OnOm( win] & wfn &-n =20
O e (n A m = ((cxn) - (dxm)) ) i
52 F OnOnik ( kln &klm&-n=00 kl(nAm) i
53 F OnOnidk ( k|n & kfm& (- n=00-m=0) O k|(nAm )j
54 F OnOnidk ( nf(mx k) &(nAmM =1&-n=00 n|lk) i
55 F OnOnidk ( n|(mx k) & (nAmM =10 nlk) i
56 F DabObOqr ( - b =0 &a = ((gxb) + r)

O (aAb) =(bAr)) i

SECTION VII: THE EUCLI DEAN ALGCORI THM
'CHAPTER 1 FI NI TE SEQUENCES;

12 F OFOGII ( BF & FEG& (FD[i] O (Fi) = (Gi) )
13F0 @

14 F Oa 6 (1 = a)

15 F OF0c ( B F & wic] O f ((®c) ° F) )

16 F OF ( 8 F O Oalb ( ( wia] & (FD) =(1 _ a) )

1%06; 6F; h( win &FF (1 _n) ) i
2FOF(6FOfF) |
3FOF(BFO Ma( ofa] &(FD =(1_a) ) ) |
4F0OF(BOFO h (FD) =(1_n)) |
5F0OF(8FO0 (FD) Dw) !
6 FOF (OF O h (afn] & 9LIn, (FD7) ) ‘
7HFOF(OFD f(FD)) !
8§ OFIG( BF&F=GO 6G) !
9FOFOG( F&GEF O 6G) |
10 FOnOF ( FF (1 _n) O6F) !
11 F OnOF ( (FD) =(1 _n) &fFO 6F) !

|

|

|

|



& (wib] & (FD) = (1 _ b))
0 a=b))

17T A; (W) ; 6F; ( ofa] & (FD) =(1 _ a) )

|

|
18 FOnOF ( B F & win] & (FD) = (1 _n) O (AF) =n) i
19 F OnOF ( (FD) = (1 _n) & fF & wn O (AF) =n) i
20F0OF (OF O W(AP)] &(FD) = (1 _ (AF) ) i
20 FOF ( 8 F O (AF)] ) i
22 F OnOF ( (MAF) = n O wnl ) i
23F0OF (OFO (FD =(1 _ (AR) ) i
24 F OnOF ( (AP =n O (FD =(1 _n)) i
25 F OFOx ( 8 F & (FDY[x] O (1 _ (M) I[x] ) i
26 F OFOxOy ( 8 F & F{x,y1 O (1 _ (AP))[X] )i
27 F OFOx ( (1 _ (AF)[x] O 6 F) i
28 F OF0aOx ( 8 F & (FD)[x] O <1,x] & <[x, (AF)] ) i
29 F OF0ali ( B F & (Fi) =a O <1,i] & <[i,( )] ) i
30 F OF0a0i ( 8 F & (Fi) =a O <i,(AP)]) i
31 F OFOx ( (1 _ (M) [x1 O (FDx] ) i
32 FOFOG( BF&BG&(FD) = (A O (M) = (NQ ) i
33FOFOG( BF&BG& (A =(FD O (AP = (MO ) i
3 FOFOG( 6 F&FE GO (M) = (NG ) i
35 F OFOG( B F & GE F O (M) = (A ) i
36 F OnOFOG ( (AF) =n & FE GO (MG =n) i
37 FOnOFOG ( (MF) =n & GEF O (MG =n) i
38 F OFOnOM( sfmn] & (AF) =n O ( MFO(1 _mM) ) =m)
39 F OFOn ( fF &wn & (1 _n) O(FD

O G ( (MG =n
& U (<[1,i] &<[i,n O (Gi) =(Fi))))

|
40 F OFOG ( FEG& (1 _ (AR)[i1 O (Fi) = (Gi) ) i
41 F

OFOG ( (AF) = (MG & 0O ((1 _ (AR))[i1 O (Fi) =(Gi))
0 FEG) i

42 F OFOG ( (AF) = (AG

& O (<[1,i] &<[i,(MN)] O (Fi) =(Gi))

O F=G) i
43 F OFOG ( (AF) =1 & (MG =1&(F1) =(G1) O FEG) i
44 F OFOG ( (AF) =2 & (MG =2 & (F1) =(G1) & (F2 = (G2
O FEG) i

45 F OFOG ( (AF) =3 & (AQ
& (F3) =(G3)

3&(F1) =(G1) &(F2) = (G2

0 FEG) i
46 F (AM) =0 i
47 FOF ( FE® O (AF) =0) i
48 F Oa (M1 = a)) =1 i
49 F OF0a ( FE (1 =a) O (AF) =1) i
50 FOF ( (AF) =00 (FD) =¢) i
51 F0OF ( (AF) =00 FE @) i
52 FOF ( (AF) =10 bFE(1+=b)) i



53 F DalF ( (AF) =1 & (F1) =a)
54 F OnOndF ( ftmn] & (AF) = n
O (A ((8m ° (FO((m1) _n))) ) =(n-m )
0 G & wcl
O (((8c) » 9B = ((c+1) _ (cH(AG)) )
56 F OFOG ( 6 F & 8 G
O ((FB) O (((&R) ° gb) = (1 _ ((AR)+(A9))
& ((FD) n (((&(AF) ° gb)) =9)

55 F OGIc (

57 F OFOG ( 6 F & 8 G
0 ((FB 0 (&) ° gb)
= (1 _ ((AR)+(AQ)) )
58 FOFOG( 8 F &0 GO ((FD) n (((B(AF)) ° D) =9)
| CHAPTER 2 CONCATENATI ON|
1D~ (PG ;5 ((FY((B(AF) ° Q) i
2 FOFOGH( BF&FE GO (F'H E (GH )
3FOFOGCH( 6 G&FE GO (FH) E (G'H )
4FDOFOGH( FE GO (HF) £ (HQ )
5F0OFOGIHOI ( BF&FEG&I E(FPH O 1 E(GH )
6 FOFOGOHOI ( BF&FEG&(FPH E1 O (GH 1)
7FOFOGCHDI ( FEG&I E(HF) O 1 E (HQ )
8 FOFOGOHOI ( FEG& (HF) E1 O (HG 1)
9FOFOG( BF&B GO ((FFOD) =( 1 _ (M+HANY) ) )
10 FOFOG( 8 F & B GO f(FQ )
11 FOFOG( B F &8 GO (MFQ) = ((AF)+AG) )
12 F OFOG ( 8 F & 86 GO <[(AF),(MFQ)] )
13 F OFOG( B F &8 GO <[(AG,(MFOQ)] )
14 F OFOG( 6 F &6 GO B8 (F'Q )
15 F OFOGOI ( 8 G& (1 _ (MNF))[i] O ((FFQ i) = (Fi))
16 F OFOGI ( 8 G& <[1,i] & <[i, (NP1 O ((FrQ i) = (Fi) ) j
17 F OFOGInOI ( (1 _ (AG)[i] & (AF) =n
O ((FrQ (n+i)) =(Gi) )
18 F OFOGHI ( 8 F & (1 _ (AG)[i1 O ((FFQ ((AF)+)) = (Gi)
19 F OFOGII ( 8 F & <[1,i] & <[i, (AO]
O ((FrQ ((AR)+i)) = (Gi) )
20 F OFOGDI ( 8 G & <[(AF),i] & <[i,(MF*Q)]
O ((FrQ7i) = (G (i-(AF)) )
21 F OFOGOH ( (AF) = ((AG +(AH))
& O ( <[1,i]1 & <i,(Ng]1 O (Fi) =(Gi))
& O ( <[(NG,i] & <[i, (AF)]
O (Fi) =(H({i-(A9)) )
O F=(GH )
22 F OFOGOH ( (AF) = ((AG +(AH))
& O ( g1,i1 &<i,(N\9]1 O (Fi) =(Gi))
& O ( <g1,i] &<[i,(M] O (F((AG+i)) = (Hi) )
O F=(GH ) i
23 F0OF0a ( BF O (((1 = a?F) 1) =a)
24 F OFOa0i ( <[1,i] & <[i, (AP)]



O (((1=a)?F) " (i+l)) = (Fi) ) i

25 F OFOGIa0 ( <(1,i] & <[i,(AF)] & GE ((1 = a)~F)
O (G (i+1)) = (Fi) ) i
26 F OF0adi ( B F & (Fi) =a O (((1=a)”F) (i+l)) = a) i
27 F OFOGDaObOi ( B F & GE ((1 = a)?F) & (G (i+1)) =b & <[1,i]
O (Fi) =b) i
28 F OFOaln ( (AF) =n

O (AM(1 = a)"F)) = (n+l)
& (((1 =a"F)’1) = a
&0 ( <1,i] & <[i,n]
O (((L=a)"F) " (i+1)) = (Fi) ) ) i
29 F OFOalOn ( (AF) = n
O (AMFM(1 = a))) = (n+l)
& ((FM(1 = a)) (n+l)) = a)

|
30 FOF ( 6F O (Fr®) EF) i
31FOF( ®F O (®F EF) i
32 F0OFOGIH( BF& B G&OBHO (FM(GH) E ((FFO"H) ) i
33 F OFONOmM ( sfmn] & (AF) = n

0 OGH( (A =m& (M) = (n-m &FE (GH ) )

34 F OFONOmM ( ffmn] & (AF) = n
O OGH( (A =(n-mM & (M) =m&F

(GH ) )
|

35 F OFOn ( <[1,n] & (AF) = n
O mH( (MH) = (n-1) & F
36 F OF0aOn ( (F1) = a & (AF) =n
O H( (M) =(n-1) &F
37 F OFOn ( <(1,n] & (AF) =n
O 0&h ( (A =(n-1) &F = (G(1=h)) ) ) i

((L=9)"H ) ) i

((1=a"H ) ) i

38 F DalbF ( (AF) =2 & (F1) =a&(F2 =b) i
39 F DadbOcF ( (AF) =3 & (F1) =a&(F2 =b&(F3 =c¢)

| CHAPTER 3 THE EUCLI DEAN ALGORI THM |
1 F On ( win

O Oabb ( <[a,n] & <[0,b] & <[b, a]
0 ORI ( ()\Q) =c

(R) = (c+2)
& (R1) =a
& (R2) =0b
& (R (c+l)) = (a A b)
& (R(c+2)) =0
& O ( <1,i] & <i,c] O
(Ri)
= ( ((Q1) x (R(i+1)))
+(R”( +2)) )
& <[(R(i+2)), (R (i+1))] )
& 0OsOTOd
( (AS) =d

& (AT) = (d+2)
& (T 1)
& (T 2)



& (T (d+2)) = 0
&0 ( <[1,i] &<[i,d O

(T°1)

= (T (i+1)))
)) )
(T (i+1))1]

i +2
& <[(T (i+2)),

0 QES&RET) ) )) i
2 F Dadb ( <[0,b] & <[b, a]

O OARE ( (AMQ =c
& (AR) = (c+2)
& (R1) = a
& (R2 =0b
& (R(c+l)) = (a A b)
& (R(c+2)) =0
& O ( <[1,1] & i, c]

O (Ri) =( ((QI) X (R (i+1)))
+ (R (i+2)) )
& <[(R (i+2)), (R (i+1))] )
& OSOTOd
( (AS) =d
& (AT) = (d+2)
& (T'1) =a
& (T2 =b
& (T (d+2)) = 0
& O ( <1,i] & <i,d
O (Ti)
= ( ((Si) x (T (i+1)))
+ (T (1+2)) )
& <[(T (1 +2)), (T (i+1))] )
0 QES&RET) ) ) i
3 F Dadb ( <[0,b] & <[b, a]
O OQRT ( (AMQ =c¢
& (AR) = (c+2)
& (R1) =a
& (R2) =b
& (R (c+1)) = (a A b)
& (R(c+2)) =0
& O ( <1,i] & €i,c]
O (Ri) =( ((QI) X (R (i+1)))
+ (R (i+2)) )
& <[(R(i+2)), (R (i+1))1 ) ) ) i

4 + DaObOQOROSOTOcOd
( <[0,b] & <[b, a]
& (AQ =c & (AR = (c+2)
& (R1) =a&(R2 =b&(R(c+2)) =0
& O ( <1,i]1 & €i,c]
O (Ri) = ((Qi) x (R(i+1))) + (R (i+2)) )
& <[(R(i+2)), (R (i+1))] )

& (NS =d & ()\T) = (d+2)
&(Tl): & (T2 =b & (T (d+2)) = 0
& Oi ( & <[1,d]

S

O ( ) = ( ((Si) x (T (i+1))) + (S (i+2)) )
& <[(S (i42)),(S (i+1))] )

0 QE S&RET) i



=)

T T T T T T T

-T-

T— T T T T T T T T T

OalObOQIROC
( <[0,b] & <[b, a
& (M) =c & (MR = (c+2)
&(R1) =a&(R2 =b & (R(c+2) =0
&0 (<g1,i] & <[i,c]
O (Ri) = ((Qi) x (R(i+1))) + (R(i+2)) )
& <[(R(i+2)), (R (i+1))1 )
O (R(c+l)) = (a A b)) i
DaObOQORc
( <[0,b] & <[b, a]
&(R1) =a&(R2 =b & (R(c+2) =0
& O ( <1,i] & <[, ]
O (Ri) = ((Qi) x (R(i+1))) + (R(i+2)) )
& <[(R (i+2)),(R (i+1))] )
0 (R (c+l)) = (a Ab)) i
OnOmidk ( <(0,mM & <[mn] & wfk] & -k =0
O (kx(nAm) =(((kxn A(kxm)) i
OnOnik ( (-n=00-m=0) &<mn] & ijk] &~k = 0
O (kx(nAm) =(((kxn A(kxm)) i
OnOmidk ( wn] &M & k] & (- n=00-m=0) &-k =0
O (kx(nAm) = ((kxn A(kxmnm)) i
! CHAPTER 4 PRI ME NUVBERS AND THEI R | NFI NI TUDE;
nm; m; ; {a: wa &-~a-=1
&On (nfadOn=10n=a) }
Ox ( MX] = WX] &= x=1&0On(nx O n=10n-=x)

Ox ( MXx] O x] &=-x =1&0On ( nfx O n=10n=x)
OX ( WX] &= x =1&0On ( n|x On=10n=x) O 1X]

Ox ( mx] O «fx] )

mlHw

Ox ( M{x] O = x =1)

OxOn ( M(x] &n|x O n=10n=x)

OxOn ( n|Xx &=-n=1&-n=x 0 = 1X] )

OX ( WX] &~ 1X] &~ x =1
OOm(-m=1&-m=x&n{x) )j

- 170]

- T 1]

[ 2]

Ox ( mx] O =x=20)

OxOn ( (x] & win O ofX] &wn &(-x=00-n=20))

—_ e e e e e N N — s —

i
OxOn ( (x] & ofn O (x An) =10(x An) =x) i
OxOn ( X] & wfn &= (xAn =10 (xAn =x) i
OxOn ( T{X] & wn & - (x An) =10 x|n) i
OxOnOm ( 1(x] & x| (n xm O x| n Ox|m) i
On ((@n &=n=10 On( i &nin)) i
L T i






