I CHAPTER 2
UNI ONSj

I This chapter introduces the notion of union (of those things
satisfying one of two predicates). The union of Pand Q witten

(POQ, is satisfied by all those things which are either
satisfied by P or Q i

I 1. O represents union (of one-place predicates). i

D d; (POQ ; ; {a: Pa 0OQal} i
I 2. Fundanental Proposition of Unions. The definition in Pl

is only used in this chapter to prove this fundanent al
proposition. In turn, P2 is only used in the proofs of P3 and P4.
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|

2 (Pred) i
Ox ( (PO Q[x] = PIx1 OQx] ) , 1 3 (DI: P1,2) i
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0

I 3. Fundanental Proposition of Unions, First Half. i

F OPOQDx ( (P O Qrx] O Pix] O0Qx] ) [

P, Q x 11 (Prem i
( (PO QIX]I = PIx] ODQX] ) P2 (0B P2) i
(PO QIx] = PIx] OQx] 3 (0OE 2) i
(PO QI[x] O Px] OQx] 1 4 (=E 3) i
( (PO QIx1 O PIx] O0Qx] ) A5 (01 4) i
OPOQOx ( (PO Q[x] O Pix] OQx] ) I 6 (Ol: 1,5) i

0

I 4. Fundanmental Proposition of Unions, Second Half. i
F OPOQOx ( Pix] O0Qx) O (PO Qi[x] ) i
P, Q x , 11 (Pren i

( (POOQI[X] = PIx] OQ@x] ) 12 (OE P2) i



(PO QIx] = PIx1 OQx] 13 (OE 2) i

PIx] O0Q@x] O (PO QIX] ' 4 (<E 3) i
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OPOQIx ( P[x] ODQ@x] O (PO QI[x] ) 6 (O: 5 i

0

I The next few propositions (P5 to P11) continue in the vein of

t he Fundanental Proposition, and express sinple ways in which the
satisfaction or non-satisfaction of a union relate to the
satisfaction or non-satisfaction of the predicates.

Remark that proofs in the rest of the chapter never appeal to P7
through P11. (They will be appealed to in subsequent chapters,
however, e.g. P7 in the next to prove Distributivity of
I ntersections and Unions.) i

I 5. i

F OPOQOx ( P[x] O (PO Qi[x] ) i

P, Q X 1 1 (Prem i
P X] 1 2 (Prem i
Plx] O Qx] J3(d: 2) i
( PIx] 0Qx] O (PO Q(x] ) ! 4 (DE: P4) i
Pix] O Qx] O (PO Qix] L5 (OB 4) i
(PO QIX] 1 6 (OE 3,5) i

Pix] O (PO QI[x] 17 (O1: 2,6) i

( Pix} O (PO QIx] ) 8 (01 7) i

OPOQOx ( Pix] O (PO QI[x] ) I 9 (Ol: 1,8) i
O
I 6. i

F OPOQOx ( Qx] O (P O QIx] ) i

P, Q x 11 (Pren i
Q x] , 12 (Pren i
PIx] O Q@x] 03 (d: 2) i
( PIx] OQ@x) O (POQIX] ) 1 4 (OE P4) i

PIx] O0Q@x] O (PO QI[x] I 5 (0OE 4 i



(P 0 QIx] !
QAx1 0 (P O QIx] !
( @x1 O (POQIx]) !

OPOQOX ( Qx] O (PO QI[x] ) !
O

I 7. Process of Elimnation, for unions
F OPOQOx ( (PO QIx] &~ Pix] O Qx] )

P, Q X ) !
(POQI[X] & - P[X] !
(P 0 QIx] !
( (PO QIxI O Pix1 ODQX] ) , !

(PO QIx1 O Px1 OQx] , !

PIx] O QXx] Ll
(PIx] O Qx1) )
- P[X] , !

(Plx] 0 Qx]) & = P[x] , d

( (PIx] ODQx]) &= Pix] O Qx] ) .

(PIx] O Qx]1) & = P[x] O QX] !

A X] .

(PO QI[x] &- P[x] O Qx] )|

( (POQIxI &~ Px] O Qx]) !

OPOQOXx ( (PO Q[x] & - P[x] O QXx] ) !
O

1 8. Process of Elimnation, for unions
FOPOQx ( (PO QIx] &-Qx] O P[x])
P, Q X !

(PO QI[x] &=~ @X] .

6 (OE 3,5)
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9 (OI: 1,8)
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12 (OE 9,11)
13 (O1: 2,12)
14 (()1: 13)

15 (O 1, 14)

n2.
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(P O QIX] 1 3 (& 2) i

( (PO QIx] O Px] OQx] ) ! 4 (OE P3) i
(PO QIx1 O Pix1 0QXx] 5 (OE 4) i
PIx] O Qx] 1 6 (OB i
(PIx1 O Qx]) 7 (0O1) i
= QX 1 8 (&F) i
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P[ X] 112 (OE 9,11)
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0

I P9 and P10 are the contrapositives of P5 and P6, respectively.
i

9. i

FOPOQOx ( - (PO QI[x] O =~ P[x] ) i

P, Q x 11 (Prem i
= (P n QIx] 1 2 (Prem i
P[ X] ;1 3 (Pren i

( PIx] O (POQIx]) ,! 4 (OE P5) i
Pix] O (P O Qlx] 15 (OE 4) i

(P 0 QI[X] 1 6 (OE 3,5) i

F 17 (F1: 2,6) i
Pix] O & ! 8 (0O1: 3,7) i
- P[x] 19 (-l 8) i

(P n Q[x] O = P[X] 110 (O1: 2,9) i



( = (Pn Qrx] O = P[x])

OPOQIx ( - (P O Q[x] O =~ P[x] )

0

I 10.

FOPOQOx ( - (PO QI[x] O =~ Qx] )

P, Q X

=

(P n QIx]
Q x]

( @x1 0 (POQIx])

QAx] 0 (PO QIx]

(PO QIx]
F

Qx) O F

=

Qx]

- (P n Q[x] O - Qx]
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0

11,

FOPOQOx ( - (PO Q[x] O = Px] &-Qx])

P, Q x

—

(
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d

d

(PO QIx]

- (POQIx] O = Px])

(PO QIx]

P[X]

0 = P[X]

- (POQIx O = Qx] )

(P 0O QIlx]

0 - Qx]
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- Qx] , ' 8 (OE 2,7) i

- P[X] & = QX] 19 (&: 5,8) i
- (PO QI[x] O =P[x] &= Qx] , 110 (O1: 2,9 i
( - (POQI[x] O =Px] &=Q@x] ) 011 ()1 10) i

OPOQIX ( = (PO QI[x]1 O = Px1 &~ Qx] )
1 12 (O: 1,11) i

0

' In this chapter propositions after P14 (i.e. from P21 on) nake
no appeals to P1 through P11, i.e. subsequently only P12, P13, and
P14 are used. P12 appeals to P5, P13 to P6, and P14 to P3. i

112, Inclusion in Unions, Left. i

FOPOQP O(POQ i

P, Q 11 (Prem i
Ox ( P[x] O (PO QI[X] ) , 1 2 (OE P5) i
PO(PDOOQ , 13 (% Cl.1,2) i
OPOQ P O (P O Q L4 (0Orn) i
a
I 13. Inclusion in Unions, Right. i

FOPOQPO(QO P i

P.Q 11 (Prem i
Ox ( P[x] O (QO P)[x] ) )1 2 (OE P6) i
PO (QO P 13 (% CL1,2)

OPOQ P O (Q O P) 1 4 (0O 1,3) i
O

! 14. Inclusion of Unions. i

FOPOQIR( POR&QOURDO (PO Q OR) i
P, QR ' 1 (Prem i

POR&QUOR 12 (Prem i
POR 13 (& 2) i



Ox(P[x] O RXx])
QOR

Ox(Q@x] O Rx])

X

(PO QIx]

( (PO QIx] O PIx] OQx] )

(PO QIx] O PIx]
PIx] 0O Qx]

(PIx1 O RIX])
PIx] 0O R(X]

(Ax] O RXx])
QAx] 0 RXx]

R X]

(PO OQIx] O RX]
((POQIx1 O RXx])
Ox((P O Qrx] O Rx])

(PO0Q OR

O QX]

POR&QUORDO (POQ OR

(POR&QIRDO (POQ OR)

OPOQOR( POR&QOIRDO (POQ OR)

0

4 (SE Cl.1,3)

(62}

(& 2)

(o]

(8E: Cl.1,5)

(Prem
8 (Prem

\l

9 (OE: P3)

10 (OE 9)
11 (OE: 8,10)
12 (DE: 4)

13 (OE 12)
14 (OE: 6)

15 (()E 14)

16 (CE: 11,13, 15)

I P15-P20 concern the Commutati ve Laws of Uni on.

I 15. Commutative Law of

FOPOQ(POQ O(QO P

P,

P

Q

Q

O(Q0O P

O Q0O P)

Uni on Around

1 17 (O1: 8,16)
118 ()1 17)
119 (O1: 18)
1 20 (%l: CL.1,19)
121 (O1: 2,20)
122 (01 21)
1 23 (O 1,22)
I ncl usi on.
11 (Prem
1 2 (OE: P13)
1 3 (OE P12)



PO(QOP &QO (QO P 14 (& 2,3)

(POD(QOP &QU((QU P O (POOQ O(QDO P )

1 5 (OE P14)

PO(QOP &QOI(QOP O (POQ O(QDO P
! 6 (OE 5)
(POQ O(QOP) 1 7 (OE 4,6)
OPOQ(P O Q O (QO P 1 8 (O 1,7)

0

I 16. Commutative Law of Union Around Equival ence.

FOPOQ(POQ =(Q0O P)

P, Q , 11 (Pren
(POQ O(QOP ,! 2 (OE P15)
(QO P O(POOQ ,! 3 (0OE P15)
(POQ O(QO P &(QOP) O(POOQ
4 (8l 2,3)
((POQ O(QOP &(QOP O(POO
O (PODQ =(Q0 P )
,! 5 (0E Cl.8)
(POQ O(QOP &(QOP O(POOQ
O (POQ =(Q0O P
16 ((O)E 5)
(PODQ =(QU P .1 7 (OE 4,6)
OPOQ(P O Q =(Q0O P) 1 8 (O: 1,7)

0

1 17. Commutative Law of Union On Inclusion Left.

FOPOQOR( (PO Q ORO (QOP) OR)

P,Q R 1 1 (Pren
(POQ OR 1 2 (Prem
(POQ =(QU P ,! 3 (OE: P16)

(PO0Q =(QOP &(POQ OR 14 (& 2,3)



((PODQ =(QOP) &(PO0Q ORDO (QUP) OR)
1 5 (OE C1.30)

(PO0Q =(QOP) &(POQ ORO (QOP) OR

1 6 (O)E 5)
(QO P) OR )1 7 (OE 4,6)
(PO0Q ORDO (QOP) OR 1 8 (0O1: 2,8)
((POQ ORO (QOP) OR) 19 ()1 8)
OPOQIR ( (PO Q ORDO (QOP) OR) | 10 (O1: 1,9)

0

I 18. Commutative Law of Union On Inclusion Right.

FOPOQOR( RO(POQ O RO(QOP) )

P,QR ! 1 (Prem
RO(POOQ 12 (Prem
(PODQ =(QU P ,! 3 (OE P16)
(POQ =(QOP) &RO(POQ 14 (& 2,3)

((PO0Q =(QOP) &RO(PIQ O RO(QOP) )
,1 5 (OE Cl.32)

(PO0Q =(QOP) &RO(POQ O RO(QO P)

16 (OE 5)

RO (QO P 1 7 (OE 4,6)
RO(POQ O RO(QO P 18 (O1: 2,7)
(RO(POQ O RO(QOP) ) 19 ((O)1: 8)
OPOQOR ( RO(POQ O RO(QOP) ) ! 10 (OI: 1,9)

0

I 19. Commutative Law of Union On Equival ence Left.

FOPODQOR( (PO Q =RO (QOP) =R)

P,QR .11 (Prem
(POQ =R 1 2 (Prem
(POQ =(Q0O P) ! 3 (OE P16)



(PO0Q =(QOP) &(POQ =R 14 (&l 2, 3)

RO (QOP) =R)
.1 5 (OE C1.19)

((POQ =(QOP &(PUTQ

(POQ =(QOP) &(POQ =RDO (QDP) = R
16 (()E 5)
(QO P =R .1 7 (OE 4,6)
(POQ =RO (QOP) =R 18 (01: 2,7)
((PODQ =RUO (QOUP) =R) 9 (01 8)
OPOQOR ( (PO Q =RO (QOP) =R) 1 10 (O1: 1,9)
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I 20. Commutative Law of Union On Equival ence Right.

FOPOQOR( R=(POQ O R=(Q0O P) )

P,QR .11 (Prem
R=(P0OQ .1 2 (Prem
(POQ =(Q0L P ,! 3 (OE: P16)

R=(POQ &(POOQ

(Q O P) 14 (& 2,3)

(R=(POQ &(POOQ (QDP)DR—(QDP))
.1 5 (OE Cl.15)

R=(PODQ &(POQ =(QO P O R=(Q0OP)
16 (OE 5)
R=(Q0O P) )1 7 (OE 4,6)
R=(POQ O R=(QO P) 18 (0O1: 2,7)
(R=(PDQ O R=(QUIP)) 9 ()1 8)
OPOQOR ( R= (PO Q O R=(QOP) ) 1 10 (O1: 1,9)
O

I The next couple of propositions (P21-P22) are commutative
permutations. P21 is an imedi ate consequence of P12 and the
Transitivity of Inclusion. i

I 21.

FOPOQIR( PO QO PO(QOR )

P,QR .1 1 (Prem



POQ !
QU (QUIR o
PUOQ&QUI(QUR ,

(POQ&QU(QUR O PO(QIUR )

PO0Q&QD(QUIR O PO(QOR ,!
PO(QO R !
POQODI PO (QOR) !
(POQD PO(QOR ) !
OPOQOR ( PO QO PO(QOR ) !

0

I 22. The use of Conmmutativity costs a step
permts a nore el egant proof.

FOPOQOR( PORO PO(QOR )
P, QR N

POR !
(PORDOPO(ROQ ) |
PORO PO(ROQ !
PO(ROQ |
(PO(ROQ O PO(QOR ) |
PO(ROQ O PO(QOR |
PO(QO R N
PORO PO(QO R |
(POROPO(QOR) ) !

OPOQOR ( PORO PO(QOR ) !

0

I The next couple of propositions (P23-P24) are comutative
pernmutations. P23 is an i medi ate consequence of P14 and the

Refl exivity of Inclusion.

2 (Prem

3 (OE P12)
4 (&l: 2,3)
5 (JE: Cl.5)
6 (OE 5)
7 (OE 4,6)
8 (O1: 2,7)
9 (()1: 8)
10 (O1: 1,9)

(11 against 10),

1 (Pren)

2 (Pren)

3 (DE: P21)
4 (OE 3)
5 (OE 2,4)
6 (CE: P18)
7 (()E 6)
8 (OE 5,7)
9 (O1: 2,8)
10 (O)1:9)

11 (Ol 1, 10)

but



1 23,
FOPOQ( POQO (PO Q OQ)
P, Q
POQ
QUAQ
POQ&QOQ
(PO0Q&QUI QD (PO Q OQ)
POQ&QIQD (POQ OQ
(PODQ OQ
POQU (PODQ OQ
(POQU (POQ OQ)
OPOQ( PO QO (PO Q 0OQ)

0

I 24. The use of Comutativity costs a step

permits a nore el egant proof.
FOPOQ( POQO (QO P OQ)
P, Q
POQ
(POQO (PO Q OQ)
POQOI (POQ OQ
(PODOQ OQ
((PODOQ UOQOU (QUP) UOQ)
(POQ 0QD (QU P OQ
(QO P OQ
POQOD (QO P OQ
(POQU (QOP 0OQ)
OPOQ( PO QO (QOIP) OQ)
O

1 (Prem

2 (Prem

3 (OE: 1.4)
4 (&)

5 (OE: P14)
6 (OE 5)
7 (OE: 4,6)
8 (O1: 2,7)
9 ((O)I: 8
10 (OI: 1,9)

(11 against 10),

H

(Pren
(Prem

3 (OE: P23)

N

4 (OE 3)

5 (OE 2,4)
6 (OE: P17)
7 (()E 6)

8 (OE 5,7)
9 (O1: 2,8)
10 (()1: 9)

11 (OI: 1,10)

but



I 25.

FOPOQ( POQO (POOQ
P, Q
QU (PDIQ

POQ

Q)

(POQO (POQ OQ)
POQDI (PODQ OQ
(POQ OQ

(PO0Q 0Q&QI(POQ

1 1 (Prem

1 2 (OE P13)
1 3 (Prem

1 4 (OB P21)
5 (OE 4)
1 6 (OE 3,5)

17 (& 2,6)

((PO0Q U0Q&QD(POQ O (POQ =Q)
|

1 8 (OE 1.8)
= Q
I 9 (()E: 8)

(POOQ U0UQ&QU(PDQ O (POQ

(POQ =Q

POQDO (PODQ =Q
(POQU (PUOQ =Q)
OPOQ( POQO (POQ =Q)
O
I 26.
FOPOQ( POQDO (QOP) =Q)
P, Q

POQ

(PODQUO (PO Q

Q)
POQO (POQ =Q

(PDQ =Q
((PODQ =Q0 (QOP) =Q)
(POQ =QU (QDP =0Q

)1 10 (OE 7,9)
1 11 (O1: 3,10)

112 (O 11)

1 13 (O1: 1, 12)

1 1 (Prem

12 (Prem

! 3 (OE: P25)
4 (OE 3)
15 (OE 2,4)
! 6 (OE: P19)

17 (OE 6)



(QU P =Q , ! 8 (UE 5,7) i

POQD (QOP) =0 19 (O1: 2,8) i
(PODQD (QOP) =Q) 110 ()1 9) i
OPOQ( POQO (QOP) =Q) | 11 (O: 1,10) i
O

I 27. ldenmpotency of Union (Relative to Equival ence). j

FoP(POP) =P i

p 11 (Prem i
POP )1 2 (OE: Cl.4) i
(POPO (POP) =P) 1 3 (LE P25) i
POPO (POP) =P 4 (OB 3) i
(POP) =P 15 (OE 2,4) i

OP(POP) =P 6 (0: 1,9) i

0

I P28-P31 forma group of propositions, which are pernutations of
the sane thene. Renark that P30 and P31 are the converses of P25

and P26, respectively. ,

1 28. i
FOPOQ( P=(POQ O QOP) i
P,Q , 11 (Pren i
P=(POOQ 12 (Prem) i
QD (PO Q ,! 3 (OE P13) i
P=(PO0Q &QO(POUQ 4 (&l 2,3) i
(P=(PDQ &QOI(PIQ O QOP)
| 5 (0OE Cl.31) i
P=(PODQ &QUI(POQ O QOP ,!6(()E 5 i
QO P .1 7 (OE 4,6) i
P=(POQ O QOP 08 (01 2,7) i

(P=(POOQ O QOP) P9 ()1 8) i



OPOQ ( P
[

1 29.

F OPOQ (

P, Q
P

P

(PODOQ O QO P)

=(QUP O QOP)

(QO P

(P=(QOP OP

P

(QU P O P

P=(POQ

=(PUQ )
(POQ

(P=(PODQ O QOP)

P=(POQ O QOP

QO P

P=(QU P O QUOUP

(P=(QUO P O QUOP)

OPOQ( P=(QOP) O QOP)

0
I 30.
FOPOQ ( (PO Q
P, Q
(POQ =P
((POQ =
(POQ =P
P=(POQ

=QU0 QO P)

U
1]

=(PD Q)
(PO Q

(P=(PDQ O QUOP)

P

QU P

(POQ

PO QOP

(PO0Q O QOP

1 10 (O1: 1,9)

11 (Prem

12 (Prem

.1 3 (OE: P20)
4 (OE 3)
15 (OE 2,4)

1 6 (OE P28)

\l

(OE 6)

1 8 (OE 5,7)
19 (0O1: 2,8)
110 (01 9)

1 11 (O0: 1, 10)

11 (Prem

1 2 (Prem

.1 3 (OE: C1.10)
L4 (OB 3)

I 5 (OE 2,5)
! 6 (OE: P28)
7 ((O)E 6)

1 8 (OE 5,7)

1 9 (O1: 2,8)



((PO0Q =PO QOP) 110 ((O)1: 9) i
OPOQ( (PDQ =Q0O QOP) I 11 (O1: 1,10)
0
I 31. i

FOPOQ( (QO P =PO QOP) i

P, Q 11 (Prem i
(QU P =P 12 (Prem i
((QUP =PO P=(QOP) ) ! 3 (0B CL.10) |
(QO P =P0O P=(QOP 4 (OB 3) i
P=(Q0 P 1 5 (OE 2,4) i
(P=(QO0P O QOP) 1 6 (OB P29) i
P=(QUP O QOP 17 (OE 6) i
QO P ! 8 (UE 5,7) i

(QODP) =PO QOP 19 (01: 2,8) i

((QO P =PO QOP) 110 (010 9) i

OPOQ ( (QU P) =P O QO P) I 11 (O 1,10)

0

I P32, P33, and P34 state that unions maintain inclusion, for
both positions (P32), for the left position only (P33), and for
the right position (P34). i

I 32. i

FOPOQOROS ( POQ&ROSO (POR O(QOYS) ) i

P,QRS 11 (Prem i
POQ&RIOS 12 (Prem i
POQ 13 (&€ 2) i
RO S 4 (8E 2) i
(POQO PO(QOY ) 1 5 (OB P21) i
POQDO PO (QO Y 1 6 (()E 5) i

PDO((QOY 17 (OE 3,6) i



(ROSORO(QOY) ) 1 8 (OE P22)

ROSO RDO(QO S 1 9 (OE 8)
RO(QO S )1 10 (OE 4,9)
PO(QOS &RO(QOYS) 111 (& 7, 10)

(PO(QOS &RO(QOIS O(POR O(QOS) )

1 12 (OE P14)
PO(QOS &RO(QOS O (POR O(QO S
113 (OE 12)
(POR O(QO Y9 ! 14 (OE 11, 13)
POQ&ROSO (POR O(QOYS) 115 (O1: 2,14)
(POQ&ROSO(POR O(QOY) )
116 (()1: 15)

OPOQOROS ( POQ&ROSO (POR O(QOYS) )
| 17 (OI: 1,16)

[l
! P33 and P34 are corollaries to P32.
I 33.

FOPOQOR ( POQO (POR O(QOR )

P, QR 11 (Prem
P OQ , 12 (Prem
ROR 1 3 (OE Cl.4)
POQ&RIOR 14 (& 2, 3)

(POQ&RORDO (POR O(QOR )

! 5 (OE: P32)
POQ&RORO (POR O(QOR ,! 6 (()E 5)
(POR O(QOR 1 7 (OE 4,6)
POQO (POR O(QOR 18 (O1: 2,7)
(POQO (POR O(QOR ) 19 ()1 8)

OPOQOR( POQO (POR O(QOR ) 1 10 (OI: 1,9)



0

I 34. Instead of appealing to P33 and using Comutativity twi ce,
t he proof proceeds as does P33's .
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I The thenme that union maintains equival ence is an inportant one,
whi ch expl ains why so many different variations (P32-P51) are
stated. P35 appeals to P32, and the others (P36-P51) appeal to
P35, directly or indirectly. The propositions break into four
classes of simlar form which are various pernutations of each

other: P35, P36 to P39, P40 to P43, and P44 to P51. i
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F OPOQOROSOT ( Q=P & S
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113 (O 12) i

OPOQIROSOT ( Q=P & S=R&(POR =T0O (QOS) =T)
14 (0O 1,13) i
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I P44 to P51 are consequences of P40 to P43. They do not appeal
to P35 directly. Their proofs are cookie cutter copies of each
ot her. |
I 44, i
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I The final four propositions (P52-P55) concern the Associative
Laws of Uni on. i

I 52. Associative Law of Union around Inclusion nl. i
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I 53. Associative Law of Union around Inclusion n2.
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I 54. Associative Law of Union around Equival ence nl.
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I' 55. Associative Law of Union around Equival ence n2.
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