' CHAPTER 3
| NTERSECTI ONS;

I This chapter introduces the notion of intersection (of those
t hi ngs satisfying both of two predicates). The intersection of P
and Q witten (P n Q, is satisfied by all those things

satisfied by both P and Q

There is a certain duality between this chapter and the chapter
of unions, which are reflected in the propositions and the
comrent s.

Wien the duals for certain propositions concerning unions are
not asserted, it is by historical accident. i

I 1. n represents intersection (of one-place predicates). i

D n ; (PnQ ; ; {a: Pla &Qaj} i

I 2. Fundanmental Proposition of Intersections. The

definition in Pl is only used in this chapter to prove this

fundamental proposition. In turn, P2 is only used in the proofs

of P3 and P4.

i

F OPOQOx ( (P n Q[x] = P[x] & @x] ) i
P, Q , 11 (Prem i

Ox ( {a: Pra] & Qaj}[x] = PIx] & Qx] )

, 1 2 (Pred) i
Ox ( (P n Q[X] = P[x] & Qx] ) , 13 (DI: P1,2) i
OPOQIX ( (P n Q[X] = P[x] & Q@x] ) 4 (O: 1,3) i

0

I 3. Fundanmental Proposition of Intersections, First Half.
i

FoOPOQx ( (P n Q[x] O PIx] & Qx] ) [

P, Q x 11 (Prem i
( (Pn QIx] = PX] & QXx] ) 12 (DB P2) i
(P n QIx] =« P[X] & QX] 13 (0OE 2 i
(Pn Qix] O P[Ix] & Qx] 14 (-E 3) i
( (Pn QIx] O PIxI &Qx] ) 15 (OE 4) i

OPOQOX ( (P n QIx] O PIXx] & Qx] ) I 6 (O1: 1,5) i

0

I 4. Fundanental Proposition of Intersections, Second



Hal f . i

F OPOQDx ( P[x] & Qx] O (P n QI[x] ) i

P, Q x 11 (Prem i

( (Pn QIx] = PX] &QXx] ) 12 (DB P2) i

(P n QIx] =« P[Xx] & QX] 13 (08 i

Plx] & Qx] O (P n Qfx] 14 (=B i

( PIx1 & Qx1 O (P n Q[x] ) 15 (08B i
OPOQOX ( P[x] & Qx] O (P n QIx] ) 1 6 (01) i
O

I The next few propositions (P5 to P9) continue in the vein of the
Fundanent al Proposition, and express sinple ways in which the
satisfaction or non-satisfaction of an intersection relate to the
satisfaction or non-satisfaction of the predicates.

Remark that proofs in the rest of the chapter never appeal to P7
t hr ough P9. i

I 5. i

F OPOQOx ( (P n Q[x] O P[x] ) i

P, Q x 11 (Prem i
(P n QIX] 1 2 (Prem i
( (Pn Q[x] O P[x] &Q@x] ) 1 3 (DE P3) i
(P n QIx] O PIx] & QX] 4 (0OE 3) i
P[x] & Qx] 1 5 (OE 2,4) i
P[] ,! 6 (& 5) i
(P n Q[x] O P[X] 17 (01: 2,6) i
( (Pn Qlx] O PIx] ) 8 (01T i
OPOQOx ( (P n Q[x] O P[x] ) 1 9 (O: 1,8) i
O
I 6. i
F OPOQOx ( (P n QIx] O Qx] ) i
P, Q x 11 (Prem i
(P n QIX] 1 2 (Prem i



( (Pn Q[x] O P[X] & Q@Xx] ) , ! 3 (OE P3) i

(P n Qix] O Px] & QXx] 14 (0B 3) i
P[] & QX] 1 5 (OE 2,4) i

Q X] 1 6 (& 5) i
(P n Qix] O Qx] 17 (0O1: 2,6) i
( (PnQix1 O Qx) 8 (01T i
OPOQOX ( (P n QIx] O Q@x] ) I 9 (O1: 1,8) i

0

I 7. Process of Elimnation, for intersections nl. i

FOPOQOx ( - (P n Q[x] &Px] O = Qx] ) i

P, Q x 11 (Prem i

- (P n QI[X] & P[X] 12 (Prem i

- (P n QIx] 1 3 (& 2) i

Pl X] 4 (&E 2) i

ax] 15 (Prem i

P[xX] & QX] , 1 6 (&: 4,5) i

( PIx1 &Q@x1 O (P n QI[x] ) 1 7 (OE P4) i

P[x] & Q@x] O (P n QI[Xx] 18 (OE 7) i

(P n QI[X] , ' 9 (OE 6,8) i

F 110 (F1: 3,9) i

Qx] O &F 111 (O1: 5,10)

- QX] 112 (=1 11) i

- (Pn Q[x] &Px] O = Qx] 113 (0O1: 2,12) i

(= (Pn Q[x] &P[x] O -~ Qx] ) 114 (01 13) i

OPOQOX ( = (P n Q[x] &P(x] O =-Qx] ) ! 15 (0O: 1,14) i

O

I 8. Process of Elimnation, for intersections n2. Instead of

repeating the previous proof, a new proof, which appeals to the



previous proposition, is provided. (This is unlike the proof of
the dual, .8, which was given the sane proof as C.7.) The
advantage is variety, the disadvantage being the use of

contradiction. i

FOPOQOx ( - (P n Q[x] & Qx] O = P[x] ) i

P, Q x 11 (Prem i

2 (P n QIX] & Qx] 12 (Prem i

Q x] 1 3 (& 2) i

PIX] ' 4 (Prem i

- (P n QIX] 1 5 (& 2) i

- (P n QIX] & PIX] ,! 6 (&: 4,5) i

(= (Pn Q[x] &Px1 O=-Qx1) ,!'7((OE P7) i

- (P n Q[Xx] &Px] O = QXx] I 8 (OE 7) i

- QX] , ' 9 (OE 6,8) i

F 110 (F1: 3,9) i

PIx] O &F 111 (O1: 4,10)

- P[X] 112 (Al 11) i

- (Pn Q[x] &Q@x] O = P[x] 113 (O1: 2,12) i

(= (Pn Q[x] &Qx] O -~ P[x] ) 114 (01 13) i

OPOQOX ( = (P n Q[x] & Qx] O = P[x] ) ! 15 (O: 1,14) i
[

I 9. i

FOPOQx ( = (P n Q[x] O = Px] O=Qx] ) i

P, Q x 11 (Prem i
- (P n QIX] 12 (Prem i

( PIx] 0= P[x] ) 1 3 (OB 13.15) i
P[x] O = P[X] 4 ((O)E 3) i
PIX] 1 5 (Prem i

= (P n Q[X] & P[x] 16 (&: 2,5) i



(= (Pn Q[x] &Px1 O-=Q@x] ) V7 (OB P7) i

- (P n Q[x] &Px] O - Qx] 8 (OB 7 i

- Qx] , ' 9 (OE 6,8) i

- P[x] O - QXx] , 110 (O: 9 i
Pix] O = P[x] O = Qx] , 111 (O1: 5,10) i
- P[X] ,1 12 (Prem i

- P[x] 0= Qx] 113 (O 12) i

- P[x] O = P[x] U= QXx] 014 (01 12,13)
- P[x] O - QXx] , 115 (OB 4,11, 14) |
- (Pn Q[x] O =~ P[x] O=- Qx] 116 (O1: 2,15) i
( = (PnQix] O =Px] 0O-Qx]) 17 (01 16) i

OPOQIX ( = (P n Q[x1 O = P x1 O=Q@x] )
18 (0O1: 1,17) i

0

I Until Distributivity (P51 and P56), propositions fromP13 until
Distributivity of Union and Intersection (P51 and P56) make no
appeals to P1 to P9, instead using only P10, P11, and P12. P10
appeals to P5, P11 to P6, and P12 to P4. i

I 10. Inclusion of Intersections, Left. i

FOPOQ(Pn Q OP i

P, Q 11 (Prem i
Ox ( (P n QI[x] O P[x]) , 1 2 (OE P5) i
(PnQ OFP U3 (% PL1,2)
OPOQ (P n Q OP 4 (0O1: 1,3) i
0
I 11. Inclusion of Intersections, Right. i
FOPOQ(Qn P) OP i
P, Q , 11 (Prem i
Ox ( (Qn P)[x] O P[x] ) , 12 (QOE P6) i

(Qn P) OP 13 (% PL1,2)



OPOQ (Qn P) OP
a

' 12. Inclusion in Intersections.
FOPODQOR( POQ&PORO PO(QnN R )
P,QR
POQ&PIOR
POQ
Ox(PIx] O Qx])
POR
Ox(PIx]1 O Rix1)
X
(Prx1 0O Qx1)
PIx] O Qx]

(PIx] O Rix])

P[x] O Rx]
P X]
Qx]
RIX]
QXx] & Rx]

( Ax] & Rx] O (Qn RIX] )
QAx] & Rx] O (Qn RI[X]
(Q n RIX]
Pix] O (Q n R[X]
(PIx] 0 (Q n RIx])
Ox(Pix1 O (Q n RI[X])
PO(Qn R

POQ&PORDO PO(Qn R

(o]

, 11 (Pren

, 12 (Pren

17 (Pren

9 (OE
110 (OE

111 (OE

113 (OE

1 14 (OE

115 (&
116 (OE:
117 (OE
118 (OE
119 (O1:
120 ()1
121 (O
122 (%I

| 23 (OI:

| 4 (0O 1,3)

13 (& 2)
1 4 (SE Cl.1,3)
1 5 (& 2)

! 6 (8E: Cl.1,5)

(OE: 4)

8)
6)

10)

,1 12 (Prem

9, 12)

11, 12)

13, 14)
P4)

16)

15, 17)
12, 18)
19)

7, 20)
ClL. 1, 21)

2, 22)



(POQ&PORDOPO(QNR ) 124 ()1 23) i
OPOQOR ( POQ&PIORO PO(Qn R ) ! 25 (O: 1,24)
a

I P13-P20 concern the Cormutative Laws of Intersection. i

I 13. Commutative Law of Intersection Around I nclusion.

FOPOQ(Pn Q O(Qn P i

P,Q 1 1 (Prem i
(PnQ OQ 1 2 (OE P11) i
(PnQ OP ! 3 (OE: P10) i
(PnQ 0Q&(PnQ OP 4 (&l 2,3) i

((PnQ UQ&(PnQ OPO (PnQ O(Qn P))

! 5 (OE P12) i

(PnQ 0Q&(PnQ OPDO (PnQ O(Qn P)
16 ((OE 5) i
(PnQ O(Qn P )1 7 (OE 4,6) i
OPOQ (P n Q O (Qn P I8 (Ol: 1,7) i

0

I 14. Commutative Law of Intersection Around Equival ence.
i

FOPOQ(PNn Q =(Qn P) i
P, Q , 11 (Pren i
(Pn Q O(Qn P ,1 2 (OE P13) i
(Qn P O(PNn O , ! 3 (OE P13) i
(Pn Q OD(QNn P) &(Qn P O(PnNn OQ

I 4 (& 2,3) i
((PnQ OD(QnNn P) &(Qn P O(Pn Q
O(PnQ =(Qn P))
, ' 5 (0OE Cl.8) i

(PnQ O(Qn P) &(Qn P O(PNn Q

O (Pn Q =(Qn P 6 (OE 5
, ! : i



(PnQ =(Qn P) 1 7 (OE 4,6)
OPOQ (P n Q =(Qn P) 1 8 (O 1,7)
a

I 15. Conmmutative Law of Intersection On |Inclusion

FOPOQR( (Pn Q ORO (Qn P) OR)

P,QR .11 (Prem
(PnQ OR ! 2 (Prem
(PnQ =(Qn P) ! 3 (OE: P14)
(PnQ =(QnP) &(PnQ OR 4 (8l 2,3)

((PnQ =(Qn P) &(PnQ ORO (Qn P OR)
., 5 (0OE Cl1.30)

(PnQ =(Qn P &(Pn Q ORI (Qn P OR

L6 ((OE 5)
(Qn P) OR )1 7 (OE 4,6)
(PnQ ORO (Qn P) OR 18 (0O1: 2,7)
((PnQ ORO (Qn P) OR) 19 ()1 8)
OPOQIR ( (Pn Q ORO (Qn P) OR) | 10 (O1: 1,9)

0

I 16. Commutative Law of Intersection On | nclusion

FOPOQQR( RO(PNn Q O RO (Qn P))

P,QR 11 (Prem
RO(Pn Q 12 (Prem
(PnQ =(Qn P) .1 3 (OE P14)
(PnQ =(Qn P) &R O (Pn Q 4 (8l 2,3)

((PnQ =(Qn P &RO(PNQ ORO(QnN P))
,1 5 (OE Cl.32)

(PnQ =(Qn P &RO(PNn Q O RO (Qn P)
1 6 (OE 5)



RO(Qn P 1 7 (OE 4,6)
RO(PnQ ORO(Qn P) 18 (O1: 2,7)
(RO(PnQ ORDO(Qn P) ) 19 ()1 8)

OPOQOR ( RO (Pn Q O RO(Qn P) ) I 10 (O: 1,9)

0

I 17. Commtativity Law of

Left.

F OPOQOR ( (P n Q

P, QR
(PnQ
(PnQ =(Qn P

R

(PnQ =(Qn P &(PnQ

| ntersection On Equival ence

RO (Qn P) =R)

, 11 (Pren
, 12 (Pren

)1 3 (OB P14)

R 14 (& 2,3)

((PnQ =(Qn P &(PnQ =RU (Qn P =R)

(PnQ =(Qn P &(Pn Q

1 5 (OE Cl.30)

RO (Qn P) =R

.1 6 (()E 5)
(Qn P =R .1 7 (OE 4,6)
(PnQ =RO (Qn P) =R 18 (Ol 2,7)
((PnQ =RO (Qn P) =R)
19 ((O)1: 8)
OPOQIR ( (PN Q =R O (Qn P) =R) 1 10 (O1: 1,9)

0

1 18. Conmutative Law of
Ri ght .

ntersection On Equival ence

FOPOQR( R=(Pn Q O R=(Qn P )

P,QR .1 1 (Prem
R=(PnQ 1 2 (Prem
(PnQ =(Qn P) .1 3 (OE P14)
R=(PnQ &(PnQ =(Qn P 14 (& 2,3)

(R=(Pn Q &(Pn Q

=(Qn P OR=(Qn P )
.1 5 (OE Cl.15)



R=(PnQ &(PnQ =(Qn P OR=(Qn P)
6 (OE 5) i
R=(Qn P) )1 7 (OE 4,6) i
R=(PnQ OR=(Qn P) 18 (0O1: 2,7) i
(R=(PnQ 0OR=(Qn P)) 9 (01 8) i
OPOQIR ( R=(Pn Q O R=(Qn P) ) 1 10 (O: 1,9) i

0

I ' 19. P19 is the contrapositive of P17. The proof presented here
does not, however, appeal to P17 and proceed by contradiction.
Instead, it uses Cl.42. The advantage is that it is shorter even
whi |l e avoi ding the use of contradiction. The disadvantage is
that, by failing to appeal to P17, its grounding is |ess
intuitive. i

F OPOQOR ( - (P n Q

RO - (Qn P) =R) i

P, QR , 11 (Prenm i
- (Pn Q =R , 12 (Pren i
(Pn Q =(Qn P , ! 3 (0OE P14) i
(PnQ =(Qn P) &= (Pn Q =R ,! 4 (&: 2,3 i
((PnQ =(QnP &~(PnQ =RO-(Qn P =R)

, 1 5 (OE C1.42) i
(PnQ =(Qn P) &=~ (Pn Q =RO =-(Qn P) =R
6 (OE 5) i
- (Qn P) =R 17 (OE 4,6) i
- (PnQ =RO-(Qn P =R 08 (O1: 2,7) i
(~(PnQ =R0O=-(Qn P) =R) L9 ()1 8) i
OPOQIR ( = (Pn Q =RO = (Qn P =R)
10 (O1: 1,9) i
O
I 20. P20 is the contrapositive of P18. As with P19's, the proof
does not appeal to P18 and proceed by contradiction. Instead, it
uses Cl. 47. i

FOPOQOR( - R=(Pn Q O -R=(Qn P) ) i

P, QR , 11 (Pren i



- R=(PnQ P2 (Prem [

(Pn Q =(Qn P 1 3 (OE P14) i

(P n Q (Qn P) &-R=(Pn Q 14 (&l: 2,3) i

((PnQ =(Qn P) &-R=(Pn Q O -R=(Qn P) )
, ! 5 (0OE Cl1.47) i

(PnQ =(QnP) &-R=(PnQ O-R=(Qn P

! 6 (()E 5) i

~R=(Qn P 1 7 (OE 4,6) i

~R=(PnQ O -R=(Qn P 18 (O1: 2,7) i

(~R=(PnQDO-R=(Qn P ) 9 (01 8) i
OPOQOR ( - R=(Pn Q O =R=(Qn P))

1 10 (OI: 1,9) i

0

I 21. The next couple of propositions (P21-P22) are conmutative
pernmutations. P21 is an i medi ate consequence of P10 and the

Transitivity of 1nclusion. i

FOPOQOR( POQO (Pn R OQ) i

P,QR 11 (Prem i
POQ 12 (Prem i
(PnR OP ! 3 (0B P10) i
(PnR OP&PDOAQ 4 (&8l 2,3) i

((PAnR OP&POIQDO (Pn R O0Q)
.1 5 (OE Cl.5) i

(PAnR OP&PDOQDO (PAnR O0Q ,! 6 (()E 5) i

(Pn R O0Q )1 7 (OE 4,6) i
POQDO (PnR OQ 18 (0O1: 2,7) i
(POQD (Pn R 0OQ) L9 (01 8) i
OPOQOR ( PO QO (Pn R OQ) 1 10 (OI: 1,9) i

0

I 22. The use of Commutativity costs a step (11 agai nst 10), but
permts a nore el egant proof. i



FOPOQOR( POQO (Rn P) O0Q) i

P,QR 1 1 (Prem i
POOQ 1 2 (Prem i
(POQOD (PnR O0Q) 1 3 (OE P21) i
POQO (Pn R OQ 14 (O)E 3) i
(Pn R O0Q 1 5 (OE 2, 4) i
((PnR O0QO (RnP) OQ) .1 6 (OE: P15) i
(PnR 0DQO (Rn P OQ 17 ()E 6) i
(Rn P) OQ ! 8 (OE 5,7) i

POQDO (RnP) OQ 19 (01: 2,8) i

(POQO (RnP) 0Q) 110 ((O)1: 9) i

OPOQOR ( PO QO (Rn P) 0Q) I 11 (O 1,10)
O

I 23. The next couple of propositions (P23-P24) are commutativve
pernmutations. P23 is an i mmedi ate consequence of P12 and

Refl exivity of Inclusion. i

FOPOQ( POQO PO(PN Q) i

P.Q 11 (Prem i
POOQ 1 2 (Prem i
POP , ! 3 (OE Cl.4) i
POP&POQ 14 (& 2,3) i
(POP&POQO PO(PNQ ) 1 5 (LE P12) i
POP&POIQDO PO(PNQ 1 6 (()E 5) i
PO(PNn Q 7 (OE 4,6) i
POQO PO(Pn Q 18 (0O1: 2,7) i

(POQUO PO(PNn Q) 19 ()1 8) i

OPOQ( PO QO PO(P N Q ) 1 10 (OI: 1,9) i

0



I 24. The use of Commutativity costs a step (11 against 10), but
permts a nore el egant proof. i

FOPOQ( POQO PO(Qn P)) i

P, Q 11 (Prem i
POQ 1 2 (Prem i
(POQOUO PO(PN Q) 1 3 (DE P23) i
POQO PO (Pn Q 4 (OB 3) i
PO(PnQ 1 5 (OE 2,4) i
(PO(PAnQ OPDO(Qn P ) 1 6 (OE P16) i
PO(PNnQ OPO(Qn P) 1 7 (()E 6) i
PO(Qn P) ! 8 (OE 5,7) i
POQUO PO(Qn P) 19 (0O1: 2,8) i
(POQOU PO(Qn P ) 110 ((O)1: 9) i
OPOQ( PO QO PO(Qn P) ) I 11 (O: 1,10)
O
| 25, i
FOPOQ( POQO (Pn Q =P) i
P, Q 11 (Prem i
(PnQ OP 1 2 (OE P10) i
POQ 1 3 (Prem i
(POQOUO PO(PN Q) 1 4 (DE P23) i
POQO PO (Pn Q 5 (OB 4) i
PO(PnQ ! 6 (OE 3,5) i
(PnQ OP&PO(PNQ 17 (& 2,6) i
((PnQ OP&PO(PNQ O(PnQ =P)
,1 8 (OE Cl.8) i

(PnQ OP&PO(PNnQ O(PnQ =P
19

(OE 8) i

,1 10 (OE 7,9) i

n
o

(PnQ



POQO (PnQ =P

(POQO (Pn Q

OPOQ( PO QO (Pn Q =

0

I 26.

FOPOQ(PO QO (Qn P)

P, Q
POOQ

(POQUO (Pn Q

P)

P)

P)

P)

POQO (PnQ =P

(PnQ
( (PnQ

(PnQ

(Qn P)
POQD (Q

(POQO (Qn P

OPOQ (PO QO (Qn P

0

I 27.
Equi val ence)

FOP(PnP) =P

P

POP

(POPO (Pn P

POPO (Pn P

(PnP) =P

OP (P n P) =

P

P

P

P

N

| denpot ency of

PO (Qn P

O (Qn P) =

P) =P

1]
U
N—r

P)

P)

Il
e

P

P)

11 (O1: 3, 10)

12 ()1

13 (0O1:

11)

1,12)

1 (Prem

2 (Prem

3 (OE P25)
4 (OE 3)
5 (OE 2, 4)
6 (JE P17)
7 ((OE 6)
8 (JE 5,7)
9 (OI: 2,8)
10 (()1: 9)

11 (Ol 1, 10)

I ntersection (Relative to

1 (Prem

2 (OE Cl.4)
3 (OE: P25)
4 (OE 3)
5 (DE 2, 4)

6 (O: 1,5)



0

I The next couple of propositions (P28-P29) are comutative
per mut at i ons.

1 28.
FOPOQ( (PnQ =QO QOP)

P, Q 11 (Prem
(PnQ =Q 1 2 (Prem
(PnQ OP 1 3 (DE P10)
(PnQ =Q&(PnQ OFP 4 (&8l 2,3)
((PnQ =Q&(PnQ OPDO QOP)

,1 5 (OE Cl1.30)
(PnQ =Q&(PNnQ OPDO QOUP ,! 6 (()E 5)
QU P ! 7 (OE 4,6)
(PnQ =Q0 QOP 18 (01: 2,7)
((PnQ =Q0 QOP) 9 (01 8)
OPOQ( (Pn Q =QO QOP) 1 10 (OI: 1,9)
O

I 29. The use of commutativity costs a step (11 agai nst 10).

FOPOQ( (Pn Q =P O POQ)

P, Q 11 (Prem
(PnQ =P 12 (Prem
((PnQ =P0O (Qn P =P) 1 3 (OB P17)
(PnQ =P0O (Qn P) =P 14 (O)E 3)
(Qn P) =P 1 5 (OE 2, 4)
((Qn P =PO POQ) ,! 6 (OE P28)
(Qn P =PO POQ 17 (()E 6)
POOQ ! 8 (OE 5,7)

(PnQ =P0OPDORQ 19 (O1: 2,8)

((PnQ =P0O POQ) 110 (()1: 9)



OPOQ( (PnQ =PO POQ) I 11 (O 1,10)
O

I P30, P31, and P32 state that intersections maintain inclusion,
for both positions (P30), for the left position only (P31), and
for the right position (P32). i

I 30. i

FOPOQOROS ( POQ&ROSO (PN R O(Qn S) ) i

P,QR S 11 (Prem i
POQ&RIOS 12 (Prem i
POQ 1 3 (& 2) i
ROS 4 (& 2) i
(POQO (Pn R O0Q) )1 5 (OE P21) i
POQU (Pn R OQ 1 6 (()E 5) i
(Pn R OQ ' 7 (0OE 3,6) i
(ROSO(PnR OS) 1 8 (OE P22) i
ROSO (PnR OS 19 (OE 8) i
(PnR OS )1 10 (OE 4,9) i
(PnR O0Q& (PN R OS 111 (& 7,10) i

((PnR OQ&(PANR OSO(PnR O(Qn S )

! 12 (OE P12) i
(PnR O0Q&(PANR O0SO (PnR O0(Qn 9
113 (OE 12) i
(PnR O(Qn 9 ! 14 (OE 11,13)
POQ&ROSO (PnR O(Qn 9 115 (O1: 2,14)
(POQ&ROSO(PAR O(Qn Y )
116 (()1: 15) i

OPOQOROS ( PO Q&ROSO (PnR O(Qn 9 )
1 17 (O: 1,16) i

0

I 31. P31 and P32 are corollaries to P30. i



FOPOQOR( POQO (Pn R O(Qn R )

P,QR 11 (Prem i
POQ 12 (Prem i
ROR ,! 3 (LE Cl.4) i
POQ&RUOR 14 (&l 2,3) i

(POQ&RORDO (PAnR O(Qn R )

,1 5 (OE P30) i
POQ&RIORIO (PnR O(Qn R ,! 6 (()E 5) i
(Pn R 0(Qn R 1 7 (OE 4,6) i
POQOD (PnR 0(Qn R 18 (0O1: 2,7) i
(POQOD (PnR O0(Qn R ) 19 ()1 8) i
OPOQIR( POQO (Pn R 0(Qn R ) 1 10 (OI: 1,9) i
0
I 32. Instead of appealing to P31 and using Commutativity twice,
the proof proceeds as does P31's. i
FOPOQOR( POQO (RnP) O(RN Q ) i
P,QR 1 1 (Prem i
POQ 12 (Prem i
ROR ! 3 (OE: Cl.4) i
ROR&POQ 14 (& 2,3) i
(ROR&POQO (RnP) O(RnQ )
,1 5 (OE P30) i
ROR&PIQO (RnP) O(RNQ ,! 6 (()E 5) i
(RnP) O(Rn Q 1 7 (OE 4,6) i
POQO (RnP) O(Rn Q 18 (0O1: 2,7) i
(POQO (RnP) O(RN Q) 19 ()1 8) i
OPOQIR( POQO (RnP) O(RN Q ) 1 10 (OI: 1,9) i

0

I As it was with unions, the thene that intersection naintains



equi val ence is an inportant one, and again nmany different
variations (P33-P47) are asserted. P33 appeals to P30, and the
others (P34-P47) appeal to P33, directly or indirectly. The
propositions break into four classes of simlar form which are
various pernutations of each other: P33, P34 to P35, P36 to P39,

and P40 to PA47. i
I 33. i

FOPOQOROS ( P=Q&R=S O (Pn R =(Qn 9 ) i

PQR S 11 (Prem i
P=Q&R=S , 12 (Prem i
P=0Q 3 (& 2) i
R=S 14 (& 2) i
(P=QD POQ&QOP) , ' 5 (OE C1.13) i
P=QU PUOQ&QUP , 1 6 (()E 5) i
POQ&QOP 17 (OE 3,6) i
POOQ 1 8 (& 7) i
QO P 19 (& 7) i
(R=SUORODS&SOR) ,1 10 (OE C1.13) i
R=S0RIOS&SOR 111 ((O)E 10) i
ROS&SDOR 112 (OE 4,11) i
ROS 113 (& 12) i
SUOR 114 (& 12) i
POQ&RDOS , 115 (&l: 8,13) i
(POQ&RDOSO (PnAnR O(Qn 9 )

, 116 (UE: P30) i
POQ&RDOSO (PnR O(Qn S ,! 17 (()E 16) i
(Pn R O(Qn Y , 118 (OE 15,17)
QUP&SUR 119 (&l: 9, 14) i
(QODP&SORDO (Qn S O(Pn R )

, 1 20 (OE: P30) i

QODP&SORDO(QnNn S O(PnR ,! 21 (O)E 20 i



(Qn S O(Pn R 122 (OE 19,21)

(PnR O0(Qn S &(QnS O(PnR
123 (& 18,22)

((PAnR O0(Qn S &(Qn S O(PnR
O (PnR =(Qn 9 )
1 24 (OE PL.8) |

(Pn R O(QNS &(Qn 'S O(Pn R
O (Pn R =(Qn S

125 (OE 24) i
(Pn R =(Qn 9 , ! 26 (OE 23,25) j
P=Q&R=S0O (PnR =(Qn S JL27 (O1: 2,26)
(P=Q&R=S0O(PNnR =(Qn S )

128 ((O)I1: 27) i

OPOQOROS (P

Q&R=S0 (PnR =(Qn Y9 )
129 (0OI: 1,28) i

0
I 34, i

FOPOQOR( P=QO (Pn R =(Qn R ) i

P. QR ! 1 (Prem i
P=0Q 12 (Prem i
R=R ' 3 (OE C1.9) i
P=Q&R=R D4 (& 2,3) i

(P=Q&R=RO (PnR =(Qn R )
|

! 5 (OE P33) i

P=Q&R=R0O(PnR =(Qn R ,! 6 (()E 5) i
(PnR =(Qn R 17 (OE 4,6) i
P=QO (PnR =(Qn R P8 (01 2,7) i
(P=QO (PnR =(Qn R ) 9 (01 8) i
OPOQOR ( P=QO (Pn R =(Qn R ) 110 (On: 1,9) i

0



I 35. Applying P33 is nmuch shorter to using P34 and two
applications of Comutativity.

FOPOQR( P=QO (RnP) =(Rn Q )

P,QR ,1 1 (Prem
P=0Q ! 2 (Prem
R =R ,! 3 (0E CL.9)
R=R&P=Q 14 (& 2,3)
(R=R&P=QU (RnP) =(Rn Q)
1 5 (0E P33)
R=R&P=Q0 (RnP) =(RnQ ,!6()E 5)
(RnP) =(RnQ 1 7 (OE 4,6)
P=QDO (RnP) =(RnQ 18 (01 2,7)
(P=QD0 (RnP) =(Rn Q) 19 ()1 8)
OPOQIR( P=QO (RnP) =(Rn Q) 1 10 (O1: 1,9)
O
I 36.

FOPOQIROSOT ( P=Q&R=S&T=(PnR OT=(Qn Y9 ) j

PQRST 11 (Prem
P=Q&R=S&T=(PnR 12 (Prem
P=Q&R=S I3 (& 2)
T=(PnR 14 (8E 2)
(P=Q&R=S0O(PnR =(Qn 9 )

! 5 (OE P33)

P=Q&R=S0 (PnR =(Qn S ,!6()E 5
(PnR =(Qn 9 )1 7 (OE 3,6)
T=(PnR &(PnR =(Qn S 18 (&8l: 4,7)
(Qn 9 )

(T=(PnR &(PnR =(Qn 9 O Ts=
| 9 (DE: CL.15)

—
n

(PnR &(PnR =(Qn S O T

(Qn 9



u T

T=(Qn 9
P=Q&R=S&T=(PnR
(P=Q&R=S&T=(PnR OT

OPOQUIROISOT (

0

I 37.

F OPOQOROSOT ( P=Q&R=S&(Pn R =T0O (Qn'S) =T)

PQRS,T
P=Q&
P=Q&

(P n R

R

R

(P=Q&

P=Q&
(P n R

(P n R

( (Pn R

(P n R

(Qn 9

P=Q&R

(P=Q&

R

P

110 (OE 9)

1 11 (OE 8,10)

(Qn 9

112 (O1: 2,11)
=(Qn 9 )

113 ()1 12)

Q&R=S&T=(PnR OT=(Qn Y9 )

| 14 (O 1,13)

, 11 (Prem
=S&(PnR =T 12 (Prenm)
=S 1 3 (& 2)
T 14 (&E 2)
R=sSO(PnR =(Qn S )

! 5 (OE P33)
=SO(PnR =(QnS ,! 6 ()E 5
(Qn 9 ! 7 (OE 3,6)
(QnS) &(Pn R =T 18 (& 4,7)

=(Qn S &(PnR

(Qn S &(Pn R

T

S&(Pn R =T0O (Qn Y9

S&(Pn R

n
—

TO(Qn S =T)
1 9 (OE C1.19)

O (Qn 'S =T
110 (OE 9)

1 11 (OE 8, 10)

T
012 (01 2,11)

TO (Qn S =T)

13 (01 12)

OPOQIROSOT ( P=Q&R=S&(PNn R =TO (Qn S) =T)

| 14 (O: 1,13)



I 38.

FOPOQOROSOT ( Q=P &S=R&T=(PnR OT=(Qn Y ) j

P,QRST 1 1 (Prem
Q=P&S=R&T=(PnR 1 2 (Prem
Q=P &S =R 1 3 (& 2)
T=(PnR 14 (&E 2)
(Q=P&S=RDO (QnS) =(PnR )

1 5 (OE P33)
Q=P&S=R0O (QnS =(PnR ,! 6()E 5)
(QnS) =(Pn R )1 7 (OE 3,6)

T=(PnR &(QnS) =(PnR 18 (& 4,7)

(T=(PnR &(QnS =(PnR O0T=(Qn 9 )

, 19 (OE Cl1.17)

T=(PnR &(Qn S =(Pn R OT=(Qn Y
110 (OE 9)
T=(Qn S , 111 (OE 8, 10)
Q=P&S=R&T=(Pn R OT=(Qn Y
012 (01 2,11)
(Q=P&S=R&T=(Pn R OT=(QnYS )

113 ((O)1: 12)

OPOQUROSOT ( Q=P & S

R&T=(PnR O0T=(Qn Y9 )
| 14 (O 1,13)

0
I 39.

FOPOQIROSOT ( Q=P &S=R&(PNn R =T0O (Qn'S) =T) j

P,QRS,T 1 1 (Prem
Q=P&S=R&(PnR =T 12 (Prem
Q=P &S =R I3 (& 2)
(PnR =T 14 (8B 2)

(Q=P&S=R0O(QnS =(PnR)



.1 5 (OE P33) i

Q=P&S=RO(QnS =(PnR ,! 6()E 5) i
(QnS) =(Pn R 1 7 (OE 3,6) i
(QnS =(PnR &(PNnR =T 18 (& 4,7) i

((Qn S =(Pn R &(Pn R TO (Qn S =T)

1 9 (OE Cl.15)

(Qn S =(PnR &(PnR =T0O (Qn S =T

, 110 (OE 9) i
(Qn 'S =T , 1 11 (OE 8, 10) i
Q=P&S=R&(PNnN R =T0O (Qn 'S =T

0012 (01 2,11) i
(Q=P&S=R&(PNn R =TO (Qn S) =T)

113 ()1 12) i

OPOQROSOT ( Q=P &S=R&(PNn R =T0O (Qn S =T)
14 (0O 1, 13) i

O
I 40. P40 to P47 are consequences of P36-P39. They do not appeal

to P33 directly. As with their duals (C2.44-C2.51), their proofs
are cookie-cutter copies of each other. i

F OPOQOROS ( P= Q& (Pn R =SSO (Qn R =8S) i

PQRS 11 (Prem i
P=Q&(Pn R =S5 12 (Prem i
R=R , I 3 (0OE C1.9) i
P=Q&R=R&(Pn R =58 D4 (& 2,3) i
(P=Q&R=R&(Pn R =SS0 (Qn R =8S5)

, ' 5 (0OE P37) i
P=Q&R=R&(PnR =SS0 (Qn R =S

16 (OE 5) i
(Qn R =S 1 7 (OE 4,6) i
P=Q&(Pn R =SS0 (Qn R =S 18 (01 2,7) i
(P=Q&(PnR =S0O(QnR =S),! 9(0)I: 8 i

OPOQOROS ( P=Q& (PN R =SO (Qn R =8S)



0

I 41.

F OPOQOROS ( P=Q& S

P,QR S
P=Q&S-=
R=R
P=Q&RSE=
(P=Q&R
P=Q&RSE=
S=(QnR

P =

(P

Q&S =(Pn

OPOQUROS ( P

Q&S=(PnR OS

(P n R

Py
Ro
wn
Il

=R&S=(PnR O

R&S=(PnR OS

(Qn R

R OS=(Qn R ), 9(0)I: 8

(P n R

| 10 (O1: 1,9)

=(PnR 0S=(QnR )

11 (Prem

, 12 (Pren

1 3 (OE CL. 9)

14 (& 2,3)

S=(Qn R )
1 5 (OE P36)

=(Qn R
16 (OE 3)

1 7 (OE 4,6)

18 (O1: 2,7)

Q&S=(PnR O0S=(Qn R )

1 10 (OI: 1,9)
I
I 42.
FOPOQOROS ( P=Q& (RN P) =SSO (RnQ =8S)
P,QRS 1 1 (Prem
P=Q&(Rn P =5 ! 2 (Prem
R=R ,! 3 (OE C1.9)
R=R&P=Q&(RnP =5 14 (& 2,3)
(R=R&P=Q&(RnP)=S0O(RnNQ =8S)
,! 5 (LE: P37)
R=R&P=Q&(RnP) =SS0 (RnQ =S
16 ((OE 5)
(RnQ =S 1 7 (OE 4,6)
P=Q&(RnP) =S0(RnQ = 18 (O1: 2,7)



(P=Q&(RnP =ST(RnQ =S),! 9(0)I: 8

OPOQOROS ( P=Q& (RN P) =SO (RnQ =8S)
I 10 (OI: 1,9)

0
I 43.

FOPOQOROS ( P=Q&S=(RnP) OS=(Rn Q)

P,QR S 1 1 (Prem
P=Q&S=(Rn P 1 2 (Prem
R=R ! 3 (OE C1.9)
R=R&P=Q&S=(Rn P 14 (& 2,3)

(R=R&P=Q&S=(RnP) 0S=(RnQ)

.1 5 (DOE P36)
R=R&P=Q&S=(RnP) O0S=(RnQ
16 (OE 9)
S=(Rn Q 1 7 (OE 4,6)
P=Q&S=(RnP)OS=(RnQ 18 (O1: 2,7)
(P=Q&S=(RnP)O0S=(RnQ ), 9(0I: 8
OPOQOROS ( P=Q&S=(RnP) 0S=(Rn Q)
I 10 (OI: 1,9)
[
I 44,

F OPOQOROS ( Q=P & (Pn R =S0O (Qn R =8S)

P,QR S 11 (Prenm
Q=P&(PnR =5 12 (Prem
R=R , I 3 (0E C1.9)
Q=P&R=R&(Pn R =S 14 (& 2,3)
(Q=P&R=R&(PNn R =SS0 (Qn R =8S)

1 5 (OE: P39)
Q=P&R=R&(Pn R =SS0 (Qn R S

6 (OE 5)



(Qn R =S 1 7 (OE 4,6)
Q=P&(PnR =S0O(Qn R =S 18 (O1: 2,7)

( Q=P & (P n R

SO (Qn R =S),! 9(01: 8

OPOQIROS ( Q=P & (Pn R =S0O (Qn R =8S)
1 10 (OI: 1,9)

0
I 45,

FOPOQIROS ( Q=P &S=(Pn R OS=(Qn R )

P,QR S .11 (Prem
Q=P&S=(PnR 12 (Prem
R =R ,! 3 (OE CL.9)
Q=P&R=R&S=(PnR 14 (& 2,3)
(Q=P&R=R&S=(Pn R UOS=(Qn R )

,! 5 (OE P38)
Q=P&R=R&S=(PnR OS=(Qn R

16 (OE 3)
S=(Qn R 1 7 (OE 4,6)
Q=P&S=(PnR OS=(Qn R 18 (0O1: 2,7)

(Q=P&S=(PnR O0S=(Qn R ), 9(O)I: 8

OPOQIRIS ( Q=P &S=(PnR OS=(QnR )
1 10 (O1: 1,9)

0
I 46.

F OPOQOROS ( Q=P & (RnP) =SO (RnQ =8S)

P,QR S 1 1 (Prem
Q=P&(RNP) =5 1 2 (Prem
R=R 1 3 (OE C1.9)
R=R&Q=P&(RnP =5 14 (&l 2,3)

SO (RnQ =5S)
1 5 (OE P39)

(R=R&Q=P&(Rn P



R=R&Q=P&(RnP) =S0O((RNQ =S

16 (OE 3) i
(Rn Q =S 17 (OE 2,6) i
Q=P& (RN P) =S0 (RnQ =S 08 (O1: 2,7) i

( Q=P & (R n P)

SO (RnQ

S),' 9((O)I: 8) i

OPOQIROS ( Q=P & (Rn P) =SO (RN Q =8S)
I 10 (OI: 1,9) i

0
I 47. i

FOPOQOROS ( Q=P &S=(RnP) OS=(Rn Q) i

PQRS .11 (Prem i
Q=P&S=(Rn P 12 (Pren) i
R = R .1 3 (DE Cl.9) i
R=R&Q=P&S=(Rn P 14 (& 2,3) i
(R=R&Q=P&S=(RnP) OS=(Rn Q)

, ' 5 (COE P38) [
R=R&Q=P&S=(RnP)0S=(RnQ

16 (OE 3) i
S=(Rn Q 1 7 (OE 4,6) i
Q=P&S=(RnP)OS=(RnQ 18 (0O1: 2,7) i

(Q=P&S=(RnP)0S=(RnQ ), 9(0OI: 8 i

OPOQIROS ( Q=P &S =(RnP) OS=(Rn Q)
10 (O1: 1,9) i

0

I The next three propositions (P48-P50) concern the Associative
Laws of Intersection. i

48. Associative Law of Intersection Around | nclusion
ni. i

FOPOQOR((PNn Q n R O(Pn (Qn R) i
P,Q R 11 (Prem i

(PnQ OP , I 2 (OE P10) i



((PnQ OPO ((PnQ nR OP) !
(PnQ OPO ((PnQ nR OP !
((PnQ nR OP l
(PnQ OQ |
((PnQ O0OQU ((PnQ nR O(QnR

|

(PnQ OQO ((Pn Q nR O(Qn R
!

((PnQ n R O(Qn R

3

(6]

(o3}

~N -

(oe]

(OE: P21)

(OE 3)
(OE 2,4)

(OE: P11)

(OE: P31)

(OE 7)

.1 9 (OE 6,8)

((PnQ nR OP&((Pn Q nR O(Qn R
, 110 (&: 5,9)

(((PnQ nR OP&((Pn Q n R O(Qn R

O (PnQ nR O(PNn(Qn R) )

1 11 (DE P12)

((PnQ nR OP&((PNnQ nR O(QNBR

O (PnQ nR O(Pn (Qn R)

112 (OE 11)

((PnQ nR O(Pn (Qn R)

OPOQIR ((Pn Q n R O(Pn (Qn R) | 14 (OI:

0

I 49. Associative Law of Intersection Around | nclusion

n2.
FOPOQQR(Pn (Qn R) O((Pn Q n R
P,QR !
(Qn R OQ |
((Qn R O0QO (Pn (Qn R) D(Pn?)

(Qn R ODQO (Pn (Qn R) O(Pn Q

(Pn (Qn R) O(Pn Q , !
(Qn R OR , !

((Q@Qn R ORDO (PN (Q@nNnR) OR) !

H

N

w -

(o2}

\l

1 13 (OE 10, 12)

(Pren
(CE: P10)

(OE: P32)

(OE 3)
(OE 2,4)

(OE: P11)

(OE: P22)

1, 13)



(Qn R ORDO (Pn (Qn R) OR 18 (OE 7) i
(Pn(QnR) OR .1 9 (OE 6,8) i

(Pn (Qn R) O(PNnQ &(Pn (Qn R) OR
,1 10 (&: 5,9) i

((Pn(Qn R) O(PnQ &(Pn (Qn R) OR
O (Pn (Qn R) O((Pn Q n R )
111 (OE P12) i

(Pn(Qn R) O(Pn Q &(Pn (Qn R) OR
O (Pn (Qn R) O((Pn Q@ n R

112 (OE 11) i
(Pn(QnR)OWPNOQ nR )1 13 (OE 10,12)
OPOQOR (P n (Qn R) O((Pn Q n R | 14 (O1: 1,13)

0

I 50. Associative Law of Intersection Around Equival ence.
i

FOPOQR ((Pn Q nR =(Pn (Qn R) i

P,QR , 11 (Pren i
((PnQ n R O(Pn (Qn R) , 1 2 (OE P48) i
(Pn (Qn R) O((Pn Q n R , 1 3 (0OE P49) i

((PnQ nR O(Pn (Qn R)
&(Pn (Qn R) O((Pn Q n R

14 (&l 2,3) i
((((PnQ nR OPNn(Qn R)
& (Pn (Qn R) O((Pn Q@ n R
O ((PnQ nR =(Pn(QnR))
, 1 5 (0E Cl. 8) i
((PnQ nR O(Pn (Qn R)
&(Pn (Qn R) O((Pn Q n R
O (PnQ nR =(Pn (Qn R)
16 (()E 5) i
((PnQ nR =(Pn (Qn R) 17 (OE 4,6) i
OPOQAIR ((PNn Q@ n R =(Pn (Qn R) 8 (O: 1,7) i

0

' The final propositions of this chapter (P51-P58) are about the



Distributive Laws for Intersections and Uni ons. i
I 51. Distributive Law of Intersections and Unions Around

Inclusion, nl. Remark that the proof returns to first
princi ples, and appeals to P3 and C2. 3. i

FOPOQR (PN (QOR) O((Pn Q O(PNnR) i

P!Q!R ,! 1(PrerT) i
X 12 (Prem i
(P n (QO R)IX] .1 3 (Prem i

( (Pn (QOUR)IxI O Px] & (QO RI[x] )

! 4 (OE P3) i

(Pn (QUR)IXI O PIx] & (QU RIX]
5 (OE 4) i
PIXx] & (Q O R[Xx] 1 6 (OE 3,5) i
P[ X] 1 7 (& 6) i
(QU RIx] 18 (& 6) i
( (QU RIx1 O Q@x] URX] ) P9 (OB Q.3) i
(QU RIx] O Qx] URX] 1010 (OB 9) i
Qx] O RX] 1 11 (OE 8,10) |
Q x] 1 12 (Prem i
PIX] & QX] 113 (& 7,12)
( PIx] & Qx] O (Pn Q[x] ) 1 14 (DE P4) i
PIx] & Qx] O (P n QI[x] 115 ((VE 14) i
(P n QI[x] ! 16 (OE 13,15) |
(PnQ O((PnQ O(PnR) ,! 17 (0E R.12) |

(Pn Q[Xx] &(Pn Q O((Pn Q O(PnR)
,1 18 (&l: 16,17) i

((PnQx1 &(Pn Q O((PNnQ O(PnR)
O ((PnQ O(PnR)IX )
119 (OE: Cl.2)

(Pn Q[X] &&(Pn Q O((Pn Q@ O (Pn R)

O ((Pn Q O (P n R)IX]
120 ((O)E 19) i



((Pn Q O(P N R)IX] , 121 (OE 18,20)

Ax] O ((Pn Q O (P n R)X] 122 (O1: 12,21)
RIX] .1 23 (Prem i
P[X] & R(X] 124 (&l 7,23)
( PIx] & Rx] O (P n R[X] ) 1 25 (OE: P4) i
Px] & Rx] O (P n R[X] 1 26 (()E: 25) i
(P n RI[X] 127 (OE 24,26)
(PnR O(PNnQ O(PnR) ,l 28 (0B C.13)

(Pn R[X] &(Pn R O((Pn Q O(PnR)
129 (&l: 27, 28) i

((PnR[XI &(Pn R O((PnQ O(PnR)
0 ((PnQ O (Pn R)IX)
,!1 30 (CE Cl.2) i

(Pn R[X] &(Pn R O(Pn Q O(PnR)
O ((Pn Q O(Pn R)[X]

1 31 (()E: 30) i

((PnQ O(Pn R)X] 1 32 (OE 29,31)
Rx] O ((Pn Q O(Pn R)IX] 133 (O1: 23,32)
((PnQ O(Pn R)X 1 34 ([E 11,22, 33)

(Pn (QOUR)Ix1 O ((Pn Q O(Pn R)IX]
135 (O1: 3,34)

((Pn (QOR)IXI O ((PnQ O(PNR)IX )
136 (()1: 35) i

Ox ( (P n (QUR)Ix1 O ((Pn Q O(Pn R)IXI)
137 (O 2,36)

(Pn(QUR) O((PNnQ OD(PnBR) ,! 38 (&: C11,37) j

OPOQIR (P n (QOR) O((Pn Q O(Pn R)
| 39 (O1: 1,38) |

0

! 52. Distributive Law of Intersections and Unions Around
I nclusion, n2. i



FOPOQR ((PNn Q O(Pn R) O(Pn (QOR) i

P, QR 11 (Prem i
(PnQ OP 1 2 (DE P10) i
(PnR OP ! 3 (OE P10) i
(PnQ OP&(PnR OP 4 (&l 2,3) i

((PnQ OP&(PAR OPO ((PnQ O(PnR)OP)
15 (OB C2.14)

(PnQ OP&(PAR OPO ((PnQ O(PnR)OP

! 6 (OE 5) i
((PnQ O(PnR)OP )1 7 (OE 4,6) i
(PnQ OQ .1 8 (OE P11) i
(Pn R OR 1 9 (OE P11) i
(PnQ DQ&(PnR OR 110 (&l: 8,9) i
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