' CHAPTER 5
AN EMPTY PREDI CATE;

I' The purpose of this chapter is to introduce an enpty predicate,
@, which is not satisfied by anything.

It has the foll ow ng organi zation:

P1l: definition

P2: assertion of the definition

P3-P4: fundanental proposition and corollary

P5-P18: propositions involving inclusion and equi val ence
(only)

P19- P22: propositions involving unions (and equvi al ence)

P23-P38: propositions involving intersections (and equi val ence)

P39: proposition involving unions and intersections (and
equi val ence)

P40: propositions involving conplenents (and intersections,
i ncl usi on, and equi val ence)

It is an inportant concept when two predicates (P and Q share
or do not share a common elenent. Since this is nost easily
expressed in terns of an intersection and an enpty predi cat e,

i.e. respectively = (Pn Q =¢and (Pn Q = ¢ thereis a

preponder ant nunber of propositions in this chapter concernlng
I ntersection.

I 1. @ represents the predicate of non-identical things, mhich of
course is enpty (nothing satisfies it). i

D ¢; ¢; ; {a: ~a=a} i
I 2. P2 is used to prove P3, but subsequently is not used. i

FOx (@x] = = x =x) i

Ox ( {a: - a=a}[X] =« 7= X =X) , 1 1 (Pred) i
Ox ( gdX] = =~ X =X ) 2 (D: P1,1) i
a

I 3. Fundanental Proposition of Predicate of Non-

| dentical Things. Subsequent to P3, Pl and P2 are not used.
Thus, any enpty predicate (which nothing satisfies) could be used

to replace @ (the specificity of its defintion, as the predicate
of non-identical things, is uninportant). i
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I 4. P4 is an imediate corollary to P3.
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I P5-P7 are variations on the sane thene:
equi valent to the predicate of non-identical

enpty.
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P=¢O Ox = P[X] 114 (O1: 2,13)
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O
I 6.
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I 7. P7 is the contrapositive of P6.

FOP( Ox PIx] O -P=g¢g)

P 11 (Prem
(X P[x] 12 (Prem
P=o , '3 (Prem
(P=o@0O - X P[X] ) ! 4 (OE: P6)
P=oeO - [X P[X] IV 5 (O)E 4
~ X P[X] ! 6 (OE 3,5)

)
~

(F1: 2,6)



P=oel F

- P =g

(X P[x] O - P=o¢o

( Ix PIx] O =P =g¢)
OP ( X P[x] O - P=g¢)
0
I 8. Al

8 (O1: 3,7)

9 (-l: 8)

10 (O1: 2,9)
11 (()1: 10)

12 (O: 1,11)

enpty predicates are contained in every predicate.
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' 9. P9 is acorollary to P8, which says: in particular, the
predi cate of non-identical things is contained in every

predi cat e. [

FOPeOP i
p 1 1 (Prem i
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I 10. i
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I 11. P11 is a corollary of P10. i
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POoeO P=og 1 7 ()E 6)
P=o 1 8 (OE 5,7)
Q=9 &POQO P=g 1 9 (O1: 2,8)
(Q=oe&PDQO P=g) 110 (O)1:9)
OPOQ( Q=@ &P OQO P=g¢) I 11 (O: 1,10)
[
I 12. P12 is the contrapositive of P11l.
FOPOQ( -P=¢@&POQO -Q=9)
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P=g 1 9 (OE 8,8)
F 110 (F1: 3,9)
Q=0 F )1 11 (OI1: 5,10)
Q=09 J112 (Al 11)
-P=@&POQO -Q=9 113 (O1: 2,12)
(-P=¢@&POQO -Q=9¢) 114 ()1 13)



OPOQ( - P=¢&POQO - Q=9) I 15 (O1: 1,14) i
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I 13. Proper containnent inplies non-equival ence to the predicate
of non-identical things. i
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I 14. P14 is a corollary to P13. The predicate of non-identical
t hi ngs cannot properly contain a predicate. i
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P -POg 1 10 (OI: 1,9) i
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I The next propositions (P15-P18) are not positioned after P7
because they are nost naturally proved using P10. They are
variations on the theme: all enpty predicates are equivalent to
the predicate of non-identical things. i

| 15. i
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I 16. P16 is the contrapositive of P15.
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I 18. P18 conbi nes the two halves, P5 and P17. A predicate is
equi val ent to the predicate of non-identical things if and only

if it is enpty. i

FOP(P=¢ < Ox - P[x]) i

P , 11 (Pren i
( P=oe0O Ox =~ P[X] ) , 1 2 (OE P5) i
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O

I P19 and P20 are conmmutative pairs. i

I 19. i
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I 4-7 denonstrate that (PO @ OP, 8 that PO (P O ¢. i
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I P21 and P22 are conmutative pairs.
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I 22.
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! 23. Process of Elimnation: Intersection and Enpty

Predicate Form nl.

F OPOQIx ( PIx] & (Pn Q =0 - Qx] )

P, Q X 11 (Prem
PIX] &(Pn Q = ¢ 1 2 (Prem
P[ X] 13 (8E 2)
(PnQ =9 1 4 (&E: 2)
((PnQ =90 Ox =~ (PnQ[x]) ,!'5(0E P5)
(PnQ =00 Ox =~ (P n Q[X] 1 6 (()E 5)
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X(P[x] & Qx]) O (Pn Q =@ 110 (O1: 2,9)
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I 27.
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( (Pn Q[x] O Px] &Qx] ) 1 5 (OE C3.3)
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P[x] & Q@x] 1 7 (OE 4,6)
(PIx] & Qx] O F) ,! 8 (OE 2)
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F 1 10 (OE 7,9)
(Pn Q[x] O F 111 (O1: 4,10)
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(PnQ =¢ ! 16 (OE 13,15)
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I 19 (O1: 1,18)



I 28. P28 is the converse of P26.
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F U7 (F1: 2,6)

-~ X(P[x] & Qx]) O & 18 (0O1: 3,7)
- X(P[X] & QX]) 19 (-l: 8)
X(P[x] & QX]) 1 10 (-E: 9)

~(PnQ =00 X(PX &Qx]) 111 (O1: 2,10)

(-~ (PnQ =00 IX(P[x] & QXx]) ) 12 ()1 11)

OPOQ( - (P n Q =¢0 X(P[x] & Qx]) ) ! 13 (O: 1,12)
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I P30 and P31 are commutative pairs, the duals of P19 and P20.
i

I 30.

FOP(Pn @ =0

P 11 (Prem
(Pn o 0o 1 2 (OE C3.11)
((Png@ D0 (Pn ¢ =¢) ! 3 (OE P10)
(Png OO (Png =9 4 (OE 3)
(Pn ¢ =0 1 5 (0OE 2,4)
OP (P n @ =0 1 6 (O: 1,5)
[
I 31.
FOP(en P =9
P 11 (Prem
(Pn @ =0 ! 2 (OE: P30)
((Pn@ =00 (¢nP) =9) 1 3 (0B C3.17)
(Pn@ =00 (¢n P =0 4 (OE 3)
(¢ nP) =0 1 5 (OE 2,4)
OP (@ n P) = ¢ I 6 (O: 1,5)

0



I P32 and P33 are commutative pairs, the duals of P21 and P22.
i

I 32. i
FOPOQ( P=¢0 (Pn Q =¢) i
P.Q 11 (Prem i
P=og 1 2 (Prem i
(PnQ OP ! 3 (0OE C3.10) |
P=¢@&(PnQ OP 4 (& 2,3) i
(P=¢@&(PnQ OPDO (PnQ =g¢)
| 5 (OE: P11) i
P=¢o&(PnQ OPO (PnQ =¢ ,! 6 (()E 5) i
(PnQ =g¢ 1 7 (OE 4,6) i
P=oO (PnQ =9 18 (01: 2,7) i
(P=o0 (PnQ =9) 9 (01 8) i
OPOQ( P=g@O (Pn Q =¢) P10 (D1 1,9) i
O

I 33. An alternative proof is a copy of P32's, which would have
t he advant age of having one | ess step. i

FOPOQ( P=¢e0 (Qn P) =0) i
P, Q 1 1 (Prem i
P=g I 2 (Prem i
(P=¢oO0 (PnQ =¢) ! 3 (OE P32) i
P=¢0 (PnQ =9 14 (OE 3) |
(PnQ =g¢ 15 (OE 2,4) i
((PnQ =00 (QnP) =¢) 16 (OB C3.17) |
(PnQ =00 (Qn P =9 b7 (OE 6) i
(Qn P) =0 1 8 (OE 5,7) i

P=¢oO (Qn P) =9 09 (0O1: 2,8) i



(P=ol (Qn P =9) 010 ()1 9)
OPOQ( P=¢ O (Qn P) =¢) 1 11 (O 1, 10)
0

I P34 and P35 are conmutative pairs.

I 34. P34 is the contrapositive of P32.

FOPOQ( - (PnQ =00 -P=g)

P, Q 11 (Prem
~(PnQ =9 1 2 (Prem
P=g 1 3 (Prem
(P=oO(PnQ =9) ! 4 (DE: P32)
P=@O (Pn Q =9 15 (()E 4)
(PnQ =g ! 6 (JE 3,5)
F 17 (F1: 2,6)
P=o0O &F 18 (O1: 3,7)
~P=g 19 (al: 8)
~(PnQ =¢0 =P=g 110 (O1: 2,9)
(- (PnQ =00 ~P=09) 011 () 1: 10)
OPOQ( = (Pn Q =0 - P=g) | 12 (Ol 1,11)
O

I 35. P35 is the contrapositive of P33.

FOPOQ( - (Qn P =90 ~P=g)

P, Q 11 (Prem
-(Qn P =9 1 2 (Pren)
P=og ! 3 (Pren)
(P=¢0 (Qn P =9) ! 4 (DE P33)
P=o0 (Qn P) =0 15 (OE 4)

(Qn P) =9 ,! 6 (OE 3,5)



F U7 (F1: 2,6)

P=o0 & 18 (0O1: 3,7)
-~ P =g 19 (-l: 8)
~(QnP) =90 -P=g 110 (O1: 2,9)
(-~ (QnP) =0l ~P=09) 011 (O 1: 10)
OPOQ( - (Qn P) =90 - P=g) I 12 (O 1,11)
O
| 36.

FOPOQOROS ( (PN Q =& ROP&SOQO (RN S =0)

P,QR S 11 (Prem
(PnQ =¢g&ROP&SOQ 12 (Prem
(PnQ =9 I3 (& 2)
ROP&SDOQ 14 (& 2)
(ROP&SOQO (RnS O(Pn Q)

| 5 (OE: C3.30)
ROP&SOQO(RNS O(PnQ ,!6()E 5
(RnS O(PnQ 1 7 (OE 4,6)
(PnQ =¢9&(RnS O(PnQ 18 (& 4,7)
((PnQ =¢0&(RnS)  O(PnQ O(RNS =9)

1 9 (DOE P11)
(PnQ =¢0&(RnS O(PnQ O(RNS) =09

110 (OE 9)
(RnS =0 )1 11 (OE 8,10)

(Pn Q =& RIOP&SIOQO (RN S) =90
012 (01 2,11)

( (Pn Q & RIOP&SOQO (RN S =9)

113 ()1 12)

OPOQROS ( (PN Q =0 & ROP&STOQO (RN S =9)
14 (0O1: 1,13)



I P37 and P38 are corollaries to P36.
I 37.

FOPOQOR( (PN Q =¢&ROPO (RNQ =¢)

P,QR 11 (Prem
(PnQ =0&ROP , 12 (Prem
QUQ ,! 3 (OE CL.4)
(PnQ =90&ROP&QONQ 14 (& 2,3)
((PnQ =0&RIOP&QUIQO (RN Q =0)

.1 5 (OE P36)
(Pn Q =¢0&RIOP&QIQIO (RN Q =0

16 (OE 3)
(RnQ =9 1 7 (OE 4,6)
(PnQ =¢0&ROPO (RNQ =0 08 (O1: 2,7)
((PnQ =0&ROPO (RN Q =9)

19 (01 8)

OPOQOR ( (PN Q =9& ROPDO (RN Q =0)
10 (O1: 1,9)

0
I 38.

FOPOQOR( (PN Q =9 &ROQO (PN R =0¢)

P,QR , 11 (Prem
(Pn Q =9&RIOAQ , 12 (Prem
POP ! 3 (OE Cl. 4)
(PnQ =9&POP&RORQ U4 (& 2,3)
((PnQ =90&POP&RIOQO (PN R =9)

! 5 (OE P36)
(PnQ =¢9g&POP&ROIQDOI (PN R =09

16 (OE 3)
(PnR =9 1 7 (OE 4,6)

(PnQ =0&RIOQO (PN R =0 08 (0O1: 2,7)



((PnQ =0&ROQO (Pn R =09)

19 (0O1: 8)

OPOQOR ( (PN Q =90&RIOQO (PN R =0)
10 (O1: 1,9)

1

I 39.

FOPOQR( (PN Q =¢&(Pn R O (Pn(QOR) =0)
P, QR 11 (Prem

0 12 (Prem

(Pn(QUR) =((PnQ O(PNnR)
1 3 (OE C3.53)

n
S

(Pn Q =¢0&(Pn R

(PnQ =90&(PnR =0
&(Pn (QUR) =((PnQ O(PnR)
4 (& 2,3)

((PnQ =9&(PnR =9
&(Pn(QOR) =((PnQ O(PnR)
O(Pn(QUR) =(00 9 )

1 5 (OE C2.40)

(PnQ =90&(PnR =0
&(Pn (QUR) =((PnQ O(PnR)

O(Pn(QOR) =(el g

! 6 (OE 5)
(Pn (QOR) =(o0 ¢ 1 7 (OE 4,6)
(¢0 9 =0 .1 8 (OE: P19)
(Pn(QUR) =(e0 9 &(o0 ¢ Ecp’! o (8 7.8)
((Pn(QUR) =(ol @ &(el @ =0

0O(Pn(QOR) =9)
1 10 (OE Cl1.15)

(Pn(QUR) =(eU @ &(o @ =9
O(Pn(QUR) =9

111 (OE 10)
(Pn (QOR) =9 112 (OE 9, 11)

(PnQ =0¢0&(PnR =00 (Pn (QUR) =09
113 (O1: 2,12)



((PnQ =0&(PnR

o0 (Pn (QUR)

=0)
114 (O

13) i

POQR ( (PN Q =¢9&(PNnR =90 (Pn (QOR) =¢)
I 15 (O 1,14) i

I P40 and P41 are comutative pairs. Their converses appear as
PA5 and P46. i

| 40. i
FOPOQ( (PnQ =90 PO(F)) i
P.Q 1 1 (Prem i
(PnQ =90 , 12 (Prem i

X , 13 (Prem i

PI X] , ! 4 (Prem i

PIx] &(PnQ =9 15 (& 2,4) i

( PIx] &(PnQ =00 -Qx]) ,! 6 (0 P23) i

Pix] & (P n Q =¢0 - Qx] 7 (OB 6) i

- QXx] ! 8 (OE 5,7) i

(- Qx] O (X)ix]) 19 (LB CA4) i

- Qx] O (Q)[x] 110 (OE 9) i

(F)[x] ! 11 (OE 8,10) |

Pix] O (Q)IxX] V12 (O1: 4,11) i

( Pixp O (QF)ix1 ) 13 (01 12) i

Ox ( Px] O (F)[x] ) 114 (O 3,13)
PO () 1 15 (% Cl.1,14) |
(PnQ =00 PO(F 116 (O1: 2,15)
((PnQ =900 PO(&F)) 017 ()1 16) i
OPOQ( (Pn Q =0 PO (X)) 1 18 (O1: 1,17) i

0



I 41. i

FOPOQ( (Pn Q =¢0 QO (PF) ) i
P, Q 11 (Prem i
(PnQ =0 I 2 (Prem i
((PnQ =00 (Qn P) =¢) 1 3 (0B C3.17) |
(PnQ =00 (Qn P =9 4 (OB 3) i
(Qn P) =0 I 5 (OE 2,4) i
((Qn P =¢@0 QO (P°) ) 1 6 (OE P40) i
(Qn P) =0 QU (P 7 (OB 6) i
Q O (PC) ! 8 (OE 5,7) i
(PnQ =¢0 QO (P°) 19 (0O1: 2,8) i
((PnQ =¢0 QU (P ) 110 (01 9) i
OPOQ( (Pn Q =0 QO (PC) ) I 11 (O: 1,10)
[
| 42. Law of Non-Contradiction: Intersection, Conplenent,
and Enpty Predicate Form i
FOP (Pn (PC)) =9 i
P 11 (Prem i
Ox = (P n (PC))[x] 1 2 (OE C4.9) i
( Ox = (P n (PE))ix1 O (Pn (PF)) =9)
1 3 (OE P17) i
Ox = (P n (PS))[x1 O (Pn (PF)) =09 ! 4((O)E 3 i
(P n (PC)) = o 1 5 (OE 2,4) i
OP (P n (PC)) =9¢ I 6 (O1: 1,5) i

0

I PA3 and P44 are commutative pairs. i
I 43. [

FOPOQQR( QO P&RO(PY) O (Qn R =9) [



P, Q R
QOP&R
(P n (PC))

(P n (P%))

( (P n (P%))

O (PC)

¢

& QO P &R O (P

1 (Prem
2 (Prem

3 (OE P42)

14 (8 2,3)

& QUOP&RO(PY) O (QNn R =9)

1 5 (OE: P36)

(Pn (PC)) =& QOP&RO(PCY) O (Qn R =¢
16 (OE 5)

(Qn R
QOP&RD

(QOP&R

OPOQOR ( QO P &R O (PC) O (Q

0

I 44,

¢

(P¢) O (Qn R =9

O (PC) O (Qn R

)

F OPOQOR( QO P &R DO (PC) O (R

P, QR
QOP&R
(QOP&

QOP&R

(Qn R
( (RQn R
(Qn R
(Rn Q

QOP&RD

(QOP&R

OPOQOR ( QO P &R O (PC) O (R

O (PC)
RO(PS) O (Qn R
O(PC) O (Qn R =

¢

o0 (Rn Q

o0 (Rn Q

¢ )

n
S

¢

(P¢) O (RnQ =9

0(P) O (Rn Q =

D

?)

R)

n Q

Q

?)

1 7 (OE 4,6)

18 (0O1: 2,7)

19 (01 8)

®)

=0)

10 (OI: 1,9)

, 11 (Pren

, 12 (Pren

=0)

3 (DE: P43)
4 (OE 3)

5 (OE: 2,4)
6 (OE: C3.17)
7 (()E 6)

8 (OE: 5,7)
9 (OI: 2,8)

10 (()1: 9)

11 (O 1, 10)



0

I P45 and P46 are the converses of P40 and P41l.

They are

here because they appel to P43 (directly or indirectly).

FOPOQ( QO (PS) O (Pn Q

OPOQ ( QU (PC) O (P n

0

FOPOQ( PO (Q) O (P

45,

P,

Q
QO (PY)

POP

POP&QDO (PY

(POP&QO(PS) O (Pn Q =

=0)

POP&QO(PC) O(PnQ =9

(PnQ =

¢

QO(PY) O (PnQ =9

( QO (PC) O (PnQ

46.

P,

Q
PO (&)

(PO(EF) O(Qn P

PO(F) O (Qn P

(Qn P) =
( (Qn P)
(Qn P
(PnQ

PO(EF) O(PnQ =9

(

PO ()

nQ =9)
=09)
=0
®
=0 (Pn Q =90)
0 (PnQ =9
®
O (PnQ =9)

©

1 10 (OI:

1
12
, 13
1 4
, 15
, 1 6
7
, 1 8
19

1 10 (()1:

(Prem

(Prem

(OE: Cl.4)
(&: 2,3)
(OE: P43)
(OE 5)
(OE: 4,6)
(O1: 2,7)
(O1: 8)

1, 9)

(Prem
(Prem
(OE: P45)
(OE 3)
(OE 2,4)
(0E: C3.17)
(OE 6)
(0E 5,7)
(O1:

2, 8)

9)

proved
[



OPOQ( PO(Q) O (Pn Q =9) I 11 (OI: 1,10)
0

I 47. PA7 conbi nes the two hal ves, P41 and P45.
i

FOPOQ( (Pn Q =¢ « QO (PC) )

P, Q 11 (Prem
((PnQ =¢0 QO (P°) ) 1 2 (DE P41)
(PnQ =¢0 QO (P°) 3 (0B 2)
(QOU(PC) O (Pn Q =¢) ! 4 (DE P45)
QU(P) D (PnQ =9 5 (OB 4)
(PnQ =¢ - QO (P 1 6 (=E 3,5)
((PnQ =¢-= Q0 (P ) 7 (01 6)
OPOQ ( (P n Q =96 - QO (P°) ) P8 (tis 1,7)
i

| P48 and P49 are commutative pairs.

| 48.

FOPOQ( QO PO ((P) n Q =09)

P, Q 11 (Prem
QU P 1 2 (Prem
(PC) O (PC) )1 3 (OE ClL. 4)
QU P & (PC) O (PC) 4 (& 2,3)

(QOPE&(PY) O(PY) O ((P) nQ =9)

1 5 (0E P44)
QUP&(PC) O (PC) O ((P) nQ =9

! 6 (O)E 5)
((P) nQ =9 1 7 (OE 4,6)
QOPO ((P¢) nQ =9 1 8 (O1: 2,7)
(QUPDO ((P) nQ =9) A9 (01 8)



OPOQ( QO PO ((P) nQ =9) I 10 (OI: 1,9)

O
| 49.
FOPOQ( POQO (Pn (F)) =¢)

P, Q 11 (Prem
POQ 12 (Prem
() 0 (&) ! 3 (OE Cl.4)
POQ&(Q) O () 14 (&l 2,3)
(PDQ&(F) O(F) O (Pn (XF)) =9)

1 5 (OE P43)
POQ& (L) O () O (Pn (X)) qul 5 (O 5
(Pn (@) =9 1 7 (OE 4,6)
POQO (Pn (X)) =0 18 (O1: 2,7)
(POQDO (Pn (&) =9) 9 ()1 8)
OPOQ( PO QO (Pn (QF)) =0) 1 10 (O1: 1,9)

0



