' CHAPTER 9
DOUBLET, TRI PLET, AND QUADRUPLET PREDI CATES;j

I This chapter introduces predicates which are satisfied by
several things. (a b 1) is satisfied by the things a and b,
(abc v) by the things a, b, and ¢, and (a b ¢c d *) by the
things a, b, ¢, and d.

The predicates will be applied only when the things are
distinct, and so the propositions proved herein are evidently a
preparation for arithnmetic with the nunbers 2, 3, and 4. The
nunber of propositions is kept to a bare mninmum For instance,

t he equivalence of (a b $) with (a*) when b is identical to ais
not proven, as it is not needed. i

I 1. ¥ represents a doublet predicate (which is satisfied by two
t hi ngs). i

D+ ; (ab¥) ;;{a:a=ala=h} i

2. i

F DadbOx ( (a b $)[x] « x =a O0x =b) i

a, b ! 1 (Prem i
Ox ( {a: a=alx =Db}[x] « x=alx=Db)

, 12 (Pred) i

Ox ( (ab )[x] =« x=aldx =Db) , '3 (DI: P1,2) i

OalbOx ( (a b ¥)[x] « x =a lx =b) ' 4 (0O: 1,3) i

[

I 3. i

F Dalb (a b ) = ((a*) O (b%)) i

a, b , 11 (Pren i

X 1 2 (Prem i

( (ab[x] «= x=alx=>b) ' 3 (OE P2) i

(ab $)[x] -« x=alx=b 4 (O)E 3) i

(a b F)[x] , 1 5 (Prem i

(ab1)[x] Ox=a0Ox=hb 16 (=E 4) i

x =alOx=b 1 7 (OE 5,6) i

X = a ,1 8 (Prem i

((a®) O (b*))[al 1 9 (OE ©8.33)

((a®) O (b*))Ix] ,1 10 (=E 8,9) i



x =a0 ((a) O (b*))[x] 111 (O1: 8,10)

X = b 1 12 (Prem i
((a®) O (b*))[b] 1 13 (OB ©8.32) |
((a®) O (b*))[x] 114 (=E 12,13) |

x =b O ((a*) O (b%))[x] 115 (O1: 12,14) |
((a®) O (b%))[x] 1 16 (CE: 7,11,15) |
(ab $)[x] O ((a*) O (b*))[x] 117 (O1: 5,16) |
((a*) 0O (b*))Ix] 1 18 (Prem i

( ((a*) O (b*))[x] < (a*)[x] U X

1
O
~

, 119 (OE C8.28)

((a®) O (b*))ix1 = (a%)(x] OUx =b,! 20 (()E 19) i
((a®) O (b*))[(x] O (a*)[x] Ox =h,! 21 (=E 20) i
(a®)[x] Ox = b 1 22 (OE 18,21)
(a%) [x] 1 23 (Prem i
((a")[x] O x =a) 1 24 (OB ©8.3) i
(a®)[x] O x = a 125 (()E: 24) i
X = a 1 26 (OE 23,25)
x =alOx =b 127 (O: 26) i
(a®)[x] O x =aOx =b 128 (O1: 23,27)
X = b 129 (Prem i
x =alOx =b 130 (O: 29) i
x=bOx=alOx=hb 131 (01: 29,30) i
x =adx =b 1 32 (CE: 22,28, 31)
i

x =aOx =b0O (ab f)[x 1 33 (<E 4) i
(a b 1)[x] | 34 (OE 32,33)
((a®) O (b°))[x] O (ab ¥)[x] 1 35 (O1: 18,34) |

(a b 1)[x] = ((a*) O (b*))[x] 136 (=1: 17,35) i



( (abHix1 <« ((a%) d (b*))[x] ) 37 ()1 36)

Ox ( (a b £)[x] = ((a®) O (b*))[x] ) ! 38 (OI: 2, 37)
(ab f) =((a*) O (b)) 1 39 (%: CL7)
Oadb (a b 1) = ((a*) O (b*)) | 40 (OI: 1,39)
O
| 4.

F OadbOx ( - x =a &-x=b 0 = (ab f)[x])
a, b, x 11 (Prem
- X =a&-x=>0 12 (Prem

b) )
1 3 (OE 13.14)

I
QD
(I
X

I

(- x=a&-x=b0 = (x

=X =Za&-x=Db 0O = (x =alx =Dbhb)

4 (OE 3)
~(x =a0Ox =b) 1 5 (OE 2,4)
(a b 1)[x] 1 6 (Prem
((abt)[x] « x=alOx=b) 1 7 (DE: PR)
(abf)[x] -« x=alOx=hb 18 (()E 7)
(abf)[x] O x=alOx=hb 19 (-E 8)
x =alx =bh 1 10 (OE 6,9)
(x =a 0x = b) 111 ()1 10)
¥ 112 (F1: 5,11)
(abf)[x] 0 F 113 (O1: 6,12)
= (a b 1)[x] 114 (-1 13)
~x=a&-x=b0 = (ab t)[x] 115 (O1: 2,14)
(~x=a&-x=bO =(abt)[x]) ,! 16 (()I: 15)

OadbOx ( = x =a &-=-x=b 0O =(ab )[x])
1 17 (O1: 1, 16)

0

I' 5. v represents a triplet predicate (which is satisfied by
t hree things).



D v ; (abcvwv); ;{a: a=ala=Db0a-=c}
I 6.

F OadbOcOx ( (abc w)[X] « x=alOx=bOx=c)

a, b,c 11 (Prem
Ox ( {a: a=ala=Db0a=c}[X]
= X=Zalx=b0Ox =c¢)
, 1 2 (Pred)
Ox ( (abc w)[X] = x=alx=bOx =c)
, 13 (DI: P5,2)
OalblOcOx ( (abc vw)[X] « x=alx=Db0Ox =c)
4 (0O 1,3)
O
I 7.
F DaObOc (a b c w) =((abt) O (c*))
a, b,c , 11 (Pren
X 12 (Prem
((abc w)[x] e x=alx=bOx =c)
, ! 3 (0OE P6)
(abc w)[x] «= x=alx=blOx-=c
4 (OE 3)

( ((ab¥) O(c*))ix] = (abi)[x] Ox =c)
! 5 (OE: C8.28)

((ab 1) O(c*))Ix] = (ab)[x] Ox =c
6 ((O)E 5)
( (ab)[x] « x=alx=>b)
7 (OB P2)
(ab)[x] = x=alx=hb 18 (OE 7)
(a b c v)[X] , 19 (Prem
(abcwvx Ox=alOx=bOx=c¢c
110 (=E 4)
Xx =alx =b Ox =c , 111 (OE 9,10)

Xx =alx =D , 112 (Prem



x =alUx=Db 0 (ab })[x , 1 13 (=<E 8) i
(a b ¥)[x] 114 (OE 12,13) |
(ab)[x] Ox =c , 015 (O 14) i

x=alOx=b 0O (abf[x Ox =c,! 16 (OI: 12,15) |

X = C , 1 17 (Prem i
(ab $)[x] Ox =c 118 (O: 17) i
x =cO (ab $)[x] Ox =c 019 (O1: 17,18)
(ab t)[x] Ox =c 1 20 (CE 11,12, 19)

(ab $)[ix] Ox =c O ((abif) O (c*))ix]

1 21 (<E 6) i
((ab$) O (c*))ix] 122 (OE 21) i
(abcw[x] O ((abit) O(c))[x] ,' 23 (01: 20,22) i
((a b %) O (c*))x] 1 24 (Prem i
((abF) O(c*))Ix1 O (abiF[x] Ox =c
1 25 (<E 6) i
(ab $)[x] Ox =c¢ 1 26 (OE 24,25)
(a b $)[x] 1 27 (Prem i
(ab$)[x] Ox=aOx-=hb 1 28 (~E 8) i
Xx =alx=Db 1 29 (OE 27,28)
x =alx=b0Ox =c ;130 (O: 29) i

alx =b0Ox =c¢c
031 (O1: 27,30)

(ab ¥)[x] O x

X = C ,1 32 (Prem i
X =alx =b 0Ox =c ,1°33 (O: 32) i
X =c O x=alx=b0Ox =c¢ 134 (O1: 32,33)
Xx =alx =b 0Ox =c , 1 35 ([E 26, 31, 34)

x =alx =b0Ox =c0 (abc vw)I[x]
, 1 36 (=E 4) i



(a bc w)[x] , 1 37 (OE 35, 36)
((ab*) O(c*))ix1 O (abcw)ix ,! 38 (0Ol: 24)
(abc v)[(x] « ((ab¥f) 0O (c*))ix ,! 39 (=1: 23,38)

( (abcwv)ix] = ((ab¥) 0O(c*))ix1)
140 (()1: 39)

Ox ( (abc wv)[x] = ((ab$f) O(c*))Ix])
141 (0O 2, 40)

(abcw) =((abi) 0(c*)) 142 (&l: Cl.7,41)
Oalbldc (abc wvw) =((ab f) 0O (c*)) I 43 (Ol : 1,42
O
I 8.

F DadbOcOx ( - x =a & - X =b &-Xx =¢
O = (abc vw)[Xx])
a, b,c,x , 11 (Pren
A X =a&-x=b&-Xx=c¢ 12 (Prem
(a bc v)[x] , 13 (Prem
((abc wW)[X] =« x=alx=DblOx=c)
| 4 (OE: P6)
(abc w)[Xx] e« x=alx=bOx =c
5 (OE 4)
(abcw[x] Ox=alx=bOx=c
1 6 (=E 5)
X =alx=b Ox =c¢ 17 (OE 3,6)
Xx =alx=Db ,1 8 (Pren
(x =a lx =Db) 19 ((0)1: 8)
- X =a&-x=0Db , 110 (& 2)

(- x =a&-x b O -(x=alOx=Db))

111 (OE 13.14)

- X =a&-x=b0-(x=alx=Db)
112 (OE 11)

- (x =a x = b) , 1 13 (OE 10, 12)

F 114 (F1: 9,13)



x =alx =Db 0 F , 115 (O1: 8, 14) i

X = C ,1 16 (Prem i

- X =cC 117 (&E: 2) i

F , 118 (F1: 16,17)

x =c 0O F ,119 (O1: 16,18)
F 1 20 (CE: 7,15,19) j
(abcwvix O€F 121 (OI1: 3,20) i
- (a b c w)[X] 122 (=1 21) i

- X=a&--x=b&-x=c0 = (abc wv)[x]
123 (OI1: 2,22) i

(- x=a&-"x=b&-x=c0 =~ (abcwv)[x])
124 (()I1: 23) i

OalbOcx ( - x =a &~ xXx=b &-x=c0 = (abc wv)[X])
I 25 (0O1: 1,24 i

0

I 9. % represents a quadruplet predicate (which is satisfied by
four things). i

D »; (abcd=®); ; {a: a=z=ala=>b0a=c0Oa-=d}

I 10. i

F DaObOcOdOx ( (a b ¢ d *)[X]
e X =alx=b0Ox=c0Ox=4d) i

a,b,c,d 1 1 (Pren) i
[x( {a: a=ala=b0a=c0a=d}[x]
e X=alx=b0Ox=c0Ox =d)
, 12 (Pred) i
Ox( (abcd*)[X] « x=alx=bOx=clOx=4d)
, 13 (DI: P9, 2) |
OalbOcOdOx ( (abcd*)[x] « x=alUx=b0Ox=c0Ox=4d)
4 (0O: 1,3) i
O
11, i

F DaObOcOd (a b cd ) =((abc w) O(d)) i



a,b,c,d ,11 (Prem i
X , 12 (Prem i

((abcdH*)[Xx] e x=alUx=b0Ox=c0x=4d)
, 1 3 (OE P10O) i

(abcd*)[x] «e x=alx=bOx=c0Ox=4d
4 (0OE 3) i

( ((abcw) O(@d*))[X] = (abcwv[x] Ox =d)
, ! 5 (0OE C8.28) i

((abcw) O(d*))[xX] =« (abcwvw[x] Ox =d
16 ((O)E 5) i
((abc w)[x] e x=alx=bOx =c)
' 7 (OE 6) i
(abc w)[(x] «= x=alx=blOx-=c
8 (0OE 7) i
(abcd*)[x 19 (Prem i
(abcd*)[x] Ox=alOx=b0Ox=c0Ox-=4d
,1 10 (=E 4) i
X =alx=b0Ox=cOx=4d , 111 (OE 9, 10) i
Xx =alx =Db0Ox =c , 112 (Prem i
Xx =alx=b0Ox=c0 (abc wv)[X]
, 1 13 (=E 8) i
(a bc v)[x] 114 (OE 12,13)
(abcw[x Ox =d 015 (O 14) i

x =alx=b0Ox=c0 (abcwvw)[x] Ox=4d
016 (O1: 12,15)

X = d , 117 (Prem i
(abcwv[x Ox =d ,0 18 (O: 17) i
x =d0O (abc wv)[x] Ox =d 019 (O1: 17,18)

(abc wvw)[x] OKX d , 1 20 (CE 11,16, 19)

(abc w)[x] OXx d O ((abcw) O(d*))[x]

1 21 (=E 6) i



((abcw) O(d*))x 122 (OE 20,21)

(abcd*[x1 O((abcw) O((d))x
123 (O1: 9, 22) i

((abcw) O(d))x] 1 24 (Prem i

((abcw) O(d))[x] O (abecw)[x] Ox =d

! 25 (=E 6) i

(abcwv(x Ox =4d 126 (OE 24,25) |

(a bc v)[x] , 127 (Prem i
(abcwvw[x Ox=alUx=b0Ox=c

,1 28 (=E 8) i

X =alx=b0Ox =c¢ , 129 (OE 28) i

X =alOx=bOx=c0Ox =d , 130 (O: 29) i

(abcwvw[x Ox=alx=b0Ox=c0Ox-=4d
031 (O1: 27,30)

X = d ,! 32 (Pren) i

Xx =alUx=b0Ox=c0x=4d 133 (O: 32) i

134 (O1: 32,33)

X =alx=b0Ox=cOx=4d , 1 35 ([E 26, 31, 34)
i

X =alx =b0Ox =cOx=d0 (abcd*)[x]
, ! 36 (=E 4) i

(abcd*)[x , 1 37 (OUE 35,36) |

((abcw) O(d))[x] O (abcd»¥I[x]
138 (O1: 24,37)

(abcd+)[x] « ((abcwv) O(d))[x]
1 39 (=1: 23,38) j

( (abcd)[x] = ((abcwv) O(d))ix] )
1040 (()1: 39) i

Ox( (abcd*[x] « ((abcwv) O((d))(x])
141 (01 40) i

(abcd=H* =((abcw) O(d*)) 1 42 (Fl: CL.7,41)



Oal0bOcOd (abcd %) =((abcwv) O(d))
| 43 (0O1: 1,42)



