I CHAPTER 10
COMPOSI TI ON;j

I This chapter introduces the concept of conposition. x bears
the conposition of two relationships Rand S, witten (R° S),

toy if and only if there is a z such that x bears Rto z and z
bears S to y. i

I '1. ° represents conposition. i
D °; (Re9 ; ; {ab: [(Raz] & Sz, b])} i
I 2. Fundanental Proposition of Conposition. i
F OROSOxOy ( (Re° S)[x,y] < Z(Rx,z] & Sz,y]) ) i

R, S , 11 (Prem i

OxOy( {a,b : (Ra,z] & §z,b])}[x,VY]

< [Z(RXx,2z] & §z,y]) )
,1 2 (Pred) i

OxOy ( (R° 9§[x,y] = [EZ(RX, 2] & §z,y]) )
1 3 (DI: P1,2) i

OROSOxOy ( (R° §[X,y] = [EZ(RX,z] & Sz,y]) )
I 4 (0O 1,3) i

0

I 3. Fundanental Proposition of Conposition, First Half.
i

F OROSOxOy ( (Re° S)[x,yl] O Z(RX,z] & S[z,y]) ) i
RS, X,y ,!'1 (Prem i

( (R°9Ix,yl = Z(RX,z] & 9z,y]) ) .! 2 (UE P2) i
(R 9Ix,yl = [Z(RX, z] & §[z,y]) 13 (0OE 2) i
(Re9[x,y] O [Z(Rx,2z] & §[z,Y]) !4 (-E 3) i
( (Re9Ix,yl O Z(Rx, z] & S[z,y1) ) .! 5(()I: 4) i

OROSOxOy ( (R e° 9[x,y] O H(Rx,z] & Sz,y]) )
I 6 (OI: 1,5) i

0

I 4. Fundanental Proposition of Conposition, Second Half.
i

F OROSOxOy ( z(Rx,z] & S[z,y]) O (R° SI[x,y] ) i



R! S,X,y

( (R°9[x,Y]
(R° 9)[x,y] = [EZ(RX,z] & S[z,Y]) !

[(Z(R[ X, 2]

& S[z,y]) O (R=° SI[X,VY]

( Z(Rx,z] & S[z,y]) O (R° 9[x,y] )

= [Z(Rx,z] & §[z,y]) ) ,!

1 (Prenm

2 (OE P2)
3(OE 2

4 (=E 3)

5 (()I: 4)

OROSOxOy ( Z(RXx,z] & Sz,y]) O (R° S[x,y] )

0

6 (O: 1,5)

I 5. P5 is usally nore convenient to use than P4.

F OROSOxOyOz ( Rx,z] & S(z,yl] O (R° S)[x,y] )

R S Xx,y,z

RIx,z] & S[z,y]
(RIx,z] & S[z,Yy]) :

[(Z(Rx,z] & §[z,Y]) :

( [2(Rx,z] & S(z,y]) O (R° 9[x,y] )

[(Z(RXx,z] & S[z,y]) O (R° §I[X,y]

(R° S)[x,Y]

R[ X, 7]

& S[z,y] O (R~° SI[x,y] :

( Rix,z] & §[(z,vy]

OROSOxOyOz ( Rx,z] & S[z,Y]

0

O (R°9[x,y] )

I 6. Conposition maintains inclusion.

1 (Prem

2 (Prem
3(0)1: 2)
4 (O: 3)

5 (OE P4)
6 (()E 5)
7 (OE: 4,6)
8 (OIl: 2,7)
9 ((O)I: 8

O (Re°9Ix,y] )

10 (O: 1,9)

FOROSOTOU ( RET&SEUD (ReS) E(TeU )

R, S,

R

N —

U

T&SE U

1 (Prem

2 (Prem



RET 1 3 (& 2)
SE U 14 (&E 2)
X,y , 1 5 (Prem

(R° S)[x,V¥] ,1 6 (Prem

( (R°9Ix,y] O Z(RX,2z] & §[z,y]) )

1 7 (OE P3)
(R 9Ix,yl O [Z(RX, 2] & §[z,Y])

8 (OE 7)
[(Z(RX,2z] & S[z,VY]) , 1 9 (OE 6,8)
(RIx,z] & S[z,y]) , 110 (CE 9)
Rix,z] & S[z,vV] 111 (O)E 10)
RIX, z] 112 (& 11)
Rix,z] & RE T 113 (& 3,12)
( Rx,z] &RE T O Tx, 2] ) 1 14 (OE CL.2)
Rix,z1 &RE T O T[x, z] 115 (()E 14)
TIx, z] ,1 16 (OE 13, 15)
S[z, Y] 117 (&E 11)
S{z,y] & SE U 118 (&l 4,17)
( S[z,y] & S& U0 Uzvy] ) ,! 19 (OE C1.2)
S[z,yl] & S& UO Uz,y] 1 20 (OE 19)
Uz,vy] )1 21 (OE 18, 20)
T(x,z] & Uz,vVy] 122 (&: 16, 21)
( Tix,z] & Uz,yl O (T -° UYIlx,y] )

1 23 (OE P5)
T(x,z] & Uz,y] O (T ° UIX,VY] 124 ((O)E 23)
(T > UIx,y] ! 25 (OE 23, 24)

(R° S)[x,yl O (T > UIlx,V] ,1°26 (OI: 6,25)
( (Re9Ix,yl O (T - UIlx,y] ) 127 (()1: 26)

OxOy ( (Re° S[x,yl O (T-°>UIlx,y]l ) ,! 28 (0OI: 5,27)



(R°S) € (T - U

[[g]

T

Py
[[]

& S &

T &S

UO (R°S) € (T e U

-

UDO (R°S) € (T°U )

29 (%l:

1 30 (O1: 2,29)

1 31 (()1: 30)

OROSOTOU ( RET&SEUDO (ReS) E(T U )
1 32 (O: 1,31)

0

I 7. Conpositi

F OROSOTOU (

R

181
R
R

cC o o »n —~~ n 4 W = Py
i un In m-wn w0 N m- o
—

)
[[g]

[[g]

R

T,

U

T &S

1]
—
(|

on

R

_|
O
Py
([

m c
C
|

c
O
(0]

-

mai nt ai ns equi val ence,

T&S=UDO (R°9) =

(]
(]

T&T R)

T&TER

ni.

(T>U )

' 1 (Prem

' 2 (Prem

I 3 (&: 2)

| 4 (OE: Cl.11)

I 5 (()E: 4)

I 6 (OE 3,5)

| 7 (& 6)

| 8 (&E 6)

I 9 (& 2)

10

11

12

13

14

15

SUO (RS E(T-U )

UD (ReS) & (T - U

(R°S) € (T U

I 16

17

I 18

(0E: Cl.11)
(OE 10)
(OE 9,11)
(&€ 12)
(&E: 12)

(& : 7,13)

(OE: P6)
(OE 16)

(OE 15,17)

Cl.1,28) |



(T~

TER&UE S 119 (&: 8,14)
(TER&UE SO (TeU E(R°9) )
.1 20 (OE: P6)
TER&UE SO (TeU E(R°S) ,! 21 (()E 20)
(TeU £ (RS 122 (OE 19,21)
(ReS) S (T°U &(T°U E (R°YS)
123 (& 18,22)
((R°S) £E(T°U &(T>U E (R°Y9)
O (R>98 E(T-U )
,! 24 (DE: CL.6)
(R°S) £ (T°U &(T°U £ (R°S) O (R°9S) =
125 (()E 24)
(ReS) = (T - U 1 26 (OE 23,25)
RET&S=UD (R°S) = (T-eU 127 (O1: 2,26)
(RET&SEUD (ReS) E(TeU ) ,! 28 (()I: 27)
OROSOTOU ( RET&SEUD (ReS) E(TeU )
| 29 (OI: 1,28)
O
| 8. Conposition maintains equival ence, n2.
FOROSOT ( SETO (R°S) =E(ReT) )
RST 11 (Prem
SET 1 2 (Pren
RE R ! 3 (0E C1.7)
RER&SE=T 14 (& 2,3)
(RER&SE=ETO (R°eS) =E(R°T))
! 5 (OE: P7)
RER&SETO (ReS)  =E(R°T) ,! 6 (()E 5)
(R°S) = (R°T) 1 7 (OE 4,6)
SETO (R°S) E(R°T) 18 (O1: 2,7)



(SETO (R°S)

(R

T) ) , !

OROSOT ( SETO (R°S) E(ReT)) !

0

I 9. Conposition maintains equival ence, n3.

FOROSOT ( SETO (S°R E(T°R )

RST N
SET !
R= R N
SET&RER N
(SET&RE=ERO (S°R = (T°R )

!
SET&RERO (S°R E(T°R !
(S°R = (T°R !

SETO (S°R = (T°R !
(SETO (S°R = (TR ) !

OROSOT ( SETO (S°R =E(T°R) ) !

0

I 10. Associativity of

F OROSOT (R° (S ° 1))

R ST

X, Y

Conmposi tion (Around Equival ence).

((R°S) =T
!

9 (()I: 8)

10 (OI: 1,9)

1 (Prem
2 (Prem
3 (OE C1.7)

4 (&: 2,3)

5 (OE: P7)

(o2}

(OE 3)

\l

(OE 4,6)

18 (0O1: 2,7)

19 (01 8)

10 (OI: 1,9)

1 (Pren
2 (Prem

( (Re(S>MIx,yl = [EZ(RX, 2] & (S~ Tiz,y]) )

3 (OE P2)

(Re (S°TM)Ix,yl < EZ(RX,2] & (S~° T)[z,Y])

4 ((O)E 3)

( ((R° 98 °>T)[x,y] « EZ((R°9I[x,2z] & T(z,y]) )

((R°S) °T)Ix,vyl]

5 (OE: P2)

= [EZ((R~° 9 [x,z] & T[z,Y])

6 (OE 5)



(Re° (S =°T))IX, Y]

(R (S°T))Ix,y]

[Z(Rx,z] & (S ~° T)[z,y])

(RIx, 2] & (S~ T)[z,y1)
Rix,z] & (S~ T)iz,y]
R, 2]

(S > Tz, yl

( (S°MNiz,y]

O k(R X, z]

V7 (Prem

& (S ° T)lz,y1)
1 8 (=E 4)
1 9 (OE 7,8)
110 ([E: 9)
111 (()E 10)

112 (&E 11)

113 (&E 11)

O 2(S[z,z] & T(z,y1) )

, 1 14 (OE P3)
(S°MNlz,y] O [[Ek(Sz,z] & T(z,y]) ,! 15 (OE 14
(Z(S[z,2] & T[z,VY]) ,1 16 (OE 15)
(S[z,v] & T[v,Vy]) 117 ([E 16)
S[z,v] & T[Vv,YVY] 118 ((OE 17)
Sz, V] , 119 (& 18)
TIv, yl , 1 20 (& 18)
RIx,z] & Sz, V] 121 (&: 12,19)
( Rx,z] & S[z,vl O (R-°9S)[x,v] ) ,! 22 (UOE P5)
Rix,z] & S[z,v] O (R ° S)[x, V] 123 (OE 22)
(R ° S)[x, V] 124 (OE 21, 23)
(Re° S)[x,v] & T[v,V] 125 (& : 20, 24)
((R° 9S[x,v] & T[v,Vy]) 126 (()I1: 25
(Z((R° S)[x,z] & T[z,Vy]) 1027 (O: 26)
Z((R~° §Ix,z] & Tiz,y]) O ((R° 9 ° T)Ix, Y]

, 1 28 (=E 6)
((R°S) °T)ix,vyl] 1 29 (OE 27, 28)

(Re(S°TM)ix,yl O ((R°9) ° T)(x,y]

, 130 (O1: 7,29)

((R°S) ° T)ix,y] ,! 31 (Prem



((R°9 °Tix,yl O Z((R - §[x, 2]
|

(Z((R° S)[x,z] & T[z,Vy]) !
((R° §)[x,2] & T[(z,Yy]) , |
(R° 9S)[x,z] & T[z,YV] |
(R ° 9§)[x, 2] |

Tl z,V] .

& T(z,y])

32 (=E
33 (OE
34 ([E:
35 (()E:
36 (&E:

37 (&E

( (Re° 9S[x,z1 O EZ(Rx,z] & §z,2]) )

, !
(R° 9[x,z1 O [E(Rx,z] & S[z,2z]) ,!
(Z(Rx,z] & Sz, 2]) , !
(RIx,vl & v, z]) !
R x,v] & S[v, z] , |

R X, V] , |
S[v, 7] , |
Sv,z] & T[z,VY] , !

( Siv,z] & Trz,yl O (S°T[v.yl ) ,!
S[v,z] & T[z,y] O (S° T)[v,y] !
(S > MIv,y] !
RIX,vl] & (S ° T)[V,VY] !
(Rix, vl & (S ° T)[v,y]) !

[Z(Rx,z] & (S ~° T)[z,y]) !

Z(RXx,2] & (S ° T)[z,y]) O (R° (S°T))Ix,Vy]

(Re° (S =°T))IX,YI !

((R°8) »T)[x,y] O (R° (S°T))Ix,Yyl
|

(Re (S°M)Ix,yl = ((R°S) ° T)[x,y]
|

38 (OE:
39 ()E
40 (OE
41 ([E:
42 (()E
43 (&E:

44 (&E:
45 (&

46 (OE:
47 (()E:
48 (OE:
49 (&l :
50 (()1:

51 (0O:

52 ( ~E:

53 (OE:

54 (01

55 (ol :

6)

31, 32)
33)

34)
35)

35)

P3)
38)
36, 39)

40)
41)

42)

42)

37, 44)

P5)
46)

45, 47)
43, 48)

49)

50)

4)

51, 52)

31, 53)

30, 54)



( (Re(S°>TM)Ix,yl = ((R°S) > T)[x,yl )
1 56 (()!: 55)

OxOy ( (R°(S°M)Ixyl = ((R°S °Tix,y] )
1 57 (O1: 2,56)

(Re (S°T)) E((R°S) T ! 58 (%l: CL.5,57) i
OROSOT (R° (S°T)) E((R°S) °T) | 59 (O1: 1,58)

0

I 11. The inverse of a conposition is the conposition of the
i nverses (in inverse order).

F OROS ((R° S)*) £ ((S*) ° (RY))

R, S 11 (Prem
X,y , 12 (Prem
( ((R°S)")[x,y] = (R°S)[y,x] ) ,! 3 (OE C3.2)
((R°9™)[x,y] = (R° 9y, x] 14 (OE 3)
( (R°9[y,x] = [E(RYy,z] & S[z,x]) )
! 5 (OE P2)
(RO S)[y,X] And DZ(R[y!Z] &S[Z!X]) !! 6 (()E 5)

( ((S") o (R))Ix,yl = C2((S)Ix,z1 & (R)(z,y1) )
17 (OB P2)

((S") ° (R))Ix, ¥yl = Z((S")Ix,2] & (R')[z,y1)

18 (OE 7)
((R°S)")[x,y] 19 (Prem
((R°9")ix,yl O (R° 91y, x 1 10 (-E 4)
(R° 9)[y, X] ! 11 (OE 9, 10)

(R° 9)[y,x] O Z(RyYy,z] & S[z,x]) ,! 12 (=E 6)

Z(RY, z] & S[z,Xx]) 113 (OE 11,12)
(Ry,z] & S[z,X]) ! 14 ([E 13)
Ry, z] & S[z,x] 115 (()E 14)

Ry, z] ,1 16 (& 15)



( Ry,z1 O (R)[z,y] ) ! 17 (OE C3.4)

Ry, 2z O (R)iz,y] 18 (OE 17)
(R) [z, y] 1 19 (OE 16, 18)
Sz, x] 1 20 (&E: 15)
( Siz,x] O (SY)I[x,z] ) ! 21 (OE C3.4)
S[z,x] O (S")[x, z] 122 (OE 21)
(S [x, z] 1 23 (OE 20, 22)
(S)Ix,2]1 & (R)[z,v] 124 (& 19, 23)
((S)[x,21 & (R)(z,y]) 125 (O1: 24)
Cz((S) (%, 21 & (R)[z,¥1) ! 26 (O: 25)

Z((S")ix, 2] & (R)[z,y1) O ((S") ° (R))Ix, Y]
1 27 (=E 8)

((S") = (R))Ixy] 1 28 (OE 26,27)
((R° 9 )x,yl O ((S*) ° (R))Ix,y1,! 29 (O1: 9,28)
((S*) ° (R))IxX, I .1 30 (Prenm)

((S") o (RY))Ix,y1 O ((S")Ix, 21 & (R)[z,y1)

1 31 (<E 8)
Z((S)[x, 2] & (R)[z,y]) ! 32 (OE 30, 31)
((S)1x,21 & (R)(z,y1) ! 33 ((E 32)
(S)ix. 21 & (R)Iz,y] ! 34 (OE 33)
(S")(x, 2] | 35 (&E: 34)
( (S")[x,2z] O Sz,x]) ! 36 (OE C3.3)
(S")[x,2z] O Sz, x] 1 37 (()E 36)
Sz, X] .1 38 (OE 35,37)
(R)[z,y] 139 (&E: 34)
( (R)1z,y1 O Ry, z]) 1 40 (OE C3.3)

(R)(z,y1 O Ry,z] 141 (OE 40)



Ry, z]

Ry, z] & Sz, Xx]

(Ry,z] & S[z,X])

[(Z(RY,z] & S[z,x])

[Z(RYy,z] & S[z,x]) O (R° 9Ly, x] ,

(Re° 91y, X]

(R° S)[y,x]1 O ((R°S)7")Ix,vy]
((R° 9")[x,y]

((S*) ° (R))Ix,y1 O ((Re° S)™)[x,y],

((R°9™)x,yl = ((S") ° (R))Ix,y1,!

( ((R°9M)Ixyl < ((S) ° (R))Ix 1)

OxOy ( ((R° 9™)x,y1 = ((S) ° (R))Ix,y1)

((R=97) =

OROS ((R° 9)7%)

0

((S) ° (R))

((S) ° (R))

42

43
44

45

46

a7

48

49

50

51

52

(OE 39, 41)
(&: 38,42)
(()1: 43)
(O: 44)
(<E 6)
(O1: 45, 46)
(=E 4)
(OE 47, 48)
(O1: 30, 49)
(=1: 29,50)

(O)1: 41)

, 1563 (0O: 2,52)

1 54 (% : CL.5,53)

| 55 (Ol: 1,54)

1 12. P12 reverses the order in P11 of the terns around the
equi val ence si gn.

F OROS ((S) ° (RY))

R, S

((R°97)
( ((Re 97

((R°9)7)

((S") ° (R))

((R°9)7)

((S) ° (R))

((S") ° (R)) O ((S") ° (R))

, 11 (Pren

1 2 (OE: P11)

((S") ° (R)) O ((S") ° (RY))
,! 3 (OE C1.8)

((R°97%)

OROS ((S") ° (R")) =

0

((R° 97

= ((R°97)

((R°9)7)

14 (0B 3)

1 5 (OB 2,4)

| 6 (O0: 1,5)



I 13. The conposition of a relationship and our enpty predicate
is enpty. i

FOR(Re @) E o i

R 01 (Prem i
(OxOy = (R° ®)[x,y] O (Re ® = @) ,! 2 (0E C48) i
OxOy = (Re ®)[x,y] O (Re ®) E @ 3 (OE 2) i
X,y 14 (Prem i

(Re° P)[x,y] ,! 5 (Pren i

( (Re®)[x,y] O Z(RX,2z] & P[z,y]) )
1 6 (OE P3) i

(Re ®)[x,y] O Z(Rx,2z] & P[z,y]) ,! 7 (()E 6) i

(Z(RIX,2z] & P[z,Y]) , 1 8 (OE 5,7) i
(RIx,2z] & P[z,Y]) P9 (LB 8) i

R X,z] & ®[z,V] 110 (OE 9 i
P[z,yV] 111 (& 10) i

- P[z,vy] 112 (OE C4.3) i

F 113 (F1: 11,12)
(Re ®)[x,y] O F 1 14 (O1: 5,13)
= (R ° ®)[Xx,YV] , 115 (=l: 14) i
OxOy = (R ° ®)[X,Y] 016 (O : 4,15) i
(Re ®d) E 0 , 117 (OE 3, 16) i
OR(R° ®) E @ I 18 (O1: 1,17) i

0

I 14. The conposition of our enpty predicate with any
relationship is enpty. i

FOR(® R £ o i
R 11 (Prem i

(OxOy = (@ ° R[x,y] O (® >R E 9 , 1 2 (OE C4.8) i



OxOy = (@ > R[x,yl] O (P ° R

X,y
(P ° RI[x,V]

( (@ °R[x,y] O Z(P[X,2z] &RzYyl))

® 13 (OE 2)

, 1 4 (Pren

, ' 5 (Prem

1 6 (OE: P3)

(® ° RI[x,yl O Z(Px,2z] &Rzvyl).,!' 7 (()E 6)

z(®[x, 2] & Rz,y])
(®[x,2] & Rz,y])
Prx,z] & Rz,Y]
P[ X, z]
- P[X, Z]
F

(® ° R[x,y] O F

(@ ° RIx,y]

OxOy = (@ ° R[X,VY]

(@ ° R =0

8

9

10

11

12

13

14

15

16

17

18

(0OE 5,7)
(LE: 8)
(OE 9)
(&E: 10)
(OE: C4.3)
(F1: 11,12)
(O1: 5,13)
(-l: 14)
(Ol: 4,15)
(OE: 3,16)
(O 1,17)

F OROSOxOy ( Rix,y1 & (SD [yl O ((R° S)Dx1)

R! S,X,y

RX,yl & (SPry
R X, Y]

(SP)1y]

( (SPiy1 O ¥ Sy, y1 )
(SD1y1 O Oy Siy,y]

Ly Sy, Y]

Sy, z]

11 (Prem

2
3

N

(63

\l

(o¢]

(Prem
(& 2)

(&E: 2)
(OE: C5.3)
(OE 5)
(OE 4,6)

(CE 7)



RIx,y] & 9y, Z] 19 (&: 3,8) i

( Rx,yl & S[y,z1 O (R° §i[x,z1 ) ,! 10 (UE P5) i
RX,yl & S[y,z] O (R° S)[x,2] 1 11 (()E 10) i
(R ° S)[x, z] 1 12 (OE 9,11) i
( (R°9Ix,z21 O ((R°>9Dx1) ! 13 (DE C5.5) |
(Re9Ix,z1 O ((Re°9brx 114 (OE 13) i
((R° S)Dx 115 (OE 12,14) |
Rx,yl & (SP1y1 O ((R° 9)Dix 116 (O1: 2,15)
( Rx,yl &(SPIy1 O ((R°9D1x3 ) 1 17 (O1: 16) i

OROSOxOy ( Rx,yl & (SP1y1 O ((Re S)Dx1 )
I 18 (OI: 1,17) i

0

I 16. The image of a conposition is the domain of the
conposition of the inverse (in inverse order). i

FOROS ((R° 9 ) = (((S") = (R))D i

R, S , 11 (Pren i
((Re9l) = (((R°9")D ! 2 (OE ©6.15) |
((R°9%) = ((S") ° (R")) ! 3 (OE P11) i

( ((R°9%) E ((S") ° (R))
O (((R°9 D = (((s") - (R))DH )
1 4 (OE C5.15) i

((R°97) = ((S) = (R)) O ((R°9N)D =(((s) - (RND
5 (OE 4 i

(((R° 9D =(((s") = (R))D ! 6 (OE 3,5) i

((Re ) = (((R°9"D) & (((R° 9D = (((s") - (R))D
17 (&8 2,6) i
( ((Re9l) =(((R° 9D
& (((R°9"D = (((s") - (R))D
O ((Re Sy = (((s") - (R)NHD )



1 8 (OB 111.15) |

((Re9S)!) =(((R°9")D & (((R°9")D) = (((s") * (R))D
O ((Re Sl =(((s") - (R))D

19 (O)E 8) i
((Re9)l) = (((s") * (R))D ! 10 (OE 7,9) i
OROS ((R° 91) = (((S") ° (R))D I 11 (O: 1, 10) i

0

I 17. The domain of a conposition is included in the domain of
the first relationship. i

F OROS ((R° 9D O (RD i

R, S 11 (Prem i
X 12 (Prem i
((R° S)D[x] 1 3 (Prem i
( ((R°9Dx1 O ¥y (R°9Ix,y] )

,! 4 (OE C5.3) i
((ReS)Dyix1 O Oy (R° 9)ix,v] 15 (OE 4) i
Oy (R° S)[X,YVY] , ! 6 (OE 3,5) i
(R ° S)[x,VY] 17 (CE 6) i

( (R 9[x,y] O EZ(RX,2z] & [z,y]1) )
,1 8 (OE P3) i

(R 9Ix,y] O Z(Rx,z] & §z,y]) ,! 9 (()E 8) i

[Z(Rx,z] & S[z,Y]) 1 10 (OE 7,9) i
(RIx,z] & S[z,y]) 1 11 ([E: 10) i
RX,z] & S[z,Y] 112 (OE 11) i
R x, z] 113 (& 12) i
( Rx,z] O (RD[x]) ! 14 (OE: C5.5) i
Rix,z] O (RP)[x] 115 (VE 14) i
(RD) [ x] 1 16 (OE 13,15) |

Re9SDix1 O (RP[x] 117 (O1: 3,16)



( ((R°9D[x1 O (RDIx] ) 118 (()1: 17) i

Ox ( ((R°9D[x1 O (RP[x]) 119 (O 2,18) i
((R°S)D O (RD 120 (B1: 111.1)
OROS ((R° 9D 0O (RD 1 21 (O: 1,20) i
O
1 18. i

I The prem se of the follow ng theoremcould be weakened, but
the given formis nore convenient, and corresponds better to the
use we will put it. i

FOrROS ( (R) O0(SD) O ((Re 9D = (RD ) i

R S 11 (Prem i
(R O (sb 1 2 (Prem i
((R° D 0O (RD ! 3 (OE P17) i
I To show (RD) O ((R-° 9D i
X 14 (Prem i
(RD) [x] 1 5 (Prem i

( (RP[x1 O Iy Rx,yl ) ! 6 (OE: C5.3) i
(RO x1 0 Oy Rx, I 7T (OE 6) i

0y RX,Y] ! 8 (OE 5,7) i

R X, Z] P9 (LE 8) i

( Rix,z] O (R)rz1) ! 10 (OB C8.5) i
Rix,z1 O (R)[z] 111 (OE 10) i

(R [z] 112 (OE 9,11)
(RY1z1 & (R) O (sb 113 (& 2,12) i

( (Rhyrz1 &(R) 0(sb 0 (sDiz1)
114 (OB 111.2)

(Rlyrz1 & (R 0(sD) O (sBrz1 ,! 15 (OE 14) i

(SD)[ z] 1 16 (OE 13,15) |



Rx,z] & (SD[z] 117 (& 9, 16) i

( Rx,2z] &(SPz1 O ((R°S)Dx1)
, 1 18 (OE P15) i

Rix,z] & (SD[z1 O ((R°9Dx ,! 19 (()E 18) i

((R° 9D [x] 1 20 (OE 17,19)
(RD)[x] O ((R° 9Dx] 121 (OI1: 5,20)
( (RDIx1 O ((Re9D[x ) 22 ()1 21) i

Ox ( (RD)[x] O ((R°9Dx1) 123 (0O 4,22) i
(R O ((R° 9D 124 (B: 111.1,23)

((ResS)D) O (RD) & (RD) O ((R° 9D
125 (&: 3, 24) i

( ((R°s5D) 0 (RP) & (RD) O ((R° 9D
0 ((R°SD = (RD) )
1 26 (OE 111.8)

((Res)D) O (RD & (RP) O ((R°> 9D O ((R° 95D = (RD

127 (O)E 26) i

((R° 9D = (RD 1 28 (OE 25,27) |
(RY o0(sb 0 ((R° 9D = (RD 129 (O1: 2,28)
((R)y o(s® 0 (R>9D =(RD ) 130 (()I: 29 i

OROS ( (R)Y O (sSP) 0 ((R° 9D =(rRD) ) 1 31 (O1: 1,30) i
0
I 19. i

F OROSOACB ( (RPD) =A & (SP) =B & (R) OB
0 ((R°9D =A) i

R S, A B 11 (Prem i
(RD) =A &(SP) =B & (R) OB 1 2 (Pren i
(RD) = A ! 3 (&€ 2) i

(sD

B&(R) OB 14 (&E: 2) i



((sD =B&(R) oBO (R) O0(sH)
' 5 (OE 111.31) i

(sD

(R O (sD 1 7 (OE 4,6) i

B&(R)YoBOoO (R)Y o(sD 1 6 (0OE 5) i

((R)y o(sD o ((rRe9D =(rRD) ) ,! 8 (OE PI18) i

(R) 0(sB 0 ((Re 9D =(RD 19 (O)E 8) i
((R° 9D = (RD 1 10 (OE 7,9) i
((R°SD =(rRD) & (RD) = A 111 (& 3,10) i

AO ((Resb =A)
112 (OE 111.15)

( ((Re 95D = (RD) & (RD

((R°e5D =(RD) & (RD) =A D0 ((R°9D =4
113 (OE 12) i
((R°S)D =A ! 14 (OE 11,13)

(RD) =A &(SD) =B&(Rl) OB O ((R°eSD =A
115 (O1: 2,14)

((RD) =A &(SP =B&(R)OBO ((R°e 9D =4a)
116 (()1: 15) i

OROSOACB ( (RP) = A & (SD) =B & (R) OBO ((ReSD =4a)
| 17 (O1: 1, 16) i

0
I 20. i
F OROSOA ((R° S) OA E ((ROA) ° S) i
RS A 11 (Prem i
X,y , 12 (Pren i

( ((R°98 OAI[X,y] = (R° 9I[x,y] & AX] )
! 3 (0E C7.2) i

((R°>S) OAIX,y]l = (R° 9I[x,y]l & AX]
P4 (0O)E 3) i

( (R°9Ix,yl <« EZ(RX, 2] & §z,y]) )
, 15 (OE P2) i



(R 9[x,yl = [EZ(Rx,z] &Sz,y]) ,! 6 (()E 5)

( ((ROA) °9[x,y] = EZ((ROAI[X,2] & S[z,Yy]) )

1 7 (OE P2)
((ROA ° 9I[x,y] = Z((ROA)I[X, 2] & Sz,Y])
18 (OE 7)
((R° 8 OAIX,Y] 1 9 (Prem

((R°9S) OAIx,yl O (R°8[x,yl & AX]

,1 10
(R° 9[x,y] & AX] 1011
(R° 9)Ix,y] 112
(Re° 8[x,yl O Z(Rx,z] & Sz,y]) ,! 13
(Z(Rx,z] & S[z,VY]) 114
(Rix,z] & S[(z,y]) 1 15
Rix,z] & S[z,vV] ,!1 16
RIX, Z] 117
Al X] , 118
RIX, z] & AX] , 119
( Rx,z1 & AiIx] O (ROAI[X,2z] ) , 120
Rix,z] & AlIx] O (R OA)I[X, z] 121
(ROA[X, Z] 122
Slz,vy] , 1 23
(ROAI[X,2z] & S[z,vV] 1 24
((ROA[X,2] & Sz,¥]) , 125
[Z((R OA)[X,2] & S[z,VY]) , 1 26

(=E 4)
(OE 9,10)
(&E: 11)
(-E 6)
(0E 12, 13)
([E: 14)
(()E 15)
(&E: 16)
(&E: 11)
(&: 17, 18)
(OE: C7.4)
(O)E 20)
(0E 19, 21)
(&E: 16)
(&: 22,23)
(O)1: 24)

(O0: 25)

Z((ROAI[X,2z] & S[z,y]l) O ((ROA) ° S[x,Vy]

127
((ROA) ° 9)I[x,Y] 1 28

((R°S) OA[x,yl O ((ROA) ° 9§[x,V]
129

(=E 8)

(OE 26, 27)

(O1: 9,28)



((ROA) ° 9Ix,Yy]

,1 30 (Prem

((ROA) > 9[x,y] O Z((ROA[X,2] & S[z,Y])

1 31 (=E
Z((R OA)[X, 2] & S[z,V]) 1 32 (OE
((ROA[X, 2] & S[z,Y]) 1 33 ([E
(ROAI[X,2] & S[z,V] 34 (OE
(R OA)[X, Z] 1 35 (&E:
( (ROAI[X,2z] O RXx,z] & AIX] ) , 1 36 (OE
(ROAI[X,z] O RXx,z] & Ax] 137 (OE
RIX, 2] & AX] 1 38 (OE
RIX, z] 1 39 (&E:
S[z,vy] , 140 (&E
RIX,2] & 9[z,Y] 141 (&
(RIx,z] & S[z,y]) 142 ()1
Z(Rx,2z] & S[z,y]) , 143 (0O
[(Z(Rix,z] & S§[z,y]) O (R° 9§ [x,y] ,! 44 (=E
(R ° S)[X,V] 1 45 (OE
Al X] 146 (&E:
(Re° 9[x,y] & AlX] 147 (&

(R°9)(x,y] &AX] O ((R°9 OA[XY]
1 48 (=E
((R°S) OAIX,VY] 149 (OE

(ROA) = 9ixyl O ((R=9 OAIX,Y]
1 50 (OI:
((R°8 OAIx,yl = ((ROA) ° 9[x,y]

1 51 (=1:

( ((R°9 OAIX,y]l = ((ROA ° 9I[x,y] )
152 (O1:
OxOy ( ((R°S) OAIX, Yyl = ((ROA) ° 9[x,y] )

153 (00

8)

30, 31)
32)

33)
34)

C7. 3)
36)

35, 37)
38)
34)
39, 40)
41)

42)
6)

43, 44)
38)

45, 46)

4)

47, 48)

30, 49)

29, 50)

51)

2, 52)



((R°S) OA E ((ROA ° Y9 ,! 54 (&l: C1.5,53) j

OROSOA ((R° S) OA) £ ((ROA) ° 9 | 55 (0O1: 1,54)

0

I 21. P21's proof appeals to P20 and duality.
woul d have been to repeat P20's proof.

I_

OROSOA ((R° S) DA = (R (S OA)

RS A 1 1 (Prem
((R°S) OA E ((((R°9S") OAM) ,! 2 (OE C7.51)
((R°97*) E ((S") ° (R)) ! 3 (OE P11)

( ((R°9¥) = ((S) ° (R))
O (((R°9%) OA = (((S") < (R)) 0A )
! 4 (OE C7.12)

((R°S)*) £ ((S") ° (R"))
O (((R°9S)7) OA = (((S") ° (R)) OA
5 (OE 4)

(((R°S)*) OA = (((S") ° (R)) OA ,! 6 (OE 5)

(((S") ° (RY)) OA = (((S") OA ° (R))
1 7 (OE P20)

(((R°S)*) OA = (((S") ° (R)) OA
& (((S") ° (R)) OA) = (((S") OA ° (R))
1 8 (&: 6,7)
( (((ReS)*) OA) E (((S") ° (R)) OA
& (((S") ° (R)) OA = (((S") OA ° (RY))
O (((R°9%) OA = (((S") OA ° (R)))
,! 9 (OE: Cl1.15)

(((R°S)*) OA = (((S") ° (R")) OA
& (((S") ° (R")) OA = (((S") OA ° (R))

O (((Re9S)%) OA = (((S") OA ° (RY))
110 (OE 9)

(((R°9S7%) OA = (((S") OA ° (R)) ,! 11 (JE 8,10)

( (((R°9S)¥) OA = (((S") OA ° (R))
O ((((R°9¥) OA™) = ((((S) OA ° (R))M) )

An alternative



1 12 (OE C3.20)

(((R°S)*) OA = (((S") OA ° (R))

O ((((ReS)™) OA™) E ((((S) OA ° (R)))
113 (OE 12)

((((S")y OA ° (R))™)
,! 14 (OE 11,13)

((((R° 9™ OAT)

((ReS) OA £ ((((R°97) OAY)

& ((((R°9)7") OAT) B ((((S) OA ° (R)))
115 (& 2, 14)

(((R)T) = (((S") O0A™))
116 (OE P11)

((((S") OA ° (R))

((R°S) OA £ ((((R°97) OAY)
& ((((R°9%) OA") = ((((S") OA = (R))7")

& ((((S") OA) ° (R))T) E(((R)T) ° (((S") OAT))
1 15 (&: 15, 16)

( ((ReS) OA = ((((R°9)7) OAY)
& ((((R°9F) OAF) = ((((S") OA) ° (R)))
& ((((S") OA) ° (R))™) = (((R)Y™) = (((S") O0AM))
O ((ReS) OA) E (((R)") = (((S") OA™)) )
,1 16 (LOE Cl1.19)

((R°S) OA £ ((((R°97) OAY)
& ((((R°9%) OA") = ((((S") OA = (R
& ((((S") OA) ° (R))*) = ((RHY™) ° (((S) OA™)

O ((R°S) OA = (((R)™) ° (((S") OA™))
117 (OE 16)

((R°S) OA = (((R)) = (((S") OAT))
118 (OE 15, 17)

RE ((R)Y) ! 19 (OE: C3.18)
(SOA E (((S) OAY) .1 20 (OE C7.51)
RE ((R)") & (S OA = (((S) OAF) ,! 21 (&: 19,20)

( RE ((R)") & (S OA = (((S) OAY)
O (Re (S OA)) E (((R)F) °(((S) OA™)) )
122 (OE P7)

RE ((R)") &(SOA) = (((S) OAY)



(((R)™) = (((S") OA"))
123 (OE 22 i

(((R)7) = (((S") OAT))
124 (OE 21,23) |

0 (Re° (S OA)

(R (S OA)

((R°S) OA = (((R)™) = (((S) OAM))

& (R° (S OA) = (((R)F) = (((s") OA™))
125 (& : 18, 24) i

( ((ReS) OA = (((R)™) ° (((S) OAT))
& (R° (S OA)) = (((R)") ° (((S) OAT))
O ((R°S) OA E (R° (SOA))
, 1 26 (OE C1.17) i

((ReS) OA = (((R)") ° (((S") OAT))
& (R° (S OA)) = (((R)") = (((S") OA™))
O ((Re°S) OA E (R° (S OA)

((

127 (OE 26) i
((ReS) OA = (R° (S OA) 1 28 (OE 25,27)
OROSOA ((R°S) OA) = (R (S OA) 1 29 (Ol: 1,28)

0

I 22. The conposition of functional relationships if functional.
i

FOROS( fR&FS O fF(R°S) ) i

R, S , 11 (Prem i
fFR&FS , 12 (Prem i
f R 1 3 (& 2) i
fsS 14 (& 2) i

X,Y,z , ' 5 (Prem i
(R°9)I[x,y] & (R ° §)[x, z] ,1 6 (Prem i
(R° S)[x,Vy] 1 7 (& 6) i
(R ° S)[x, z] , 1 8 (& 6) i

( (R 9I[x,yl O Z(RX,z] & Yz,y]) )
1 9 (OE P3) i

(Re°9[x,y] O Z(RX,2z] & Sz,Y])
1 10 (OE 9) i



[Z(Rx,2z] & S[z,Y])
(Rix,a] & S[a,vy])
Rix,a]l & S[a,y]

R x, a]
Sla,y]

11

12
13
14
15

( (R° 9[x,z] O Z(RXx,z] & Sz,2]) )

(Re° 9S[x,z] O [EZ(Rx,z] & 9z, 2])

[(Z(Rx,z] & Sz, 2])
(RIx,b] & S§[b, z])
R x,b] & 9[b, 7]

R X, b]
S b, z]

R x,a] & R X, Db]

f R& Rx,a] & Rx,Db]

( fR&Rx,al &Rx,b] O a
fR& Rx,al & Rx,b) O a =
a==>b

S[a,y] & §[b, z]

Sla,y] & Sa, z]
fS & Sa,y] & Ya, z]

( fS & Sa,yl] & Sa,z] Ovy

fS & Say & Sa,zl Oy =
y =12

(R° 9S)[x,y] & (R° 9[x,z] O

( (R°9I[x,y] & (R~° 9[x, 2]

11
N
~

y:

Oy

16

17
18
19
20
21
22
23

23
24
25

26
27
28

29

30
31

32

z )
34

(OE 7,10)
(CE: 11)
(OE 12)
(&E: 13)
(&E: 13)

(OE: P3)

(()E 16)
(OE 8,17)
(CE: 18)
(OE 19)
(&E: 20)
(&E: 20)
(&: 14,21)
(&: 3,23)
(OE: C8.2)
(O E 24)

(OE 23, 25)
(& : 15, 22)
(=E: 26, 27)

(& : 4,28)

(OE: C8.2)
(OE 30)

(OE 29, 31)

(O1: 6,32)

(O1: 33)



OxOyOz ( (R° 9 [x,y] & (R° 9[x,z] Oy =12z)
, 135 (0O1: 5, 34) i

f (R S) 1 36 (®l: C8.1)
fR&fSOf(R°Y9) 137 (O1: 2,36)
(fR&fSOf(R°S) ) 138 (()1: 37) i

DROS ( fR&FS O f(R°S) ) | 39 (OI: 1,38) |

O

1 23, i

F OROSOx ( £S & (SDI(Rx)] O ((R° S°x) = (S(Rx)) )

R S, X 11 (Prem i
fS&(SDI(RX)] ! 2 (Pren i
fs 13 (&E 2) i
(SO (R x)] !4 (8B 2) i
f R& (RD)[x] ! 5 (TE: C8.20,4) |
RIX, (R X)] 1 6 (TI: C8.20,5) |
fS&(SDI(RX)] 17 (& 3,6) i
SI(R x), (S (R x))] 1 8 (TI: C8.20,2) |
RIX, (RX)] & S[(RX), (S (R x))] 1 9 (&: 6,8) i

( R, (Rx)] & S[(Rx),(S(Rx))] O (Re°8[x,(S(Rx))] )

;1 10 (OE P5;
(Rx): C8.20,5;
(S (Rx)):
C8.20,7) i
Rix, (Rx)] & S[(R'x), (S (Rx))] O (Re°9[x, (S (Rx))]
111 (()E 10) i
(R° S)[x, (S (R x))] 112 (OE 9,11)
f R 1 13 (&E: 5) i
fR&FS 114 (&l: 3,13) i
(fR&FfS O FfF(R°YS ) , 1 15 (OE P22) i

fR&FfSO f(R°Y , 116 (()E 15) i



f (R°S) 1 17 (OE 14,16)
f(R°S) & (R°9I[x,(S(Rx))] 118 (& 12,17)

(f(R°S & (R°§[x (S (RX))]
O ((R°97"x) =(S(RXx)) )
, 119 (OE C8. 22,

(S (R x)):
C8.20,7) i
f(ReS) & (R°9[x,(S(Rx))I O ((R°9"x) = (S(Rx))
120 (OE 19 i
((R° S "x) = (S (Rx)) 121 (OE 18,20)

fS&(SDI(Rx)] O ((R° 9 x) = (S(Rx))
122 (O1: 2,21) i

(fFS&(SOI(RX] O ((R°9 %) =(S(Rx) )
123 (()1: 22) i

OROSOx ( S & (SPD(Rx)] O ((R° S)'x) = (S(Rx)) )
24 (0O : 1,23) i

I
I 24, i

FOROSDTAOIB ( RF A & SFB&(R) OBO (R°S) F A) i

R S A B 11 (Prem i
RFA &SFB&(R) OB 12 (Pren i
RF A 13 (&E 2) i
(RD) =A&fR ! 4 (8E: CB8.10,3)
(RD) = A 1 5 (&E: 4) i
f R 1 6 (&E: 4) i
SF B 7 (& 2) i
(sbh =B &fsS ,1 8 (BE: C8.10,7)
(sb =8B ,1 9 (& 8) i
fs 1 10 (&E: 8) i
(RD) = A& (SD =8B ,1 11 (& 5,9) i

(Rly OB 112 (& 2) i



(RD) =A & (SD) =B & (R) OB 113 (& 11,12)

( (R =A &(SD) =B&(R) O0BO ((R°9SD =A)

1 14 (OE P19) i
(RD) =A &(SPD =B& (Rl OB O ((Re 9D =A

1 15 (()E: 14) i
((R°S)D =na ! 16 (OE 13,15)
fR&FS 117 (&: 6,10) i
(fR&FfSO f(R°Y9) ) 1 18 (OE P22) i
fR&FfSO f(R°Y9) 119 (()E: 18) i
f (R° S) 1 20 (OE 17,19) |
((R°eSD =A&f(R°Y9) 121 (&: 16,20)

(R°S) F A 122 (l: C8.10,21)
i

RFA &SFB&(R)OIBDO (R°S) FA
123 (0O1: 2,22) i

(RFA &SFB&(R) OBO (R°S) FA)
124 ()1 23) i

OROSOADB ( RFA &SFB&(R)OBO (ReS) FA)
| 25 (O1: 1,24)

0
! 25. i

F OROSOBOC ( R1B &S1C&(SD) oBO (ReS) 1C) i

RS B, C 11 (Prem i
R1B &s1Cc&(sP OB 1 2 (Prem i
R1B 13 (& 2) i
( R1BO (R) F B) ! 4 (OE 9. 20) i
R1BO (R) FB I 5 (()E 4) i
(R) F B ,! 6 (OE 3,5) i

si1cC 17 (&E 2) i



(s1cO (S FcC)
si1coO (S) FcC
(S") F C

(S') FC&(R') F B

(sb 0B
(s = ((sHh
(s = ((s")!) &(sb OB

1 8 (OE: C9.20)

9 (OE 8

1 10 (OE 7,9)

1 11 (&: 6,10)

112 (& 2)

.1 13 (DE CB. 16)

P14 (& 12, 13)

( (sD =((sH!" &(sD oBO ((s")!) O0B)

, 115 (CE 111.30)

(s = ((shH!) &(sb oBO ((s)!) OB

((sH!) oB

(S FC&(R) FB&((S)!) oB

1 16 (()E 15)
117 (OE 14, 16)

118 (& 11,17)

((S"Y FCc &(R) FB& ((S)!) OB

0 ((S") ° (R)) F C)

(S FC & (R) FB& ((S)H!) oBDO ((S) ° (R)) FcC

((S") = (R)) FC
((S") ° (R)) 2 ((R°97)
((S*) e (R)) F C&((S") ° (R")) =

( ((S") e (R")) FC&((S") °(R))
0 ((R°9S)7) FcC)

((S") ° (R')) F C&((S") ° (R))
O ((R°9S)¥*) F C

((R°9") F C

( ((R°S)*) FCcO (R2S) 1C)

1 19 (OE P24)

120 (()E 19)
1 21 (OE 18, 20)
1 22 (OE P12)

((R°9)7)
123 (&l 21,22)

((R° 97"

| 24 (OB C8.12)
((R°97)

125 (()E: 24)
! 26 (OE 23,25)

127 (OE 9. 21)



(RS FCcO (ReS) 1C

(ReS) 1C

R1B &S1Cc&(sD oBO (ReS)1C

28 (()E 27)

29 (OE 26, 28)

30 (O1: 2,29)

(R1B &S1c&(sbh oBO (ReS) 1C)

31 (()1: 30)

OROSOBOC ( R1B &S1C&(SD) oBO (ReS) 1C)

0

I 26.

32 (O0: 1,31)

F OROSDATBOC ( RF A&RIB&SFB&S1C
0(ReS) FA&(R°S) 1C)

R S A B,C
RFA&RIB&SFB&S1C
RTF A

R1B

SFB

S1C

RFA&STFRB

RI1IB&S1C
(R')y =B &1 R

(R) =B

( (R)Yy =B O (R) O0B)

(R

BO (R) OB
(R) OB

RFA&SFB&(R) OB

(RFA &SFB&(R)OBDO (R°Y9)

1 (Prem

2 (Prem

w

(&E: 2)

4 (&E: 2)

5 (&E: 2)

6 (&€ 2)

7 (&: 3,5)

8 (&: 4,6)

9 (BE: (9.19, 4)
10 (&E: 9)

11 (OE 111.11)
12 (()E 11)
13 (OE 10, 12)
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