I CHAPTER 12
PAI Rl NGS;j

I This chapter introduces a pairing predicate of equality,
witten (a ®= b). x holds (a ®= b) toy precisely when x is a and
y is b. i

I 1. = represents pairing. i
D = ;: (a=hb); ; {ab: a=a&b =D0b} i

I 2. Fundanmental Proposition of Pairing. i

F DaObOxOy ( (a = b)[x,y] « x =a &y =b) i

a, b , 11 (Pren i
Oxdy ( {a,b: a=a &b =Db}[x,y] « x =a &y =Db)
, 12 (Pred) i
OxOy ( (a =" b)[x,y] « x =a &y =b) ,! 3 (Dl: PL2) i
OalbOxOy ( (a = b)[x,y] =« x =a &y =Db)
4 (0O: 1,3) i

0

I 3. Fundanental Proposition of Pairing, First Half. i

F ODaObOxOy ( (a * b)[x,y] O x =a &y =b) i

a, b, x,y 11 (Prem i
( (a="b)x,y] = x=a&y-=b) 1 2 (OE P2) i
(a " b)[x,y] « x=a &y =hb 13 (O)E 2) i
(a=b)[x,y] O x=a&y-=bh 1 4 (=E 3) i
((a="Db)ix,y] O x=a&y=b) L5 (01 4) i

OalbOxOy ( (a = b)[x,y] O x =a &y =b)
' 6 (0O: 1,5) i

O

I 4. Fundanental Proposition of Pairing, Second Half. j

F DaObOxOy ( x =a &y =b O (a = b)[x,Vy] ) i
a,b,x,y , 11 (Pren i
( (a="b)[x,y] = x =a &y =Db) 12 (OB P2) i

(a =" b)[x,y] « x =a &y =0D>b I 3 (0OE 2) i



X =a &y =Db0 (a=Dhb)x,y] ' 4 (<E 3)

(x=aé&y=b0 (a=Dhbi[x,y] ) L5 (0)1: 4)
OalbOxOdy ( x =a &y =b 0O (a="b)[x,y] )
I 6 (O: 1,5)
[
I 5.
F DaOb (a = b)[a, b]
a, b 1 (Prem
a=a L2 (=)
b =b 1 3 (=1)
a=a&b-=>0 14 (&)
(a=a&b=b0 (a=bfab] ) , 15 (0OE P4)
a=a&b=b0 (a=hb)a,hb] 16 ((OOE 5
(a = b)[a, b] 17 (OE 4,6)
Oallb (a = b)[a, b] 8 (O: 1,7)
0
I 6.

F OaObOxOy ( - (a ®* b)[x,y] O =~ x=a -y =Db)

a, b, x,y 1 1 (Prem
- (a " b)[x,y] 1 2 (Prem
(x=alO-x=a) 1 3 (OE 13.4)
Xx =ald-x=a 14 (O)E 3)
X = a 1 5 (Prem
(y=bO-y=b) 1 6 (OE 13.4)
y=b0O-y=hb 17 (O)E 6)
y = b , 1 8 (Prem
= (~-x=al=-y =bh) 1 9 (Pren)
~ (a = b)[a,y] 1 10 (=E: 2,5)

- (a " b)[a, b] ,1 11 (=E 8, 10)



(a = b)[a, b 1 12 (OE P5)

F 113 (F1: 11, 12)
- (-x=al-y=Db) O F 114 (OI1: 9,13)
~m(~x =al-y =bh) 115 (=l 14)

(- x =al=-y =D , ! 16 (-E 15)
~x=al=-y=b 117 (()E 16)
y=b0O-~-x=al-y=Db 118 (OI1: 8,17)
-y=5b , 119 (Premnm
- X =al-y=0D> , 120 (O: 19)
-y=b 0O -x=alO-y=0Db , 121 (OI1: 19, 20)

-x=zalO-y=0b 1 22 (CE: 7,18,21) |
X =al-x=alO-y=0D 123 (O1: 5,22)

- X = a , ! 24 (Pren)

-x=alO-y=0b 125 (O: 24)

- X =al-x=al-y=»> 126 (O1: 24, 25)
- x=alO-y=5b 127 (OE 4, 23,26) j
- (a®"b)[x,yl] O -~-x=al-y=~»> 128 (O1: 2,27)
(~(a="b)x,y] O -~ x=al=y =b)

129 (()1: 28)

OalbOxOy ( = (a = b)[x,y] O - x =al-y =Db)
30 (O: 1,29)

O
1 7.
F OROaOb ( Ra,b] O (a = b) &€ R)
R a,b 101 (Prem
Rl a, b] 1 2 (Prem
X,y , 13 (Prem
(a = b)[x,y] ! 4 (Pren

( (a="b)[x,y] O x=a&y=Db),! 5 (0E P3



(a="b)[x,y] Ox=a&y-=~>0 16 ((OE 5

x =a&y=hb 1 7 (OE 4,6)
X = a 1 8 (&E: 7)
y = b 19 (& 7)
R X, b] 1 10 (=E: 2, 8)
RIX, Y] 111 (=E 9, 10)
(a = b)[x,y] O RX,Y] 12 (O1: 4,11)
( (a=b)ix,yl O Rx,yl) 13 ()10 12)
OxOy ( (a = b)[x,y] O Rx,yl ) 114 (0O0: 3,13)
(a=b) £ER 115 (Bl CL.1,14) |
Ra,b] O (a=b) R 116 (O1: 2,15)
( Ra,b] O (a®b) €R) 117 (()1: 16)
ORJalb ( Ra,b] O (a®*hb) €R) 1 18 (OI: 1,17)
O
I 8.
F OROaOb ( (a = b) E RO Ra,by)
R a, b 11 (Prem
(a=b) €R 1 2 (Prem
(a = b)[a,b] ! 3 (OE: P5)
(a = b)[a,b] & (a = b) €R 4 (& 2,3)

( (a="b)[a,b] &(a="b) E RO Ra,b])

| 5 (OE Cl.2)
(a = b)[a,b] & (a=b) ERO Ra,b] ,! 6 (()E 5)
R(a, b] 1 7 (OE 4,6)
(a=b) £ERO Ra,b L8 (Ol 2,7)
((a=h) ERO Ra,b]) 19 (()1: 8
ORJadb ( (a*=b) ERO Rab] ) | 10 (OI: 1,9)

0

9.



F ODaObOcOd ( a=c &b =d 0 (a="b) € (c=d))

a,b,c,d 11 (Prem
a=c&b-=4d , 12 (Prem
a=-=°c 13 (& 2)
b =d 14 (&E 2)
(c = d)[c,d] ! 5 (OE P5)

( (c =dab O (a=h) € (c=d) ), 6(IE P

(c = d)yfa,b] O (a=h) € (c = d 17 (OE 6)
(c = d)[a, d] | 8 (=E: 3,5)
(c = d)[a, b] 1 9 (=E 4,8)
(a=b) € (c=d 1 10 (OE 7,9)
a=c&b=d0 (a=h) £ (c=d 111 (O1: 2,10)

(a=c&b=d0O (a=b) & (c=d)) ,! 12 (()I: 11)

OalbOcOd ( a=c &b =d0 (a=b) & (c =d) )
| 13 (O 1,12)

0

I 10.

F DaObOcOd ( (a*=b) E(c*d) O a=c&b=4d)

a, b, c,d 1 1 (Prem
(a=b) = (c=d 1 2 (Prem
(a = b)[a, b ! 3 (OE: P5)
(a ®b)[a,b] & (a=b) = (c = d L4 (&l 2, 3)

( (a"b)fab] &(a=b) E(c=d O (c=d)fab])
1 5 (OE Cl.20)

(a = b)[a,b] & (a = b) (c =d) O (c =d)[a,b]

6 (OE 5)
(c = d)[a, b] 17 (OE 4,6)
( (cmdfa,b) O a=c&b-=4d) , 1 8 (OE: P3)

(c md[a,bj 0 a=c &b-=4d 19 (()E 8)



a=c¢c&b-=4d , 110 (OE 7,9) i
(a®"b) E(cmd Oa=cé&b-=4d 011 (O1: 2,10) i
((a="b) E(cmd) Oa=c&b=d) ,! 12 (()I: 11) i

OalbOcOd ( (a=b) E(c=md) Oa=c&b=4d)
113 (d: 1,12) i

0

I 11. A couple of steps are saved by appealing to P7 rather than
P9 a second tine. i

F DaObOcOd ( a=c &b =d 0 (a="b) E (c =d) ) i

a,b,c,d 11 (Prem i
a=c&b-=4d , 12 (Prem i
(a=c&b=d0 (a="hb) & (c=d))

, 1 3 (OE P9) i
a=c&b=d0 (a=b) & (c =d) ' 4 (OE 3) i
(a=b) & (c = d) ' 5 (0E 4) i

( (a=b)[c,d O (c=d & (a==b)),! 6 (0 P7) i

(a =" b)[c,d O (c =d) & (a=hb) 17 (OE 6) i
(a = b)[a, b] , 1 8 (UE: P5) i
a=-=°c 19 (& 2) i
b = d 110 (&E 2) i
(a = b)[c, b] , 1 11 (=E 8,9) i
(a = b)[c,d] 1 12 (=E: 10,11)
(c =d) S (a="h) 1 13 (OE 7,12)

(a="b) &E(c=d &(c=d & (a=Dh),! 14 (&: 5,13) i

((a*"h) E(c=d) &(c=d) € (a=b)
0 (a=hb) E (c=d))
1 15 (OE CL.6) |

(a*b) S(c="d &(c="d E(a="b) O (a=h) = (c=d
116 (()E 15) i
(a " b) = (c = d 117 (OE 14,16) |

a=¢c&b=d0 (a=b) = (c=d) 118 (O1: 2,17) i



(a=c&b=d0O (a="hb) = (c=d )

OalblOcd ( a=¢c &b =d 0 (a==b) E(c=d )

I
112,

119 ((O)1: 18)

1 20 (OI: 1,19)

F ORJaOb ( Ra, b & OxOy(Rx,y] O x =a &y = b)
0 RE (a="bh))

R a, b

Ra, b & OxOy(Rx,y] O x =a &y =b)

Rl a, b]

OxOy(Rx,y] O x =a &y =b)

( Ra,bj O (a=h) €R)

Ra,b] O (a=b) €ER

(a=b) €R

I To show R E (a = b)

X,y
RIX, Y]

(RIx,y] O x =a &y =Db)

Rx,y] O x=aé&y=>0

X = a &y =
(x=a&y
X =a &y =
(a = b)[x,y]

b

b0 (a=bixyl),!

O (a = b)[x,Y]

Rix,y] O (a ® b)[x,y]

( Rx,yl O (a=Db)[x,y] )

OxOy ( Rx,y] O (a = b)[x,y] )

RE (a=bh)

RS (a=*bh) &(a=h) ER

(RE(a"hb) &(a="b) ERO R

(a =

[EEN

w N

N

\l

o

9
10

11
12
13
14
15
16
17
18
19
20
21

b)

(Prem

(Prem
(& 2)

(&E: 2)
(OE: P7)
(OE 6)

(OE 3,7)

(Prem
(Prem

(OE: 4)
(OE 11)
(OE 10,12)
(OE: P4)
(OE 14)
(OE 13, 15)
(O1: 10, 16)
(O1: 17)
(Ol: 9,18)
(& : C1.1,19) |
(&: 8,20)

)



1 22 (OE: CL.6) i

RS (a="b) &(a="b) E RO R=(an="h)
123 (OE 22) i

R=(am"h) 1 24 (OE 21,23)

Ra,b] & OxOy(Rx,y] O x =a &y =b) O R=(a = bh)
125 (O1: 2, 24) i

( Ra,b] & OxOy(Rx,y] O x =a &y =b) O R=(a =" b))
126 (()I1: 25) i

OROalb ( Ra,b] & OxOy(Rx,y] O x =a &y =b) 0O RE (a="b))
127 (0OI: 1, 26) i

0
I 13. i

F ORDaOb (RY (a = b))[a, b] i

R a, b , 11 (Prem i
(a = b)[a, b] , 12 (OE P5) i
Rla,b] O(a = b)[a,Db] 03 (0O: 2) i
( Rla,b] O (a = b)[a,b] U (R% (a = b))[a,b] )
14 (OB C2.4) i
Rla,b] O(a = b)la,b] O (RY (a = b))[a,b]
5 (OE 4) i
(RY (a = b))[a, b] ,!' 6 (OE 3,5) i
ORJalb (R Y (a = b))[a,b] | 7 (O 1,6) i
O
I 14. i

F OROSOadb ( SE (RY (a = b))
O OxOy ( SIx,yl = Rx,y] O(x =a &y =Db) ) )
i

R S a,b 11 (Prem i
SE(RY (a="h)) , 12 (Pren i
X,y , 13 (Prem i

OxOy ( S[X,y] = (R (a = b))[x,y] )
| 4 (BE CL.52) |

( SIx,yl « (R (a = b))ix,yl ) 15 (UE 4) i



SIx,yl = (R& (a ™ b))[x,y] 16 (OB 3)

( (RY (a®=Db))ix,y] =« Rx,y] U(a ® b)[x,y] )

7 (0B Q.2)
(R4 (a = b))ix,yl = Rx,yl O(a "t!J)lsx,&/])E: -
( (a*b)[x,y] = x=a&y=b) ,! 9 (0E P2
(a " b)[x,y] « x =ad&y=bh 1 10 (OE 9)
S[X, Y] .1 11 (Pren)
Six,yl O (R% (a ® b))[x,y] 112 (=E 6)
(RY (a = b))[x,y] 1 13 (OE 11,12)

(R~ (a = b))[x,y] U Rx,y] U(a® b)[x,y]

1 14 (-E 8)
Rix,yl] O(a = b)[x,yY] , 115 (OE 13, 14)
Rl X, Y] ,! 16 (Prem
Rx,y] O(x =a &y =b) 017 (O: 16)
Rx,yl O Rx,yl O(x =a &y =0b)
)1 18 (O1: 16,17)
(a = b)[x,y] .1 19 (Prem
(a="b)[x,y] O x=a&y=b ,! 20 (<E 10
X =a&y-=»>b , 121 (OE 19, 20)
(x =a &y =D 1022 ((O)1: 21
Rix,y] O(x =a &y =Db) 123 (O: 22)
(a = b)yix,y] O Rx,y] O(x =a &y =b)
)1 24 (O1: 19, 23)
Rx,y] O(x =a &y =Db) , 1 25 (CE 15, 18, 24)
SIx,y] O Rx,y] O(x =a &y =0Db) ,! 26 (0OI: 11, 25)
Rx,y] O(x =a &y = Db) , 127 (Prem
R X, Y] ,1 28 (Prem

Rix,yl O(a ™ b)[(x,VY] , 129 (O: 28)



Rix,yl] O Rx,y] O(a ™ b)[x,YVY] , 130 (O1: 28,29)

(x =a &y =Db) , 1 31 (Prem i
X =a&y-=»>b 132 (OE 31) i
X =a &y =b 0 (a="b)[x,y] ,1 33 (=«E 10) i
(a = b)[x,VY] , 1 34 (OE 32,33) |
Rix,yl O(a = b)[x,VY] ,1 35 (0O: 34) i

(x =a &y =Db) O Rx,yl O(a = b)[x,y]
! 36 (O1: 31,35)

Rix,yl O(a ™= b)[x,y] , 137 (CE 27, 30, 36)
i

Rix,y] O (a®b)[x,y] O (RY (a ™ b))[x,y]

1 38 (~E 8) i

(RY (a = b))[x,Vy] ,! 39 (OE 37,38) |
(R (a = Db))ix,yl O S[x,y] ,! 40 (=E 6) i
S[X, Y] , 1 41 (OE 39,40) |
Rx,y] O(x =a &y =Db) O Sx,y] ,! 42 (Ol: 27,41)

SIX,y] < Rx,y] O(x =a &y =b) ,! 43 (=1: 26,42) i

( SIx,yl <« Rx,y] OD(x =a &y =h))

144 (()1: 43) i

OxOy ( S[x,yl = Rx,y] O(x =a &y =0b) )

145 (O1: 3,44)

(R (a = b))
0O OxOy ( S[x,y] = Rx,yl O(x=2a&y =Dhb))

146 (O1: 2,45)

(R (a = b))

O OxOy ( S[x,y] = Rx,y] O(x =a &y =Dhb) ) )

1047 (()1: 46) i

OROSOalb ( SE (RY (a = b))

O OxOy ( S[x,y] < Rx,y] O(x =a &y =Db)) )
| 48 (O1: 1, 47) i

F OROSOaOb ( OxOy ( S[X,y] < Rx,y] O(x =a &y =Dhb) )



0 SE(RU(arh)) i

R S, a,b 11 (Prem i
OxOy ( S[x,yl = Rx,y] O(x =a &y =Db) )
12 (Prem i
X,y , ' 3 (Prem i
( SIx,y] =« Rx,y] O(x =a &y =Dhb) )
! 4 (OE 2) i
SIx,yl = Rx,y] O(x =a&y=»b) ,!' 5(O)E 4 i

( (a*b)[x,y] =« x =a&y=0hb)

1 6 (OE P2) i
(a " b)[x,y] « x =a&y=D>b 17 (OE 6) i
( (RY (a=Db))ix,y] =« Rx,y] U(a = b)[x,y] )
,1 8 (OE C2.2) i
(R% (a = Db))[ix,y] = Rx,y] O(a = b)[x,y]
9 (OE 8) i
S[X, Y] ,1 10 (Prem i
SIx,yl O Rx,y] O(x =a &y =b)
1 11 (=E 5) i
Rx,y] O(x =a &y = b) )1 12 (OE 10,11)
REX, Y] ;! 13 (Prem i
Rx,y] O(a® b)[X,V] 114 (O 13) i
Rix,yl O Rx,y] O(a = b)[X,Y] , 015 (O1: 13,14)
(x =a &y = b) ,1 16 (Prem i
X =a&y=>b 117 (()E 16) i
X =a &y =b 0 (a="Db)i[x,y] ,1 18 (=E 7) i
(a = b)[x,VY] , 119 (OE 17,18) |
Rix,yl O(a = b)[x,yVl] ,1°20 (O: 19) i

(x =a &y =Db) O Rx,yl O(am®b)[x,yY]
, 121 (O1: 16,20)

Rix,yl O(a = b)[x,y] 122 ([E 12,15, 21)
i

Rix,y] O (a = b)[x,y] O (RY (a = Db))[x,y]



(R (a = b))[x,yY] |
SIx,yl O (RY (a = b))[x,V] , |
(RY (a®b))[x,y] !

(RY (a=Dhb))ix,yl O Rx,y] O(a =
|

Rix,y] O (a® b)[x,y] !

RX, Y] ) !
Rx,y] O(x =a &y =0Db) , !
Rix,y] O Rix,y] O(x =a &y =b)

;!
(a = b)rx,y] , |
(a®"b)[x,y] O x=a&y=>0 !
X =a&y-=»>b , !
(x =a &y =D !
Rx,yl] O(x =a &y =Dhb) , !
(a®b)[x,y] O Rx,y] O(x =a&y

Rx,y] O(x =a &y =Db) )

Rix,y] O(x =a &y =b) U Xx,y]

SIX, Y1 !
(R (a = b))ix,yl O S[x,y] !
Six,yl = (R% (a = b))[x,V] !
( SIXx,yl = (R (a®b))ix,y1) !

OxOy ( S[x,y] = (R4 (a®b))ix,yl),!

SE(RUY (a*h)) !

23 (=E 9) i
24 (OE 22,23) |
25 (O1: 10,24) |
26 (Prem i

b) [X, Y]
27 (=E 9) i

28 (UE 26,27) |
29 (Prem i

30 (O: 29) i

31 (O1: 29,30) i

32 (Prem i

, 1 33 (=E 7) i

34 (OE 32,33)

35 (()1: 34) i
36 (O: 35) i
= b)

37 (O1: 32,36) |
38 ([E: 28,31, 37)

i
39 (~E 5) i
40 (OE 38,39) |
41 (O1: 26,40) |
42 (<1: 25,41) |
43 (()1: 42) i
44 (Ol: 3,43)

45 (®l: CL.5,44) |

DXDY(S[X,Y] ‘:’R[X,Y] D(X:a&y:b))

0 SE (R (a=hb))

46 (O1: 2,45)



( OxOy ( S[x,y] = Rx,y] O(x =a&y =b))
0 s=(Rv (a=b)))
AT ()1 46)

OROSOalb ( OxOy ( §x,y] = Rx,y] O(x =a &y =0bh) )

0

}_

O SE(RY (am=h)))
| 48 (OI: 1,47)

16.
OROallb {x,y : Rx,y] O(x =a &y =Db)} 2 (RY (a " bh))
R a, b 101 (Prem

OxOy ( {u,v : Ru,vl O(u=aé&v =Db)}[(x,V]

= Rx,y] O(x =a &y =bhb))
, 12 (Pred)

( OxOy ( {u,v: Ru,vl O(u=a &v =Db)}[x,V]
= Rx,y] O(x =a &y =Db)
O {u,v: Ruv] O(u=aé&v=>0}

-~

(RY (a=bh)) )
1 3 (OE: P15)

OxOy ( {u,v : Ru,vl O(u=2a&v =Db)}[x,y]
= Rx,y] O(x =a&y =Dhb))

O {uv: Ruvl O(u=a&v=>0} (RY (a = b))

4 (OB 3)
{uv: Ruvl] O(u=a&v="Db)} = (R (an=h))
1 5 (OE 2, 4)
{x,y : Rx,y] U(x =a &y =Db)} = (RU’(!aG'(th)Ch: 5)
OROalb {x,y : Rx,y] O(x =a &y =b)} € (RY (a = b))
17 (0 1,6)
0
I 17.
F Dalb ((a = b)*) E (b = a)
a, b , 11 (Prem
X,y , 12 (Prem
( ((a=b)")ix,yl -« (a=b)y,x1) ,! 3(0E .2
((a = b)")Ix,yl = (a=b)y,x] 4 (OB 3)

( (a®"b)[y,x] =y =a&x=0b) , ' 5 (OE P2)



(a " b)[y,x] = y=aé&x=0D> 16 ((OOE 5

( (b=a[x,y] « x =b &y =a) V7 (OE P2)
(b= ai[x,y] « x=b &y =a I 8 (O)E 7)

((a = b)) x,y] ! 9 (Prem

((a = b)")[x,y] O (a=b)ly,x] 110 (<E 4)

(a = b)ly, X] 111 (OE 9, 10)

(a="b)ly,x]1 Oy =aé&x=»>0 112 (=<E 6)

y=a&x=»b )1 13 (OE 11,12)

y = a 114 (& 13)

Xx =b 1 15 (&E: 13)

X =b &y =a 116 (& : 14,15)

X =b &y =al (b=a)x,vVy] , 1 17 (=E 8)

(b = a)[x,VY] ,! 18 (OE 16,17)
((a = b)")[x,y] O (b= a)[x,y] 119 (O1: 9,18)

(b = a)ix,yl] .1 20 (Prem

(b= a)x,y] O x=Db &y =a , 121 (=<E 8)

X =b &y =a , 122 (OE 20, 21)

X = b 1 23 (&E: 22)

y = a 124 (&E: 22)

y =a&x=»b 1 25 (&l: 23,24)

y =a&x=Db0 (a=Db)jy,x] ,1 26 (=E 6)

(a = b)[y, X] , 127 (OE 25, 26)

(a = b)[y,x] O ((a=b)*)[x,y] 128 (=E 4)

((a = b)*)[x,y] 129 (OE 27, 28)
(b = a)[x,y] O ((a = b)*)[x,V] 1 30 (O1: 20, 29)
((a = b)")[x,y] = (b = a)[x,y] 1 31 (=1: 19, 30)
( ((a=b)")ix,yl = (b=a)xy ) ! 32(()I: 31

OxOy ( ((a = b)*)[x,y] = (b = a)[x,y] )



133 (0O 2,32)

((a=b)*) E (b= a) ! 34 (Bl: Cl1.5,33)
Oalb ((a = b)*) £ (b = a) I 35 (Ol: 1,34)
O
I 18.
F Dalb ((a = b)D) = (a°*)
a, b 1 1 (Prem
( ((a=b)Dra; & Ox(((a=b)Dxy O x = a)

o

0 ((a=bb =(a") )

1 2 (OE: 118.22)

((a = b)Dra] & Ox(((a = b)D)x1 O x = a)
0 ((a=Db)D = (a°)

3 (0OE 2
! To show. ((a = b)Daj
(a = b)[a, b] ! 4 (OE: P5)
( (a=b)[a,b] O ((a=bDra) ! 5 (OE C5.5)
(a = b)ra, by O ((a = bDra ! 6 (OE 5
((a = b)Dra 1 7 (OE 4,6)
I To show Ox(((a = b)D[x] O x = a)
X .1 8 (Prem
((a = b)Dx] 19 (Prem

( ((a=b)Dyx1 O Oy (a=b)ix,y1 ),! 10 (OE C5.3)

((a=*b)Dx1 O Oy (a=bixyr ! 11 ()E 10)
by (a = b)Ix,y] ! 12 (OE 9, 11)
(a = b)Ix,y] 113 (CE: 12)
((a=b)x,y] 0 x=a&y=b) ,!I 14 (OE P3)
(a=hb)[x,y] O x=a&y-=hb 115 (OE 14)
X =a&y=bh .1 16 (OE 13,15)

X = a 1 17 (& 16)



((a=*b)D[x) O x = a ! 18 (OE 9,17)

(((a=b)Dx3] O x = a) 119 (()1: 18)
Ox(((a = b)D)[x] O x = a) 1 20 (O: 8,19)
I Concl usi on.

((a = b)Dra; & Ox(((a = b)D)x1 O x = a)
!

21 (&: 7,20)
((a=b)D = (a*) 1 22 (OE 3,21)
Oalb ((a = b)D) = (a*) 1 23 (O1: 1,22)
O
119,
F Dalb ((a = b)!) = (b*)
a, b 11 (Prem
((a=b)l) =(((a=b*)D ! 2 (OB ©6.15)
((a =" b)*) E (b= a) ! 3 (OB P17)
(((a=hb)’) E(b=a) 0 (((a=b)")D = ((b=a)b )
| 4 (DE: C5.15)
((a=hb)*) E(b=a) 0 (((a=b))D = ((b=ab
5 (OE 4)
(((a=b)")D = ((b = a)b ! 6 (OE 3,5)
((a=b)l) =(((a=b))D & (((a=b)*)D = ((b = a)b)
7 (& 2,6)
((b = a)b = (b*) ! 8 (DE P18)

((a=b)l) =(((a=0)")D & (((a=b*)D = ((b = 2a)b

& ((b=a)b = (b) 1 9 (&: 7,8)

( ((a=bh) =(((a=b) D & (((a=b)")D = ((b = a)b
& ((b =a)b =(b)

O ((a=b)l) = (b))
1 10 (OB 111.21)

((a=b)l) =(((a=b))D & (((a=b)")D = ((b = a)b
& ((b = a)b = (b*)

0 ((ax o)) = (k") 11 (OE 4



((a=b)l) =(b%)

Oalb ((a = b)!)
O
I 20.

F OROSOaObOx (

R, S, a, b, x

- (Rhra &

- (R)[a]

J

S

SE(RY (x =

- a=>»

(sh)ra

(SE(RY (x =b) O (sh

(b*)

12 (OE 3,5)

13 (0O1: 1, 12)

(Rl)la] & SE(RY (x " b)) &=-a=0>b

- (Sh)rar )

b))

= ((Ru

(RY (x " b)) &=-a=0>b
|

1 (Prem

, 12 (Prem

3 (& 2)
4 (&E: 2)
5 (&E: 2)

6 (Prenm

(x = b)) )

7 (OE C8.22)

S=(RU (x *b) 0 (8) = (R (x = b))

(sh)y = (R (x = b))

(R) = (R)

((x = b)) = (b*)
(R = (R) & ((x = b)) = (b)

( (R) =(R) & ((x = b)) = (b*)
O ((RY (x = b)) = ((R) O (b%))
1 13 (OE: ©6. 26)

(R) =(R) & ((x = b)l) = (b%)
O (R (x =b)) =((R) 0 (b))
((Ru (x =b))l) = ((R) O (b%))

(sh)y = ((Ru (x = b))
& ((Ru (x = b)) = ((R) O (b))

8 (OE 7)

9 (OE 4,8)
10 (DE: 111.9)
11 (DE P19)

12 (& : 10, 11)

)

14 (()E 13)

15 (OE 12, 14)

16 (& : 9, 15)



( (sl =((Ru (x = b))
& ((Ru (x = b)) = ((R) O (b))
0 (sh) = ((R) O (b)) )
117 (OE 111.15)

(sh) = ((Ru (x = b))
& ((Ru (x = b)) = ((R) O (b))
0 (sh) = ((R) O (b%))

118 (()E 17)
(shy = ((R) O (b*)) ,! 19 (OE 16, 18)
(Shyral] & (s') = ((R') O (b*)) 1 20 (&: 6,19)

( (Shyrar & (sl) = ((R') O (b*)) O ((R') O (b*))ral )
,1 21 (OE 111.35)

(shyrar & (sh) = ((R) O (b*)) O ((R) O (b*))(a

122 (OE 21)
((R) O (b*))[a 1 23 (OE 20,22)
((RY)Y O (b*))[a] & = (R)a] 124 (&: 3,23)

( ((R) O(b*))[a] &~ (R)[a] O (b*)[a] )
125 (OB 112.7)

((RlYy O (b*))ral & - (R')ra] O (b*)[a]

1 26 (()E 25)

(b*)[a] 1 27 (OE 24, 26)

( (b*)[a] O a=n>b) 1 28 (OE: 118.3)
(b*)[a] O a =b 1 29 (()E 28)

a=hb 1 30 (OE 27,29)

F 1 31 (FI1: 5,30)

(Sl)yra] O & ! 32 (O1: 6,31)
- (Sh)[a 133 (-l: 32)

- (R)fa] & SE(RY (x =b)) &=-a=>b 0O = (S)a]
1 34 (O1: 2,33)

( - (Rlyfa] & SE(RY (x "Db)) &-a=b 0O - (Sh)ray )

135 (()1: 34)

OROSOaObOx ( - (Rl)[a] & SE (RY (x " b)) &=-a=>b
0 - (s)ia )



0

I ' 21. Qur pairing relationship is functional

F DaOb f (a = b)
a, b
X,Y,Z

(a = b)[x,y] & (a = b)[x,z]

(a = b)[x,y]

( (a=b)ix,y] O

x
I

a &y b )

(a="b)[x,y] O x=a&y-=>

X a&y-=»>
y =b
(a = b)[x, z]
( (a="b)ix,z1 O x=aé&z=">b)
(a="b)x,z1 O x=a&z=>
X =a&z-=>b
z =D
y =z
(a ® b)[x,y] & (a ®* b)[x,z] Oy

( (a=b)[x,yl &(a =b)[x,z] Oy =2)

OxOyOz ( (a = b)[x,y] & (a = b)[X, z]

f(an=h)

Dalb f (a * b)

O

1 22.

F Dalb (a = b) F (a*)
a, b

((a=b)D) =(a%)

z ,!

36 (Ol :

8

9

(Prem
(Prem
(Prem

1, 35)

(& 3)

(OE: P3)

(OE

5)

(OE 4,6)

(&E: 7)

(& 3)

10 (OE P3)

11 (()E 10)

12 (OE 9,11)

13 (&E:

14 (=E:

15 (O1:

16 (()1:

Oy =2z)
17 (0O

18 (SE:

19 (01 :

1

(Prem

12)
8, 13)

3, 14)

15)

2, 16)
8. 1)

1, 18)

2 (OE: P18)



f(a=b) N
((a=b)D) =(a*) &f(a=bh) !
(a=b) F(a%) |

Dalb (a = b) F (a*) !

0
I 23.

FORDa ( RF (a®) O b RE (a™® b))

R a N
RF (a*) |
(RD) = (a*) &fR !
(RD) = (a) !

f R ,

3

4

5

6

[ERN

N

3

4

5

(OE: P21)
(&: 2,3)
(% : C8.10, 4)
(OI: 1,5)
(Prem
(Prem

(8E: C8.10,2)

(& 3)

(&E: 3)

( (RD) =(a*) O (RD[a] & Ox ((RD[x] O x =a) )
, 1 6 (OE 118.20)

(RD) =(a*) O (RD[a] & Ox ((RP)[x] O x = a)

7T (OE 6)
(RDra] & Ox ((RP)[x] O x = a) ! 8 (OE 4,7)
(RD [a] 19 (& 8)
Ox ((RD)[x] O x = a) .1 10 (&E: 8)
( (RDra] O Oy Ra,yl ) 111 (OE C5.3)
(RDra] O Oy Ra,y] 112 (OB 11)
y Ra,vy] ! 13 (OE 9,12)
R a, b] ! 14 ([E 13)
( Ra,b] & OxOy(Rix,y] O x =a &y =b) O RE (a=b))
1 15 (OE P12)

Ra,b] & OxOy(Rx,y] O x =a &y =Db) O RE (a = b)
, 116 (()E 15)

X,y , 117 (Prem
RIX, Yl ,! 18 (Prem



( Rx,yl O

(RD)[x] )

Rx,yl O (RP[x]

(RP)[x]
((RD)[x] O

X = a)

(RD[x] O x = a

X =a

Ra,y]

fR&Ra,vy]

fR& Ra,yl & Ra,b]

( fR&Ray &Rab Ovy-=

fR&Ray] &Ra,b) Oy =05>

y =b

X =aé&y=0>0

Rx,y] O x=a&y=»>

(Rix,y] O x =a &y =b)

OxOy(Rx,y] O x =a &y =hb)

Ra,bl] & OxOy(Rx,y] O x =a &y =b)

RE (a®b)

b RE (a = b)
RF (a®) O (bR
(RF (a) O [b

ORJa ( RF (a*) O
O

| 24,

F Oadb ((a = b)” a)
a, b

f(a=®h)

= (a = b)
RE (a=h))

b RE (a=b))

I
o

b )

19

20

21

22

23

24

25

26

27

28

29

30
31

32

33

34

35

36

37

38

39

40

(OE: C5.5)
(OE 19)
(OE 18, 20)
(OE: 10)
(OE 22)
(OE 21, 23)
(=E: 18, 24)
(& : 5,25)

(& : 14, 26)

(0E: C8.2)
(O E 28)
(OE 27,29)
(& : 24, 30)
(O1: 18,31)
(O1: 32)

(O1: 17, 33)

(&: 14, 34)
(OE 16, 35)
(O: 36)
(O1: 2,37)
(()1: 38)

(01 1, 39)

1 (Pren

2 (OE: P21)



(a = b)[a, b] , 1 3 (OE: P5)
f(a="bhb) & (a ™ b)[a,b] 4 (& 2,3)

(f(a=h) &(a=b)[ab] O ((a=b) a) =b)
1 5 (OE C8.22)

f(a="bh) & (a=b)ab O ((a=hb)a =b

! 6 ()E 5)
((a=b)a =b 1 7 (OE: 4,6)
Dalb ((a = b)"a) = b 1 8 (O: 1,7)
O
| 25. Qur pairing relationship is one-to-one.
F DaOb 1 (a = b)
a, b 1 1 (Prem
f (b = a) 1 2 (DE: P21)
((a " b)*) E (b = a) ! 3 (OE P17)
f(b=a) &((a=b)”") (b= a) 14 (&8 2,3)

(f(b=a) &((a=h’

N—r
1]

(b=a) O1(a=h))
! 5 (OE C9.16)

f(b=a) &((a="b*) = (b=a) 01 (a-=h)

16 (OE 5)

1 (a = b) 1 7 (OE: 4,6)
Dadb 1 (a = b) 1 8 (O: 1,7)
O
I 26.

F Dalb (a = b) 1 (b*)

a, b 11 (Prem

((a=b)l) = (b*) ! 2 (OE P19)

1 (a = b) 1 3 (DE: P25)

((a="b)!) =(b*) &1 (a = b) L4 (& 2,3)

(a = b) 1 (b*) 15 (Bl: ©9.19,4)



Oadb (a = b) 1 (b*) | 6 (O: 1,5)

0



