I CHAPTER 6
| MAGES;

I In this chapter relationship inmages are introduced. The inmage
of R witten (R), is satisfied by those things to which

sonet hi ng bears R i
!l 1. | represents image. i
D ! ; (R);; {b: X RXx,b]} i

I 2. Fundanental Proposition of |nmages. i

FOROy ( (R)[y] = X Rx,y] ) i

R , 11 (Pren i
Oy ( {b: X Rx,bl}[yl] =« X Rx,y] ) ,! 2 (Pred) i
Oy ( (R)[yl = X Rx,yl ) 1 3 (DI: PL2) i
ORDy ( (R)[yl = X Rix,yl ) L 4 (O 1,3) i

0

I' 3. Fundanmental Proposition of |Inmages, First Half. i

FORDy ( (R)[y] O X Rx,y] ) [

R, x 11 (Prem i
( (R)Iyl = DX Rx,yl ) ! 2 (DE: P2) i
(RD)Iyl = x Rix, I 13 (0E 2 i
(R)Iy1 O X Rx,y] ! 4 (<E 3) i
( (R)[yl O x Rx,y] ) 15 (O)E 4) i
ORDy ( (R)[yl O Ox Rix,yl ) 6 (0O1: 1,5) i

0

I 4. Fundanental Proposition of |mges, Second Half. i

FORJy ( X Rix,y] O (R)[yl ) i

R, x , 11 (Pren i
( (R)[yl = X Rx,yl ) 2 (OB P2) i
(RD)1yl = X RXx,v] 3 ((O)E 2) i

X Rx,yl O (R)y] !4 (=E 3) i



( X Rx,yl O (R)ry1) 15
ORDy ( Ox Rix,y1 O (R)iy1) | 6
0

I 5. As with C5.5, it is often nore conveni ent
than to P4.

F OROxOy ( Rix,y] O (R)1y] )

X,y I
RIX, Y] )
[x RIX,y] 13
( Ix Rx,yl O (R)ryr) 14
X Rix,yl O (R)y] 15
(R [y 16
Rix,yl O (R)[y] 7
( Rx,y1 O (R)ryr) 18
OROxOy ( Rix,yl O (R)[yl ) 9
0
I 6.

FoOrROy ( - (R)[yl] O = Ix Rx,y] )

Ry 1
= (R [y 2
[x RIX,y] 13

( X Rx,y1 O (R)yr ) 14

x Rix,yl O (R)(y] 15

(R 1yl 16

F 7

X Rix,y] O F 18
- X RIX, Y] 19

(OE 4) i

(dr: 1,5) i

to appeal to P5
i

i
(Prem i
(Prem i
(0: 2) i

(OE: P4) i
(OE 4) i
(OE 3,5) i
(O1: 2,6) i
(O 7) i

(dr: 1,8) i

(Prem i
(Prem i
(Prem i
(OE: P4) i
(OE 4) i
(OE 3,5) i
(Fl: 2,6) i
(O1: 3,7) i

(-1: 8) i

- (R)[y] O = X RX,YV] 110 (O1: 2,9) i



( -~ (R)y[yl O - X Rx,y] )
OROy (- (R)[yl O - X RX, Yyl )
O

7.
F OROxOy ( Rix,y] & - (R)[ag O -y =a)
R X,y
Rix,y] &= (Rl)[a
R X, yl
- (R)[a
y = a
= (R 1y]
( Rx,y1 O (R)y1 )
Rix,yl O (R)[y]

(R 1yl

Rix,yl &= (Rl)fag 0 -y =a
( Rx,yl &~ (R)fag 0 ~y=a)
OROxOy ( Rx,yl &= (R)[a] 0 -~y =a)
0
I 8.
F OROBOxOy ( Rix,y] & (R') 0B O By] )
R, B, X,y
Rx,y] & (R) OB
RIX, Y]
( Rx,y] O (R)[y1)

Rx,yl] O (R)y]

111 ()1 10)

1 12 (O 1,11)

1 1 (Pren)

1 2 (Pren

13 (&E: 2)

14 (&E: 2)

1 5 (Prem

! 6 (=E: 4,5)

! 7 (DE: P5)

8 (OE 7)

! 9 (OE 3,8)
110 (F1: 4,9)
! 11 (O1: 5,10)
112 (Al 11)

113 (O1: 2,12)
14 ()1 13)

1 15 (O1: 1, 14)

1 1 (Prem
12 (Prem
1 3 (& 2)
! 4 (OE: P5)

15 (OE 4)



OROBOxOy ( Rix,y] & (Rl) 0B O By )

0

(R [y]

(Ry OB

(R)yry1 & (R) OB

( (R)ryr & (R') O0BO Byl )

(Rhyryr & (Rl) 0B O By

Bly]

Rx,yl & (R') OB O By]

( Rx,yl &(R') 0B O Byl )

1 9. P9 is a corollary to P8.

F OROBOxOy ( RIX, Y]

OROBOxOy ( Rx,y] & (Rl) =B O

0

R! B,X,y

Rx,yl & (R)
(R) =B
( (R) =
(R)

(R OB

RIX, Y]

& (R

BO (R) O0B)

BO (R) OB

Rx,y] & (R') OB

=B 0 By )

( Rx,yl & (R')y 0B DO By] )

Rx,yl &(R) 0B O Bly]

Bly]

Rix,yl & (R) =

( Rx,yl & (R)

B

O Bly]

B O Byl )

Blyl )

6 (OE: 3,5)
7 (&E: 2)
8 (&: 6,7)
9 (OE 111.2)
10 (OE 9)
11 (DE 8, 10)
12 (O1: 2,11)
13 (()1: 12)

14 (O1: 1,13)

[EEN

(Prem
(Prem

(& 2)

N

w

N

(OE: 111.11)

5 (OE 4

(o]

(OE 3,5)

\l

(&E: 2)
8 (&: 6,7)
9 (OE: P8)
10 (OE 9)

11 (OE 8, 10)

12 (O1: 2,11)
13 (()1: 12)
14 (O1: 1,13)



I 10.

F OROBOy ( Bly] & B O (R) O X Rx,y] )

R B,y 1 1 (Prem
Bly] & B O (R) 1 2 (Prem
( Blyl &B O (R) O (R)[y1) 13 (OE 111.2)
Blyl & B O (R) O (R)y 4 (OE 3)
(R 1y] 1 5 (OE 2,4)
( (R)lyl O Ix Rx,y1 ) 1 6 (OE P3)
(R)ryl O x Rx,y] 7 ((OE 6)
X RX, Y] ! 8 (OE: 5,7)
Bly] & B O (R) O X RX,y] 19 (01: 2,8)
( Byl &BO(R) O X Rx,yl ) 110 (()1: 9)
DROBOy ( Bly] & BO (R) O X Rx,y] ) ! 11 (O: 1,10)
O

I 11. P11 is a corollary to P10.

F OROBOy ( Biy] & (R') =B O X Rx,y] )

R B,y 11 (Prem
Bly] & (R') =B I 2 (Pren)
(R =B 13 (8B 2)
( (R)Yy =B O BO(R) ) 14 (OE 111.12)
(Ry =B O B O (R) 1 5 (()E 4)
BO(R) ! 6 (OE 3,5)
Blyl 17 (&E: 2)
Bly] & B O (R) 1 8 (&: 6,7)
( Byl &B 0O (R) O X Rx,y] ) 1 9 (DE P10)
Byl & B O (R) O X RX,y] 110 (OE 9)

X RIX, Y] 1 11 (OE 8, 10)



Blyl] & (Rl) =B O X RX,y]

( Blyl & (R) =B O x Rx,yl )
OROBOy ( Bly] & (Rl) =B 0 x RXx,y] )
0

I 12.

F OROB ( Oy(x Rx,y] O By]) O (R) OB)

R, B

Oy(X Rx,yl O Blyl)

X
(R [x]
( (R)[x1 O X Rx,x] )
(R)[x1 O X Rx,x]
(X R X, X]
(X Rx,x] O B[x])
(X R x,x] O B[X]
B[ X]

(R)[x] O Bx]

( (R)(x1 O Bx])

Ox ( (RY)[x1 O Bx] )

(R OB

Oy(x Rx,y] O By]) O (R) OB
( Oy(lx Rx,y] O Byl) 0 (R) 0B)

OROB ( Oy(x Rx,y] O By]) O (R) OB)

0

I 13.

F OROB ( Oy(Bly] O Ok Rx,y]) O B O (R) )

12 (O1: 2,11)
13 (()1: 12)

14 (0O1: 1,13)

1 (Prem
2 (Prem
3 (Prem
4 (Prem
5 (OE: P3)
6 (OE 5)

7 (OE 4,6)

(o¢]

(OE: 2)

©

(OE 8)

10 (DE 7,9)
11 (O1: 4,10)
12 (()1: 11)

13 (0O1: 3,12)

14 (% 111.1,13)

15 (O1: 2, 14)

16 (()1: 15)

(Ol: 1, 16)



R, B

Oy(Bly] O X RXx,yl)
X

B[ X]
(B[x] O X Rx,x])
B[ x] U [X RX, X]
(X R X, X]
( Ix Rx,x1 O (R)[x1)
X Rix,x] O (R)[x]
(R [x]

Bix] O (R)[x]

( Bix1 O (R)ix1)

Ox ( Bix1 O (RY)x1)

BO(R)

Oy(Blyl O O Rx,y1) O B O(R)

( Oy(Blyl O x Rx,y]) O BO(R) )

OROB ( Dy(Blyl O x Rx,y1) O BO(R) )

0
1 14,
F OROB ( Oy(x Rx,yl < Blyl) O (R)
R, B
Oy(x RIx,yl = Blyl)
y
(X RIx,yl = Blyl)
X RIX,y] = Bly]
X Rix,yl O Bly]

(Ix Rix,yl O B{y])

[EEN

N

A W

(62}

8

9

10

11

12

13

14

15

16

17

[EEN

w N

IN

(62}

(o]

(Prem i

(Prem i
(Prem i
(Prem i
(OE: 2) i
(OE 5) i
(OE 4,6) i
(OE: P4) i
(OE 8) i
(OE 7,9) i
(O1: 4,10)
(O1: 11) i
(O 3,12)
(%1: 111.1,13)

i
(O1: 2,14)
(O1: 15) i
(O 1,16)

i

i
(Prem i
(Prem i
(Prem i
(OE: 2) i
(OE 4 i
(=E 5) i
(O1: 6) i



Oy(x Rix,yl O Byl) 08 (0 3,7)

( Oy(Ix Rx,y] O By]) O (RYy OdB) ,! 9 (OE P12)

Oy(x Rix,yl O Blyl) 0 (R) OB ! 10 (OE 9)
(RYy OB ,! 11 (OE 8,10)
y , 112 (Prem
(X RIX,yl < Biyl) 113 (OB 2)
X RIX,yl < Bly] 14 (OB 13)
Blyl] O X RX,VY] , 115 (=E 14)
(Blyl] O X Rx,Yy1) 116 (()1: 15)
Oy(Blyl O X RX, Y1) 117 (01 12, 16)

( Oy(Bly] O Ox Rx,y]) O BO(R) ) ,! 18 (OE P13)

Oy(Blyl O Ox Rix,y1) O BO(R) 119 (OE 18)

BO(R) ,! 20 (OE 17,19)

(Rly oB&BO(R) 121 (& 11, 20)

((Ry oB&BO(R) O (R) =B) ,! 22 (CE 111.8)

(Ry oB&BO(R) O (R) =8B 123 (OE 22)

(Rl) =B ! 24 (OE 21,23)
Oy(x Rx,y] = By]) O (R) =B 125 (O1: 2,24)
( Oy(3x Rx,yl = Blyl) O (R) =B) ! 26 (()I: 25)

OROB ( Oy(Dx Rix,y] = Biy]) O (R) =B)
I 27 (OI: 1, 26)

O
I 15. P15 establishes the dual character between inmages and

domai ns. Propositions about inmages nmay now be proven by
appealing to their counterparts about donains.

FOR(R) = ((R)D
R 11 (Prem

( Oy(x Rx,y1 = ((R)Dry1) 0 (rR) = ((R)D )
.1 2 (OE P14)



Oy(x Rx,yl = ((R)Di1y1) 0 (R) = ((R)D

13 (0E 2) i
y 14 (Prem i

( X Rx,yl = Oy (R)Iy,y1) ,! 5 (DE C3.5) i
X Rx,yl < Oy (R)Iy, V] ! 6 ()E 5) i

( (R)Diy1 = v (R)1y,v1 ) ! 7 (DE C5.2) i
(R)Dy1 = Iy (R)1y.y] 8 (OE ) i
X RIX,Y] 19 (Prem i

X Rx,yl O 0y (R)My,yl ! 10 (~E 6) i

Oy (R)1y, ] 111 (DE 9,10)

Oy (R)Iy,y1 O ((R)Dy ! 12 (<E 8) i
((R) Dy 113 (OE 11,12) |

X Rx,yl O ((R)Dry] 114 (010 9,13)
((R) D1y 1 15 (Prem i
(R)Diy1 0 Oy (R)1y, vl ! 16 (-E 8) i

Oy (R)1Y, V] ! 17 (OE 15,16)

Oy (R) 1y, yl 0 x Rx,y] ! 18 (~E 6) i

X RX,V] 1 19 (OE 17,18)
((R)Dr1y] O Ix Rx,y] 1 20 (O1: 15,19)
X Rx,yl = ((R)Dry] 121 (=11 14,20)
(X Rx, ¥yl = ((R)Dryn 122 (01 21) i
Oy(x Rix,yl = ((R)Dryn) 123 (00 4,22)
(R = ((R)D ! 24 (OE 3,23)
OR (R = ((R)D I 25 (Ol: 1,24) i

0

I 16. P16 becones a corollary to P15, although evidently an
alternative presentation could have reversed the order of the two

proposi tions. i



FOR(RD) = ((R))

R 11 (Prem
((RHN) = ((RHM)D ,! 2 (DE: P15)
((R)*) ER ! 3 (OE C3.17)
( (R)") ERO ((RYHD =(RD) ) I 4 (OE C5.15)
((R)") ERO ((R)NHD = (RD !5 (OE 4
(((R)YM)D = (RD) 1 6 (OE 3,5)

(RHYh = (((RYHD & ((R)Y)D = (RD
17 (& 2,6)

( (R)YD = ((RYHD & (((R)HD = (RD

O (RD) = (R )
,! 8 (OE 111.16)

(RHYN = ((RYDHD & (((R)YHD =(RD 0 (RD = ((R)H)

L9 (OB 8)

(RD) = ((RH) )1 10 (OE 7,9)

OR (RD) = ((RH) ) | 11 (O : 1,10)
O

117,

FORB( (R) =B O ((R)D =B)

R B 11 (Prem
(Rl) =B ! 2 (Prem
(R) = ((R)D 1 3 (OE P15)
(R)Y = ((R)D & (R) =8B L4 (& 2,3)

BO ((R)D =8B)
' 5 (O 111.19)

( (R = ((RYD & (R)

(R) =((R)D & (R) =B O ((R)D E,!Be e 5
(R)D =8B 1 7 (OE 4,6)
(Ry =B O ((R)D =8B L8 (O1: 2,7)
((R)y=B0 ((R)H =8) 9 ()11 8)



OROB ( (R) =B O ((R)D =B) 110 (D1: 1,9) i

0
I 18. i
FORB( ((R)D =B O (R) =B) i
R B 11 (Prem i
((R)D =8 1 2 (Prem i
(R) = ((R)D ,! 3 (DE: P15) i
(R) =((R)D & ((R)D =8 14 (8 2,3 i

BO (R) =B)
! 5 (OB 111.15)

( (R = ((R)D & ((R")D

(R) = ((R)D &« ((R)D =B DO (R) =8
16 (()E 5) i
(R)Y =B 1 7 (OE 4,6) i
((R)D =B O (R) =8B L8 (O1: 2,7) i
( ((R)D =B O (R) =8) 19 (01 8 i
OROB ( ((R)YD) =B O (R) =B) 1 10 (O: 1,9) i

O

I 19. i
FOROB ( (R) =B « ((R)D =B) i
R B 11 (Prem i
( (Ry =B O ((RYD =8B) ! 2 (OE P17) i
(R)y =B O ((R)D =8B 13 (0E 2 i
( ((RYD) =B O (R) =B) ! 4 (OE P18) i
(R)D =B O (R) =8B 15 (()E 4) i
(R) =B - ((R)D) =8B 1 6 (=1: 3,5) i
((R) =B« ((R)D =8) 701 8) i
OROB ( (Rl) =B - ((R)D =B) 1 8 (O: 1,7) i

0

I 20. The inage operator maintains inclusion. Notice the use of



duality and the appeals (twice) to P15 in the proof.

F

OROS( RE s O (R) O(9) )
RS

RE S

(R) = (RHD
(RESO (R) £(sY))
RE SO (R) € (S

(R') € (8"

( (R) €(sy 0 (RYD O (s"HD ) ,

(R) € (s 0 (R)D O ((sHD
((RYD o ((s"HDb
(R = ((RYD & ((RYD O ((s")D

( (R) = ((RYD & ((R)YD 0 ((s"D o0 (R) O((s")DH )

1 (Prenm

2 (Prenm

3 (OE: P15)

4 (OE: C3.20)

5 (()E 4

6 (OE 2, 5)

7 (OE C5.14)

8 (OE

7)

9 (OE 6,8)

10 (&

11 (OE

3, 9)

111.29)

(R = ((R)D & (RYD o0 ((sHD o (R) 0 ((s"DH
112 (OE 11)

(Rh) 0 ((s"D
(sh)y = ((sHD
(sh)y =((sHD & (R) O ((s"D

,!1 13 (OE 10,12)

1 14 (OE: P15)

15 (&l

13, 14)

( (s =(sHD & (R) O ((s"HD o (R) o(s))

(shy =((s"Db & (rR) O0((s"D O (R')I

(R O (s
REsO (R) O (s

(REsO (R) O(s))

OROS ( RE s O (R) O(9) )

0

21.

16 (OE:

O (sh)
14 (()E:

15 (OE
16 (O1:
17 (()1:

18 (Ol

111.31)

13)
12, 14)
2, 15)
16)

1,17)



FOROSOy ( SE R& - (R)[yl O = (Sh)iy1 )

R, S, , !

n <

SER&- (R)y] o

(]

SER |
- (R 1yl !
( SERO (S O(RY ) N
SE RO (s) O(R) N
(s) o (R) !

(Rlyryr & (shy o (R) |

J

—~

(Rbyryr & (sl) O (rRy O - (shiyr ,!

J

(sh)ry N

J

SER&- (R)ryl1 0 - (shry !
(SER&-(R)[yl O = (ShHiyr) |

OROSOy ( SER&- (R)[y; O = (sh(y)

0

- (Rlyryr & (sl)y o(rRly O - (shyryr)

1 (Prem

2 (Prem

3 (&€ 2)

4 (&E: 2)

5 (OE: P20)
6 (OE 5)
7 (OE 3,6)

8 (&: 4,7)

9 (OE: 111.3)
10 (OE 9)

11 (OE 8, 10)
12 (O1: 2,12)

13 (()1: 12)

14 (O1: 1,13)

I 22. The inmage operator maintains equival ence. Remark again

appeal s to P15 and so the use of duality.

FOROS( REs O (R) =(sl) )

R S !
RE S !
(R) = (R)D !
(REsSO (R) = (s")) !

RE SO (R) (S !

* *

(R) = (S) !
( (R) 2(s) 0 (R)D =(sHD ) !

1 (Prem

2 (Prem

3 (OE P15)
4 (OE: C3.20)
5 (OB 4

6 (JE 2, 5)

7 (OE: C5. 15)

t he



*

(R) (s 0 (R)D
((R)D = ((s"HD

(R = ((R)D & ((R)D

(sh)y = ((s"D

(R = ((R)D & ((R)D

= ((sHD

= ((sHD

8 (OE 7)
9 (JE 6, 8)
10 (&: 3,9)

11 (OE: P15)

=((sHD & (d) =((sHD

12 (&: 10, 11)

( (R) =((R)D & ((R)D =((s")D & (d) = ((sHD

0 (R =(sh))

(R = ((R)D & ((R)D

0 (R) = (s

(R = ()
REsO (R) = (g)

(REsO (R) =(9))

OROS ( REsO (R) =(s) )

0

I 23.

FOrOSOB ( (Rl) =B & REsSO (Sl) =B)

RS B

(Rly =B&RES
(Rl) =B

RE S

(REs DO (R) = (g
REsO (R) = (9
(R) = (3

(Rly =(sl)y & (R) =8B

( (R =(sl) & (R)

(Rl)y =(s!) & (R) =8B

)

BO (9

0 (sl =

B)

13 (OE: 111.22)

=((sHD & (d) =((sHD

14 (()E 13)
15 (OE 12, 14)
16 (O1: 2,15)
17 (()1: 16)

18 (O1: 1,17)

1 (Prem

2 (Prem

3 (&€ 2)

4 (&E: 2)

5 (OE: P22)
6 (OE 5)
7 (OE 4,6)

8 (&: 3,7)

©

(OE: 111.19)

10 (()E 9)



(sh)

(R) =8B

( (R)

& R E

B &R

S

O (sl) =B

so (s =B)

OROSOB ( (Rl) =B&RESO (Sl) =B)

0

I 24,

F OROSOBOA ( (R)

R S, B, A
(R)
(R)

B =A

( (R
(R
(sh)

(s =

( (s

(sh)

(sh)

(R) =B

( (R)

S

11 (OE 8, 10)

=B&RES&B=A0 (Sl) =A)

S&B=A

S

=s0o (sl =8B)
so (sl =8B

A

=A0 (sl) =A)
ADO (sl =A
&B=A0 (3 =

B&RES&B=AD0 (9)

A

EA)

OROSOBOA ( (R') =B&RES&B=AD0 (9)

0

I 25.

F OROS ((Rw 9l

R, S

= ((R) O (sh)

(Rue9l) = ( ((Ru9")D)

12 (O1: 2,11)
13 (()1: 12)
14 (O 1,13)
1 (Prem

2 (Prem

3 (&E: 2)

4 (&)

5 (OE P23)
6 (OE 5)

7 (OE 3,6)
8 (&: 4,7)

9 (DOE: 111.15)
10 (OE 9)

11 (OE 8, 10)

12 (O1: 2,11)

13 (()1:

EA)
14 (O

12)

1, 13)

1 (Prenm

2 (OE P15)



((RY 97%) 2 ((R) u (5")) ! 3 (OE C3.27)

( ((RY 97F) = ((R) u (S))
0 ( (R 9Dy =( (R) v (s)D))
1 4 (OE C5.15)

((Ru 9)7) B ((R) u (S9))
0 (((Re9H)D) =( ((R) v (s)D)

5 (OE 4)
( ((Re9"D) =( ((R) »(s)D) 1 6 (O0E 3,5
(R Sy =( ((Ru9™D)
& ( ((R29"D) =( (R) w» (s))D)

17 (&8 2,6)

( (R)y w(s))D) = ((RD o0 (((sHDH )
1 8 (OE C5.19)

((Ru9ly =( ((Re 5D
& ( ((R=9"D) =( ((R) u (s))D)
& ( ((R) w(s)NHb)y = (RYD 0 (((sHDH )
19 (&l: 7,8)

( ((Rue9ly =( ((Rue9™D)

& ( ((R=9"D) =( ((R) u (s))Db)

& ( ((R) w(s)HDb) = (RHYD 0 ((s"DH )

0 (Re 9y = (R)D O ((sHD ) )

110 (OB 111.21)

(Rue9gl)y =( (Re 9D

& ( (Re 9Dy =( ((R) » (s))Db)

& ( ((R) = (s))Db) =( (RYD o0 ((sHDH )
O ((Rue 9l = (RYD O ((sHH )

111 (()E 10)
(R 9y =( (R)D 0 ((sHDH ) ! 12 (DE 9,11)
(R) = ((R)D 1 13 (OB P15)
(sl) = ((s")D 1 14 (OE P15)
(R) = (R)D & () =((s)DH 115 (& 13,14)

(Rl = ((R)D & (s) =((s")D
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