I CHAPTER 8
FUNCTI ONAL PREDI CATES;

I The purpose of this chapter is to introduce the notion of
functional relationships, and the value of a functional

rel ationship given an argunent. The first T-definition--for
(R x)--of this work nmakes its appearance.

fRis used to say that Ris a functional relationship,

RI Aneans that Ris a functional relationship with domain A
and

(R x) refers to the (unique) thing to which x bears R which
pre-supposes that Ris functional and x belongs to the domain of
R. i

I 1. f Rsays that Ris a functional relationship. i
f; fR; OxOyDz ( Rx,y] & Rx,z1 Oy =2z) i
I 2. i

F OROxOyDz ( FR& Rx,y] & Rx,z1 Oy =12) i

R X,VY,z 11 (Prem i
fR& RX,y] & RX, z] , 12 (Pren i
f R 1 3 (& 2) i
RIX,y]l & R(X, z] 14 (& 2) i
OxOyOz ( Rx,y] &Rx,z1 Oy =2z) , I 5 (%EE P1,3) i
( Rx,yl &Rx,z] Oy =12z) ,1 6 (OE 5) i
RIx,yl & Rix,z] Oy =1z A7 (OE 6) i
y =2 , 1 8 (OE 4,7) i

fR& RX,y] &Rx,z1 0Oy =12z 09 (0O1: 2,8) i

( fR&RX,y] &Rx,z] Oy =2z) ,110 ((O)1:9) i

OROxOyOz ( fR& RXx,y] & Rx,z] Oy =2z)
I 11 (O1: 1, 10) i

0

I 3. Sub-relations of functional relationships are functional.

FOROS( fR&SE RO fS) i
R, S 01 (Prem i
fR&SER ' 2 (Prem i

fR 13 (& 2) i



SER 1 4 (8E 2) i
X,VY,Z , ' 5 (Prem i
S[x,y] & S[X, 2] , 1 6 (Prem i
S[X, Y] 17 (& 6) i
S[x,y] & SE R ! 8 (&l: 4,7) i
( SIX,y] & S&E RO RX,VY] ) , 1 9 (OE Cl. 2) i
SIXx,y] & S& RO RX,YV] ,1 10 (O)E 9) i
R X, Y] , 111 (OE 8,10) i
S X, 7] 112 (& 6) i
S[x,z] & SE R 113 (&l: 4,12) i
( S[x,z] &S & RO RXx,z] ) , 114 (OE C1.2) i
S[x,z] & SE RO RX,Z] 115 (OE 14) i
R X, 7] , 116 (OE 13,15) |

R x,y] & RX, z] 017 (& : 11, 16)

OxOyDz ( RXx,y] & Rx,z] Oy =12z)

,! 18 (¥E P1, 3) i
( Rx,yl &Rx,z1 Oy =12z) ,1 19 (OE 18) i
Rix,yl] & Rix,z] 0Oy =z ,1 20 ((OOE 19) i
y =z , 121 (OE 17,20)
SIX,y] & S[x,z] Oy =12 122 (OI1: 6,21) i
( SIX,y] & S[x,z] Oy =12z) 123 (()1: 22) i
OxOyOz ( S[X,y] & S[x,z] Oy =12z) 124 (0OI: 5,23) i
fS 1 25 (Bl: Cl.1,24) j
fR&SERDO fS 1 26 (O1: 2,25)
(fR&SEROFS) 127 (()1: 26) i
OROS ( fR&SERDO fS) I 28 (OI: 1,27) i

0

I 4. Restrictions of functional relationships are functional. j



FORODA ( fRO f(ROA )
R A
fR
(ROA £ER
fR& (ROA £R
(fR&(ROA E RO f(ROA )
fR& (ROA £ RO f(ROA
f (R OA
fRO f(ROA
( fRO f(ROA )
ORIA ( fRO f(ROA )
0
| 5.
FOROS( fR&RE SO fS)
R S
fR&RE S
f R

R

1]
()]

(fR&SEROfS)

fR&SEROFS

fR&RE=ESOfS
(fR&RESDOfS)

OROS ( fR&RE SO fS)

[ERN

(Prem
(Prem

(OE: C7.7)

N

w

14 (& 2,3)
! 5 (OE: P3)
16 ((O)E 5)
1 7 (OE 4,6)
L8 (Ol 2,7)
9 (01 8)

I 10 (OI: 1,9)

[EEN

(Prem
(Prenm

(&E: 2)

N

w

14 (8&E: 2)

ol

(OE C1.10)

6 (OE 5)
! 7 (OE: 4,6)
18 (& 3,7)
1 9 (DE: P3)
110 (O)E 9)
! 11 (OE 8,10)
12 (O1: 2,11)
13 ()1 12)

| 14 (O1: 1,13)



0

I 6. i
FOROS( fR&SERDO fS) i
R S 11 (Prem i
fR&SER 1 2 (Prem i
f R 1 3 (&E: 2) i
S ER 4 (& 2) i
( SERO RES) ,! 5 (CE Cl.8) i
SERORES 16 ((O)E 5) i
RE S I 7 (OE 4,6) i
fR&RE S 18 (& 3,7) i
(fR&RESDO fS) ! 9 (OE P5) i
fR&RESDOFS 110 (OE 9) i
fS )1 11 (OE 8,10)
fR&SERO FS 112 (O1: 2,11)
(fR&SERDO fS) 113 ((O)1: 12) i
OROS ( FR&SERO fS) | 14 (OI: 1,13) i

0

I 7. The union of functional relationships with disjoint domains
is functional. i

FOROS ( FR&FS&((RD) n(SP)) =90 f(RLS) ) i

R S 11 (Prem i
fR&FS&((RD) n (SD) =9 1 2 (Pren i
f R 1 3 (& 2) i
fs 1 4 (& 2) i
(R n (SD) =0 !5 (& 2) i
OxOyOz ( RIx,y] & Rx,z] O y=2z) ,! 6 (E PL3) i
OxOyOz ( S[X,y] & S[x,z] O y=2z) ,! 7 (E PL4) i



X, Y,z
(RY 9[x,y] & (RY 9)[x, 2]

(R™ 9)[x,y]

( (RY 9[x,yl O Rx,yl O8x,yl )

(RY 9)[x,yl O Rx,y] O S[x,yVy]

Rix,yl U S[x,y]

(RY 9)[x, 2]

( (RY 9([x,z] O Rx,z] O9[x,2z] )

(RY S)[x,z] O Rx,z] O9x, z]

R x, z] O X, z]

8 (Prenm

9 (Pren

10

11

12

13

14

15

16

17

(&E: 9)

(OE C2.3)
(OE 11)
(OE 10, 12)

(&E: 9)

(OE: Q2. 3)
(OE 15)

(OE 14, 16)

( (RDx1 & ((RD) n (SD)) =90 - (SDix1)

(RD)(x]1 & ((RD) n (SD)) =9 O - (SD(x]

Case 1 : R[X,Y]
R, Y]
Case la : RX,z]
RIX, z]
RIx,yl & RIX, z]

( Rx,yl &Rx,z] O vy =

Rix,yl & Rix,z] Oy =2z

y =z
Rix,z] Oy =12
Case 1b : 9[x, z]

S X, z]

( Six,z1 O (SPx1 )

Six,z] O (SPrx]

(SP)1x]

Z )

18

19

20

21
22

23

24

25

26

27

28

29

30

(OE: 115.23)

(OE 18)

(Prem

(Prem
(& : 20,21)

(OE 6)
(()E 23)
(OE 22, 24)

(O1: 21,25)

(Prem

(OE: C5.5)
(OE 28)

(OE 27, 29)



( Rx,y] O (RDx]) ! 31 (OE C5.5) i

Rx,yl O (RP)[x] ! 32 (OE 31) i
(RD) [x] ! 33 (OE 20,32)
(ROIx1 & ((RD) n (SD)) =9 ! 34 (&: 533
= (SD) [x] ! 35 (OE 34,19)

! Contradiction: (SP)[x] and = (SP)[x], so anything
follows, includingy = z. i

Yy =2z ,! 36 (Prem i

F , 137 (F1: 30,35
-y=z0F ,138 (OI: 36,37)
——y =z ,1 39 (-l: 38) i

y =2z , I 40 (-E 39) i
SIx,z] Oy =1z 141 (O1: 27,40)
y =z 142 (E 17, 26, 41)

i

Rx,y] OOy =2z 043 (O1: 20,42)

! Case 2 : 9[Xx,VY] i
S X, Y] , 1 44 (Prem i
! Case 2a : R x, z] i

RX, Z] 1 45 (Prem i
( Rx,z] O (RD[x] ) ! 46 (OE: C5.5) i
Rix,z] O (RD)[x] 147 (()E 46) i
(RD) [ x] ! 48 (OE 45,47)
(RO[x1 & ((RD) n (SD) =9 ! 49 (&: 548 |
- (SDx] 1 50 (OE 19,49)
( SIx,yl O (SP1x1) ,! 51 (OE C5.5) i
Six,yl O (SPix ! 52 (()E 51) i
(SD) [ x] ! 53 (OE 44,52) |

! Contradiction: (SP)[x] and =(SP)[x], so anything
follows, including y = z. i



F | 55 (FI: 50, 53)
~y=z0F )1 56 (O1: 54,55)
Yy =z 1 57 (=l: 56)
y =2z ,1 58 (-E 57)
Rx,z] Oy =z 1 59 (O1: 45,58)
! Case 2b : 9[x, z]
S[X, z] ,1 60 (Prem
S[X,y]l & X, z] , 1 61 (& : 44,60)
( SIx,y] & §[x,z1 Ody=2z) ,! 62 (LE 7)
S[X,y] & S[x,z] Oy =2z , 1 63 (()E 62)
y =z ,! 64 (OE 61, 63)
S[x,z] Oy =1z , 1 65 (OI: 60, 64)
y =z ! 66 (CE 17,59, 65)
S[x,y] Oy =1z ,1 67 (OI1: 44, 66)
! Concl usi on
y =z ! 68 ([E: 13,43, 67)
(R 9[x,y] & (RY §[x,z]1 Oy =2z
1 69 (O1: 9,68)
( (RY9Ix,y] &(RY §[x,z] Uy =2z)
170 ()1 69)
OxOyOz ( (RY S)[x,y] & (RY 9[x,z] Oy =12z)
1 71 (Ol 8,70)
f (Ru S) 172 (®1: P1,71)
fR&FS&((RD) n (SD) =90 f(RL S
173 (01: 2,72)
(fR&FS&((RP) n(SD) =90 F(Ru Y9 )
74 ()1 73)
OROS( FR&FS&((RD) n(SP) =90 f(RUYS) )
I 75 (O1: 1,74)



0
I 8. i

FOROSODAB ( fR&FS & (RD) =A&(SP) =B&(An B =¢
O f(RY S ) i

R S A B ! 1 (Pren i

fR&FS&(RD) =A&(SP) =B & (A n B) =¢

, 12 (Pren i
fR&TS 3 (& 2) i
(RD) =A&(SD) =B & (An B) =9 14 (& 2) i
((RD) =A&(SD =B&(AnB =900 (RO n(SD) =9)

1 5 (OE 113.39)
(RD) =A&(SD =B&(AnB =90 ((RD) n (SD) =0

' 6 (OE 5) i
((RB n (SD) =0 ! 7 (OE 4,6) i
fR&FS&((RD) n (SD) =9 1 8 (&: 3,7) i
(fR&FS&((RD) n (SD) =0 F(Ru Y )

1 9 (OE P7) i
fR&FS&((RD) n (SP) =90 f(RU S

110 (OE 9) i
f (Ru 9 )1 11 (OE 8,10)

fR&FS&(RD) =A&(SP =B&(AnB =¢0 f(RYYS)
112 (O1: 2,11)

(fR&FfS & (RD) =A & (SD

B&(AnB) =0 f(RY S )
113 ((O)1: 12) i

OROSOAB ( fFR&FS & (RD) =A&(SPD =B&(An B =¢
O f(R2S) )
I 14 (O 1, 13) i

O

I 9. Qur enpty relationship is functional. i

Ffo i
X,V,Z , 1" 1 (Prem i

PIX,y] & P[X, z] 12 (Prem i



DX, Y] I 3 (&E 2)

Ay =z 14 (Prem
- P[X,VY] , ! 5 (0OE C4.3)
F 16 (FI: 3,5)

~y=z0O F 1 7 (O1: 4,6)

Yy =2z 18 (-1 7)

y =z 19 (-E 8)
PIx,y] & P[x,z] Oy =12z , 110 (O1: 2,9)
( PIx,y] & P[x,z] Oy =12z) 011 (()1: 10)

OxOyOz ( P[x,y] & P[x,z] Oy =2z) V12 (O 1, 11)
f o | 13 (% P1,12)

0

I 100 RTF Aneans that Ris a functional relationship with
domain A

EF; RFA; (RO =A&fR

I 11.

F OROSOALB ( RF A&RES&A=B0O SFB)

R S A B 11 (Prem
RFA&RES&A=B 1 2 (Prem
RF A 1 3 (& 2)
RES&A=B 4 (&E 2)
(RD) =A&fR ! 5 (BE P10, 3)
(RD) = A 1 6 (& 5)
(RD) =A&RES&A=B 17 (&8l 4,6)
((RD) =A&RES&A=B0O (SD =8B)

! 8 (OE C5.17)
(RDD =A&RES&A=BO (SD =B ,! 9 (()E 8)
(sh) =B )1 10 (OE 7,9)

f R 1 11 (&E: 5)



RE S

fR&RE S
(fR&RESOFfS)
fR&RESDOfS
fs

(sh) =B & f S

SFB
RF A&R

(RF A&

OROSOACB ( RFA&RES&A=B0O SF B)

0

I 12.

R

S

&

S

A=B0 SFB

& A

BO SFB)

FOROSDTA( RFA&RES O SF A)

R S, A
RF A&
A=A
RF A&
( RF A
RF A&
SFA

RF A&R

(RF A&

R

R

R

wn

R

)]

Py

w

U

S

& A=A
S&A=A0 SFA)

& A

AlO SFA

SFA

0 SFA)

OROSOA ( RFA&RESDO SF A)

0

I 13.

FOROIADB( RF A&A=B O RF B)

R A B

12

13

14

15

16

17

18

19

20

(&E: 2)

(&l 11,12)
(OE: P5)
(OE 14)
(OE 13, 15)
(&: 10, 16)
(% : P10, 17)
(O1: 2,18)
(O)1: 19)

21 (Ol 1,20)
1 (Prem

2 (Prem

3 (OE 111.9)
4 (&: 2,3)
5 (DE: P11)
6 ()E 5)

7 (OE: 4,6)
8 (O1: 2,7)
9 ((O)I: 8
10 (OI: 1,9)
1 (Prem



OROALB ( RF A&A

0

RF A&

R

R

RF A&A

F

R

F

F

R

A &

F A

A &

B

(RF A&

14.

A

R

A

ln
oy}

R&A

1]
vy}

X
1]

R&A

BORF B)

R&A

1]l
vy}

O RIF B

BOREFB

BORFB)

BORFB)

FOROADB( RF A&B=A0 RF B)

R A B

RIF A&B

RF A

B

R

R

F

A

I[
>
|

A&

F A

A &

B

RIF A&B

(RF A&

B

1]
>

1]l
v9)

n
vy}

A=BORF B)

1]
w

O RIF B

AUORFB

=AORFB)

OROALB( RF A&B=A0 RF B)

0

15.

N

w

(631

8

9

(Prem
(0E: C1.7)
(&: 2,3)
(DE: P11)
(OE 5)
(OE: 4,6)
(O1: 2,7)

(O1: 8)

10 (OI: 1,9)

8

9

(Prem
(Prem

(8&E: 2)

(8&E: 2)

(OE: 111.10)
(OE 5)
(OE: 4,6)
(&: 3,7)

(OE: P13)

10 (()E 9)

11 (OE 8, 10)

12 (O1: 2,11)

13 (()1: 12)

14 (0O1: 1,13)



FORODA ( fR&AO(RD O (ROA F A)
R A
fR&A O (RD
f R
( fRO f(ROA )
fRO f(ROA
f (ROA

A O (RD

( AD(RD O ((ROAD)

AO(RD) O ((ROAD =Aa

A)

((ROAD =4
((ROAD =A&f(ROA
(ROA F A

fR&ADO(RD) O (ROA F A
(fR&ADO(RD) O (ROA F A)
OROA ( fR&ADO(RD) O (ROA F A)

0

I 16.

FOROSOAIB ( RFA&SFB&(AnB) =0

O (RY S F (AOB) )
R S, A B
RFA&SFB&(AnB) =¢
! First, we unpack the prem se.

RIF A
(RD)
(RD)

f R

A&fR

I]
>

SFB

1 (Pren

2 (Prem

3 (&E

4 (OE:

5 (OE

6 (OE

\l

(&E:

(o0}

(OE:

©

(OE

2)

P4)

2)
3, 5)
2)
C7.31)

8)

10 (OE 7,9)

11 (&
12 (%l

13 (O1:

6, 10)
P10, 11)

2,12)

14 (()1: 13)

15 (01 :

H

N

3 (&E
4 (%E
5 (&
6 (&E:

7 (&E:

1, 14)

(Prenm
(Prem

2)
P10, 3)
4)
4)

2)



(sb =B &fS 1 8 (BE P10, 7) i
(sb =8 ,1 9 (& 8) i
fs 1 10 (&E: 8) i
(AnB) =¢ 111 (&E: 2) i
I To show ((Rv SD) = (A O B) i
(RD) =A& (SD =8B 1 12 (&: 5,9) i
( (R =A&(sDh =BO ((Ru 9D =(AD B )
1 13 (DE C5.20)
(RD) =A& (SD =B O ((Ru SYD) = (A O B)
14 (OE 13) i
((Ru 5Dy = (A O B) 115 (OE 12,14) |
I To show f (RUY S) i
fR&FS 1 15 (& : 6,10) i
fR&FfS&(RD) = A ,! 16 (&: 5,15) i
fR&FS&(RD) =A&(SD =8B 117 (&9, 16) i
fR&FS&(RD) =A&(SP) =B & (A n B) = ¢

, 118 (&: 11, 17) i

(fR&FfS & (RD) =A & (SD
O f(R2 S )

B&(AnB =9

1 19 (OE P8) i
fR&FS&(RD) =A&(SPD) =B&(AnB =90 f(RU S)
120 (OE 19) i
f(Ru S) 1 21 (OE 18,20) |
((Ru S)D) =(AD B &f(RU S) 122 (&: 15,21)
(Ru'S) F (A O B) 1 23 (B : P10,22) i

RFA&SFB&(AnB) =90 (RYS) F (AO B
124 (O1: 2,23) i

(RFA&SFBS&(AN B

o0 (RwS) F (AOB) )
1025 ((O)1: 24) i

OROSOAOB ( RFA&SFB&(AnB =¢0 (RS F (ADB) )
1 26 (Ol: 1,25)



0

117,
FoF o

(D) =g & f @
®F o

I

1

2

(&: C5.22,

(%1: P10, 1)

9 i

I P18 and P19 are needed to introduce the T-definition of P20.
P18 is unusual, in that it appeals only to a proposition from
chapter 5, and so could have been placed in that chapter,

than the present one.

| 18,
FOROx ( fR& (RP)[x] O Ca Rx, a )
R, X
f R& (RD)[x]
(RD) [x]
( (RAx1 0 Oy Rx,yl )
(ROx1 0 Oy Rx, VI
y RX, vl
RIX, Y]
(A R x, a]
fR& (RD)[x] O A Rx,aj
( fR& (RP)[x] O A Rx,a] )
OROx ( fR & (RD)[x] O A Rx,a] )

0
I 19.
FOROx ( fR& (RD)[x] O OyOdz(RX,Y]
R, x
f R& (RD)[x]

f R

& R X, 7]

[EEN

2

3

4

5

6

7

8

9

(Prem
(Prem
(&E: 2)
(OE: C5.3)
(OE 4)
(OE 3,5)
(CE: 6)
(o:7)

(O1: 2,8)

10 (()1: 9)

11 (Ol

1

2

3

Oy =12))
(Prem
(Prem
(&E: 2)

1, 10)

r at her
i



OxOyDz ( RX,y] & Rx,z1 Oy =12z) ' 4 (5E P1, 3) i
Oydz ( Rx,y]l] & Rx,z] Oy =2z) 15 (OE 4) i

fR& (RD[x] O DyDz(Rx,y] & Rx,z] Oy =
16 (0O1: 2,5) i

7 (01 6) i

OROx ( fR& (RD)[x] O OyDz(Rx,y] & Rx,z] Oy =1z
18 (0l:

0

I 20. (R x) refers to the thing y to which x bears R It pre-
supposes that Ris functional and x is in the domain of R which
ensures that y exists (P18) and is uni que (P19). i

T ; (Rx) ; fR& (RD[x] ; RXx, Y] il (TD P18, P19)
I 21, i

FOROxOy ( FR& RXx,y] Oy = (Rx)) i

R X,y 11 (Prem i
fR & RX,VY] , ' 2 (Prem i
f R 1 3 (& 2) i
RIX, y] 4 (& 2) i
( Rx,yl O (RDx1 ) ! 5 (DB C5.5) i
Rix,yl O (RP)[x] 1 6 ()E 5) i
(RD)[x] ! 7 (OE 4,86) i
f R& (RD)[x] 1 8 (&: 3,7) i
RIX, (R x)] 1 9 (TI: P20,8)
fR&RX,y] & Rx, (R x)] 110 (&: 2,9) i

( FR&RX Yl &Rx (Rx)] Oy =(Rx))
111 (OE P2;
(R x): P20, 8)
i

fR& RX,y] & Rx,(Rx)] O vy = (RXx)
112 ((OE 11) i

y = (R x) , ! 13 (OE 10,12)

fFR&RxXx,y] Oy = (RX) 014 (O1: 2,13) i



(fR&RX,y] Oy =(Rx)) 115 ()1 14)
DROxOy ( fFR& RX,y] Oy = (Rx)) 1 16 (OI: 1,15)
O
1 22,

FOROxOy ( FR&RX,y] O (Rx) =y)

R X,y 11 (Prem
f R & RX,Y] 1 2 (Prem
(fR&RX,y] Oy =(Rx)) ! 3 (OE P21)
fR&RX,y] Oy = (RX) 14 ()E 3)
y = (R x) 1 5 (0OE 2, 4)
y =y ! 6 (=E: 5,5)
(Rx) =y ,! 7 (=E: 5, 6)

fR&RX,y] O (Rx) =y 18 (0O1: 2,7)
( fR&Rx,yl O (Rx) =y) 9 (01 8)

DROxOy ( fR& RX,y] O (Rx) =vy) 1 10 (OI: 1,9)

O

1 23,

FOROSOx ( FR&SE R&(SD[x] O (Sx) = (RX) )

R, S, X , 11 (Pren
fR&SE R&(SD[x] 1 2 (Prem
fR&SER 1 3 (& 2)
(SD) [x] 14 (& 2)
(fR&SE RO fS) ! 5 (CE P3)
fR&ESE RO FS 1 6 (()E 5)
fs ! 7 (OE 3,6)
fS & (SDx] 18 (& 4,7)
S[X, (S X)] 19 (TI: P20, 8)

SER 110 (&€ 2)



S[Xx,(Sx)] &S ER

( SIx,(Sx)] &S E RO RX,(Sx)]) ,

S[X,(Sx)] &S E RO RX,(SX)]

11

12

13

(&l:

(COE

9, 10)

Cl. 2;

(S x): P20, 8)'

(OE

12)

RIX, (S X)] ! 14 (OE 11,13)

f R 1 15 (&E: 2)

fR&RX, (S X)] 1 15 (&l: 14,15)

( FR&RX (Sx)] O (Sx) =(Rx)),! 16 (0OE P21;
(S'x): P20,8)

fR&RX (SX)] O (Sx) = (Rx) 117 (()E: 16)

(S'x) = (Rx) 1 18 (OE 15,17)

fR&SER&(SD[x] O (Sx) = (Rx) ,! 19 (OI1: 2,18)

(fR&SER&(SD[x] O (Sx) = (Rx))

120 (()1: 19)
OROSOx ( FR&SE R&(SD[x] O (Sx) = (Rx) )

I 21 (O 1,20)
O
I 24,
FOROSOx ( fFR&SE R&(SD[x] O (Rx) = (Sx) )

R S, x 11 (Prem
fR&SE R&(SD[x] 1 2 (Prem
(fFR&SER&(SPD[x] O (Sx) = (Rx))
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