' CHAPTER 9
1-1 PREDI CATES;j

I This chapter introduces the notion of one-to-one rel ationships,
and the argunment of a one-to-one relationship given its val ue.

Anot her T-definition--for (R Yy)--appears.
1 Ris used to say that Ris a one-to-one relationship,

R1 B neans that Ris a one-to-one relationship with i mage B,
and

(Ry) refers to the (unique) thing which bears Rtoy, a
definition which pre-supposes that Ris one-to-one and y bel ongs
to the image of R

There is evidently duality between one-to-one and functional
rel ati onshi ps through the inverse. That is, Ris one-to-one if
and only if the inverse is functional. This fact is established
alnost imediately, in P3-P8, so it can be used in subsequent
pr oof s. i

I 1. 1 Rsays that Ris a one-to-one rel ationship. i
1 ; 1 R,; OxOyDz ( RXx,y] & Rz,y] O x =2z) i
2. i

F OROxOyOz ( 1 R& RX,y] & Rz,y] O x =2z) i

R X,VY,z 11 (Prem i
1 R&RX,y] &Rz,yi , 1 2 (Prem i
1R 1 3 (& 2) i
RIX,y]l & Rz, Y] 14 (& 2) i
OxOyOz(R x,y] & Rz,y] O x = 2) , I 5 (%5E P1,3) i
(RIx,yl & Rz,y] O x = z) ,1 6 (OE 5) i
RIx,yl & Riz,y] O x =z 7 (OE 6) i
X =z , ' 8 (OE 4,7) i

1 R&RX,y] &Rz,y] O x =2z 09 (0O1: 2,8) i

(1 R&RX,y] &Rz, y1 O x =2z) 1010 (O1: 9 i

OROxOyOz ( 1 R& RX,y] &Rz,y] O x =2z)
11 (d: 1,10) i

0

I P3-P8 establish duality between one-to-one and functi onal
relationships. A nost all this chapter's subseequent
propositions are proven, directly or indirectly, using these
duality results. i

I 3. i



FOR( 1RO f(R) )
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RY, X]
(R)[x, 2]
( (R)Ix,21 O Rz,x )
(R)Ix,z1 O Rz,x]
Rz, x]

Ry, X] & Rz, X]
1 R&Ry,x] & Rz, X]

(1 R&RyY,x] &Rz, x] O
1 R&RY,X] &Rz, x] Oy
y =z

(R)Ix ¥l & (R)[x,z1 Oy =

( (R)Ix,yl & (R)[x,z1 Oy

OxOyDz ( (R)[x,y] & (R)[x,z]1 Oy =12)
!

f (R)
RO f (R

1RO f(RY))

OR( 1RO f(R) )
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R N
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RIX, Y] !
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Rz,y] !
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(R) 1y, 2] !
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I 5.

FEOR( 1 R = f(RY) )

R 11 (Prem
(1RO f(R)) ! 2 (OE P3)
1 RO f (R 1 3 (O)E 2
( f(R) O1R) ! 4 (DE P4)
f(R) O1R 1 5 ()E 4)
1R = f(R) 1 6 (=E 3,5)
(1R f(R)) 7 (01 6)

OR(1R < f(R)) 1 8 (O: 1,7)

O

I 6.

FeEOR( fR = 1 (RY) )

R 11 (Prem

(1 (R) = f((R)")) ,! 2 (OE P5)

1 (R) = f((R)) 3 (OE 2)

RE ((R)™) ! 4 (OE C3.18)
f R 1 5 (Prem
fR&RE ((R)) ! 6 (&: 4,5)
(fR&RE ((R)") 0O f((R)")) .1 7 (OE: C8.5)
fR&RE((R)") O f((R)7) 8 (OE 7)
f ((R)™) ! 9 (OE 86,8)
f ((R)") 0 1 (R) 1 10 (<E 3)
1 (R ! 11 (OE 9, 10)

fRO 1 (R) 1 12 (O1: 5,11)
1 (R ,1 13 (Prem

1 (R) O0f(R)Y) 1 14 (<E 3)



f ((R)™)
f ((R)") & RE ((R)7)
( f((R)") &RE ((R)") O fR)

f((R)") &RE ((R)") O fR

f R

1 (R) O fR
fR < 1 (R
(fR < 1(R))
OR(fR < 1 (R) )
O
1 7.
FOR( fRO 1 (R))

R
(fR=1(R))
fR - 1 (R
fRO 1 (R)
(fRO 1 (R))

OR( fRO 1 (R) )

O

I 8.

FOR(1(R) O fR)
R
(fR < 1(R))
fR < 1 (R
1 (R) O fR
(1 (R) O fR)

OR( 1 (R) O fR)

15 (OE 13, 14)
16 (& : 4,15)
17 (OE: C8.6)
19 ()E 17)
20 (OE 16, 19)
21 (O1: 13, 20)
22 (=l: 12,21)
23 (()1: 22)
24 (O1: 1,23)
1 (Prem

2 (DE: P6)

3 (0OE 2)

4 (~E 3)
5(0)1: 4)

6 (Ol: 1,5)

1 (Prem

2 (CE: P6)

3 (0OE 2)

4 (~E 3)

5 ()1 4)

6 (Ol: 1,5)



O
I 9. Sub-relations of one-to-one relationships are also one-to-

one. This is proven by appealing to duality and the
correspondi ng proposition for functional relationships. i

FOROS( 1 R&SERDO1S) i

R S 11 (Prem i
1R&SER 12 (Prem i
1R I3 (& 2) i
(1RO f(R)) .1 4 (OE P3) i
1RO f (R LS5 (0OE 4 i
f (R ! 6 (OE 3,5) i
SER 7 (&E 2) i
( SERO (S) € (R)) ,! 8 (OE: C3.19) i
SERO (S) € (R) 19 (O)E 8) i
(S") € (R .1 10 (OE 7,9) i
f(R) &(S") € (R) 111 (&1 6,10)
( f(R) &(S) €E(R) 0O f(sS")) .1 12 (OE: C8.3) i
f(R') &(S") € (R) O f(9) 113 ((O)E 12) i
f (SY) 1 14 (OE 11,13)
( f(S)Y O01S) 115 (OE: P4) i
f(S) O1S 116 (()E 15) i
1S 117 (OE 14,16) |

1R&SERDO 1S 118 (OI: 2,17)

(1R&SSRO1S) 119 (()1: 18) i

OROS( 1R&SERDO1S) 1 20 (O1: 1,19)

0

' 10. Restrictions of one-to-one relationships are al so one-to-
one. i

FORDA (1 RO 1 (ROA ) i



R A 11 (Prem

1R 12 (Prem

(ROA ER 1 3 (0B C7.7)

1 R& (ROA ER 4 (&8l 2,3)

(1 R&(ROA ERO 1 (ROA ) 1 5 (OE P9)

1 R&(ROA S RO 1 (ROA) 1 6 (()E 5)

1 (ROA ! 7 (OE 4,6)
1RO 1 (ROA 8 (0O1: 2,7)
(1RO 1 (ROA ) 9 ((O)1: 8)

ORIA (1 RO 1 (ROA) ) 1 10 (OI: 1,9)
O
111,
FOROS( 1 R&RESO1S)
RS 11 (Prem

1 R&RE S 12 (Prem

1R | 3 (& 2)

RES 4 (&E 2)

(RESDO SER) | 5 (JE Cl.10)

RESO SER 1 6 (()E 5)

SER 1 7 (OE 4,6)

1R&SER 18 (&: 3,7)

(1R&SERO1S) 1 9 (DE: P9)

1R&SERO1S 110 (OE 9)

1S 1 11 (OE 8,10)
1R&RESO1S 12 (O1: 2,11)
(1R&RES0O1S) 113 ((O)1: 12)

OROS( 1 R&RESO1S) | 14 (O1: 1,13)

0



I 12.

FOROS( 1 R&SERO1S)

R, S 11 (Prem
1R&SER 1 2 (Pren
1R ! 3 (& 2)
SER 14 (&E: 2)

( SERDO RES) ,! 5 (CE: Cl.8)
SERDORES 1 6 (()E 5)
RE S 7 (OE 4,6)
1R&RES 1 8 (&: 3,7)
(1TR&RES0O1S) ! 9 (OE P11)
1R&RESO1S 110 (OE 9)
1S ,! 11 (OE 8,10)
1R&SER0O 1S 12 (O1: 2,11)
(1TR&SERO1S) 113 ()1 12)

OROS (1 R&SERDO1S) | 14 (0O0: 1,13)

[

I P13-P17 are a return to the thene of duality.

I 13,

FOROS( 1 R&(R) ES0OFfS)

R, S , 11 (Pren
1 R&(R) £E5S 12 (Prem
1R ! 3 (& 2)
(R") £s 4 (& 2)
(1RO f(R)) ,! 5 (OE: P3)
1RO f(R) 1 6 (()E 5)

f (R) ! 7 (OE 3,6)

f(R) & (R') ES 8 (&l: 4,7)



( f(R) & (R

f (R) & (R

fsS

SO fsS)

1R&(R) Es0Ofs

(1 R&(R)EsSsOFS)

OROS ( 1 R & (RY)
0

I 14,

FOROS (1 R&(S)

RS

1 R&(S") =
1R

(s") ER

( (S") ERO (R

*

(S) = RO (R)

*

(R) =S

(1R&(R)
1 R&(R) E
fsS

1 R&(S") =

Pyl

(1 R&(S") =
OROS (1 R & (SY)

0
! 15.

R

SO fsS)

RO fS)

fsS

RO fS)

FOROS ( fR & (R)

R, S

RO fS)

SO1S)

9 (OE: C8.5)
10 (OE 9)
11 (DE 8, 10)
12 (O1: 2,11)
13 (()1: 12)

14 (O1: 1,13)

[EEN

(Pren

(Prem
(& 2)

N

w

4 (&E: 2)

(62}

(OE: C3.23)
6 (OE 5)
7 (OE 4,6)
8 (&: 3,7)
9 (OE P13)
10 (OE 9)
11 (OE 8, 10)
12 (O1: 2,11)
13 (()1: 12)

14 (O: 1,13)

1 (Prem



f R & (R

1]
)]

f R

*

(R)

(fRO 1 (R))

S

fRO 1 (R)

1 (R

1 (R) & (R') S

(1 (R) &(R) EsO18S)

1 (R) & (R)Es0O 1S

1S

fR&(R)=ES0O1S
(fR&(R))EsSO1S)
OROS ( fFR&(R) ES0O18S)

0

I 16.

FOROS( fR&(S) ERO1S)

R S

(') ERO (R) £5

(R) =5

fR& (R) S
(fR&(R)ES0O1S)
fR&(R)ES0O1S
1S

1 2 (Pren)

13 (&E 2)

14 (&E: 2)

1 5 (OE: P7)

6 (OB 5)

! 7 (OE 3,6)
18 (&l 4,7)

1 9 (OE: P11)

110 (OB 9)

! 11 (OE 8,10)
12 (O1: 2,11)
13 ()1 12)

| 14 (O 1,13)

1 1 (Pren

1 2 (Pren)

13 (&E: 2)

14 (&E: 2)

! 5 (OE: C3.23)
16 (OE 5)

1 7 (OE: 4,6)
18 (& 3,7)

! 9 (DE: P15)
110 (OE 9)

| 11 (OE 8, 10)



( fR& (S E

fR&(S) ERO 1

S

RO1S)

OROS ( fR&(S) ERO1S)

0

I 17. One-to-rel ationshi ps,

di sj oi nt i nmages.

restricted to

FORODADB (1 R& (A n B) = ¢
0D ((ROAH n ((ROB))

To show:

R A B

1 R&(AnB) =9

(- X ((ROAD X & ((ROB)[x1)
O ( ((ROA n((ROB!) ) =9)

- X ((ROA X1 & ((ROB)[x1)
O((ROAN n((rOB!) ) =9

x ((ROAD X1 & ((ROB)!)[x1)

((ROA Dy & ((ROB)!)1y1)

(ROADy1 & ((ROB )y

((ROA )Y

12 (O1: 2,11)
13 (()1: 12)
14 (0O1: 1,13)

di sj oi nt donai ns,

=0)

- X ((ROAN X & ((ROB) ) x).
proceeds by contradiction.

( (ROADy1 O X (ROAX,Y] ) ,!

((ROAD)[y1 O X (ROAI[X,Y]

X (ROA)[X,VY]

(ROA)IX,Y]

( (ROAI[X,yl O Rx,yl & AlX] )

(ROAI[Xx,yl O RX,yl & AX]

RIX, ¥yl & AlX]
RIX, Y]
Al X]

1 (Prenm

2 (Prenm

3 (COE 115. 29)

4 (()E 3)

5 (Prem

6 ((E: 5)

7 (OE 6)

8 (& 7)

9 (OE: C6.3)
10 (OE 9)
11 (OE 8,10)
12 ([E 11)
13 (OE: C7.3)
14 (()E 13)

15 (OE 12, 14)
16 (&E: 15)
17 (&E: 15)

The proof



((ROB) )1y 118 (&E 7)

( (ROB)[y1 O x (ROB)[x,y] ) ,! 19 (OE ©6.3)

((ROB)[y1 O x (ROB)[X,Y] 120 (()E 19)
X (R OB)[X,Y] )1 21 (OE 18, 20)
(ROB)[z,VY] 122 ([E 21)

( (ROBJ[z,y] O Rz, y] &B[z] ) , 1 23 (OE C7.3)
(ROB)J[z,y] O Rz,y] & B[z] 124 (OE 23)
Rz, y] & B[z] 1 25 (OE 22, 24)
Rz, vyl ,1 26 (&E: 25)

B[ z] 127 (& 25)
Rix,yl] & Rz,vVy] , 128 (& : 16, 26)
1R 1 29 (&E 2)

1 R&RX,y] & Rz,Y] , 1 30 (&E: 28, 29)
(1T R&RX,y] &Rz,y1 O x=2z) ,! 31 (0OE P2

1 R&RX,y] &Rz, yl O x =z 132 (OE 31)

X =z )1 33 (OE 30, 32)
B[ X] , 1 34 (=E 27, 33)
(An B =0 1 35 (& 2)
Bix] & (An B) = ¢ 1 36 (&: 34,35)
( Bix] & (An B =90 - AX] ) 1 37 (OB 115.24)
Bix] & (An B) = ¢ O = AX] 1 38 ()E 37)

- A[X] ,1 39 (OE 36, 38)
F 140 (F1: 17, 39)

X ((ROA X1 & ((ROB)y[x)) O F
1 41 (O1: 5, 40)

- X ((ROADIx] & ((ROB ) [x1) ! 42 (-1: 41)
( (ROA n((ROB) ) =9 ! 43 (OE 4,42)

1R&(AnB =90 ( ((ROA) n((ROBI) ) =9



144 (O1: 2,43)

(1TR&(AnB =90 ( ((ROAl) n ((ROB!) ) =9)
1045 (()1: 44) i
ORIACB ( 1 R& (A Nn B) =9
O ( (ROA) n ((ROBI) ) =9)
| 46 (OI: 1, 45) i

O
| 18. Qur enpty relationship is one-to-one. i
F1 o i
(fOP&DE (O) O f (D)) ! 1 (OE C8.5) i
fo&dE () O F (DY) 2 (OB 1) i
fd&DE () ! 3 (&: 8.9, 4. 14)
i
f (D) ! 4 (OE 2,3) i
( f(d") O1 0) ! 5 (OE P4) i
f(d") O1 @ 16 (OE 5) i
1 o | 7 (OE: 4,6) i
O

I 19. R1 B neans that Ris a one-to-one relationship with inage
B. i

%1; R1IB; (R) =B&1R i
I P20- P25 are nore propositions concerning duality. i
I 20. i

FOROB( R1BO (R) F B) i

R B 11 (Prem i
R1B 12 (Prem i
(Ry =B &1 R .1 3 (BE: P19, 2) i
(R) =B 1 4 (& 3) i
( (Rly =B O ((R)D =B) ! 5 (OE ©6.17) i

(Rly =B O ((R)D =8B 1 6 (()E: 5) i



(RYD =8B ! 7 (OE 4,6) i

1R 1 8 (& 3) i

(1RO f(R)) .1 9 (OE P3) i

1RO f (R 110 ((OOE 9) i

f (R") ,! 11 (OE 8,10) i

((RYD) =B & f (R") 12 (& 7,11) i

(R") F B 1 13 (%l : C8.10,12)

i

R1BO (R) FB 14 (O1: 2,13)

( R1BO (R) FB) 115 (() 1 14) i

OROB ( R1BO (R) F B) I 16 (O: 1,15)
O

121, i

FORBB( (R) FBO R1B) i

R B 11 (Prem i
(R") F B ' 2 (Prem i
((R)D =B & f (R ! 3 (BE: CB.10,2) |
(R)D =8 | 4 (& 3) i
( (RYD =B 0O (R) =B) ! 5 (OE ©6.18) i
(RYD =BO (R) =8B 1 6 (OE 5) i
(R)Y =B ! 7 (OE 4,6) i
f (R") ,! 8 (& 3) i
( f(R) O01R) .1 9 (OE P4) i
f(R)) O1R 110 (OE 9) i
1R 1 11 (OE 8,10) |
(Ry =B &1 R 12 (&7, 11) i

R1B , 113 (&l : P19,12)
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((R') FBO R1B)
OROB ( (R') FBO R1B)

O
1 22.
FORBB( R1B - (R) F B)
R B
( R1BO (R) FB)
R1BO (R) F B
( (R') FBO R1B)
(R)) FBO R1B
R1B - (R') FB
( R1B « (R') F B)
OROB ( R1B « (R') F B)
O
1 23.

FORDA( RFAD (R) 1A)

R A
RF A
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(RFA&RE ((R)") O ((R)") FA)
|

RFA&RE ((R)") O ((R)") F A
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((R)") F

( ((R)") FADO (R) 1A)

((R)") FADO (R) 1A

(R)) 1 A

14 (O1:

2, 13)

15 (()1: 14)

16 (O1: 1, 15)
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(Prem
(OE: P2)
(OE 2)
(OE: P21)
(OE 4
(=1: 3,5)
(O)1: 6)

(o 1,7)

(Prem
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(OE: C3.18)

(&: 2,3)

(OE: C8.12)
(OE 5)
(OE 4,6)
(OE: P21)

(OE 8)

10 (OE 7,9)



RFAO (R) 1A 111 (O1: 2,10)

(RFADO (R)1A) 12 ()1 11)
ORODA ( RFAO (R) 1A) 1 13 (O 1,12)
0
I 24,

FORODA ( (R)) 1A0 RF A)

R A 11 (Prem
(R) 1 A 1 2 (Pren
((RY1AD ((R)") F A) ! 3 (OE P20)
(R) 1 A0 ((R)") F A 14 (OE 3)
((R)Y") F A ! 5 (OE 2,4)
((R)*) ER 16 (DB C3.17)
((R)") FA&((R)") ER ! 7 (&8: 5,6)

( ((R)") FA&((R)") ERORFA)
! 8 (OE: C8.12)
((R)") FA& ((R)") ERORFA ,! 9(E 8)
RF A 1 10 (OE 7,9)
(R) 1A0 RF A 111 (O1: 2,10)
((R)1AO0RFA) 112 ()1 11)
ORJIA ( (R) 1AD0 RF A) 1 13 (O 1,12)
O
| 25,
FORODA( RF A « (R) 1A)

R A 11 (Prem

(RFADO (R)1A) ! 2 (OE P23)

RFADO (R) 1A 1 3 (O)E 2

((R)1AORFA) ! 4 (OE P24)



(R 1AD0RF A 5 (OE 4) i

RF A< (R) 1A ! 6 (=1: 3,5) i
(RFA < (R)1A) L7 (01 6) i
OROA ( RF A =« (R) 1A) 1 8 (0O: 1,7) i
0

I P26-P28 are on the sanme thenme: equival ence naintai ns one-to-
oneness. i

I 26. i

F OROSOADB ( R1 A&RES&A=B0O S1B) i

R S A B 11 (Prem i
R1IA&RES&A=B 12 (Prem i
R1A ! 3 (& 2) i
(R1ADO (R) F A) ! 4 (OE P20) i
R1AD (R) F A 1 5 (()E 4) i
(R)) F A ! 6 (OE 3,5) i
RES 7 (& 2) i
( RESO (R) 2 (SY)) .1 8 (OE: C3.20) i
RE SO (R) = (9 19 (OE 8) i
(R') £ (S ,1 10 (OE 7,9) i
(R) F A& (R) E (S 1 11 (&: 6,10) i
A =B 12 (& 2) i
(R FA&(R) E(S') & A=8B 113 (& 11,12)

((R) FA&(R) E(S") & A=B 0 (S) F B)
! 14 (DOE ©C8.11)

(R FA&(R) E(S") & A=B0 (S) FB

115 (()E 14) i
(S") F B ! 16 (OE 13,15) |
( (S FBO S1B) 117 (DE: P21) i

(S FBO S1B 118 (()E 17) i



si1B )1 19 (OE 16, 18)

RIA&RES&A=B0O S1B 120 (O1: 2,19)
(R1IA&RES&A=BDO S1B) 121 ((O)1: 20)
OROSOADB ( R1IA&RES&A=BO S1B)

1 22 (O0: 1,21)
0
1 27.

FOROSOA( R1IA&RE SO S1A)

R 'S, A 11 (Prem
R1A&RES 12 (Prem
A=A 1 3 (OB 111.9)
RIA&RES&A=A 14 (& 2,3)
(RIA&RES&A=AD0 S1A) ,! 5 (OE P26)
RIA&RES&A=AD0 S1A 1 6 (()E: 5)
S1A 17 (OE 4,6)

RIA&RESO SITA 08 (0O1: 2,7)

(R1IA&RES0OS1A) 19 (()1: 8)

OROSOA ( R1IA&RESDO S1A) 1 10 (O1: 1,9)
O

I 28.

F ORODAOB ( R1 A&A=B0 R1B)

R A B 11 (Prem
R1A&A=B 12 (Prem
RE R ! 3 (OE CL.7)
RIA&RER&A=B 14 (&l 2,3)
(R1IA&RER&A=B0O R1B) ! 5 (OE P26)
RIA&RER&A=B0O R1B 1 6 (()E 5)
R1B 17 (OE 4,6)



R1IA&A=B0O RI1B 08 (01 2,7)

(R1IA&A=B0O R1B) 19 ((O)1: 8)
OROATB ( R1A&A=B0O R1B) 1 10 (O1: 1,9)
O

I ' 29. A one-to-one relationship is one-to-one on its inage.

FOR(1RORIL(RY))

R 11 (Prem
1R 12 (Prem
(R) = (R U3 (OB 111.9)
(RYy =(R) &1 R L4 (& 2,3)
R1(R) 1 5 (% P19, 4)
1RO R1(R) 16 (0O1: 2,5)
(1RO RI1(R)) L7 ()1 6)
OR(1RORIL(RY)) 1 8 (O 1,7)
O

I 30. P30 is a corollary of P29.

FORDA (1 RO (ROA 1 ((ROA))

R A 11 (Prem
1R 12 (Prem
(1RO 1 (ROA ) ! 3 (OE P10)
1RO 1 (ROA 4 (O)E 3)
1 (ROA 1 5 (OE 2,4)
(1 (ROA O (ROA 1 ((ROA ) ,1 6 (0E P29)
1 (ROA O (ROA 1 ((ROA) 7 ()1 6)
(ROA 1 ((ROAD ! 8 (OE 5,7)

1RO (ROA 1 ((ROA) 19 (O1: 2,8)

(1RO (ROA 1 ((ROIAN) 110 (O1: 9)



OROA (1 RO (ROA 1 ((ROAN) I 11 (O: 1,10) i
O
I 31. The union of one-to-one relationships wth disjoint inmges

are one-to-one, and the inmage of the union is the union of the
i mages. i

F OROSOADB ( R1A&S1IB&(ANnB) =9
O (RYS 1(A0OB)) i

RS, A B 11 (Prem i
R1IA&SIB&(ANnB) =¢ 1 2 (Prem i
R1A 13 (& 2) i
( R1ADO (R) F A) ! 4 (OE P20) i
R1ADO (R) F A 1 5 (()E 4) i
(R") F A ! 6 (OE 3,5) i
S18B 7 (& 2) i
(S1BO (S FB) ! 8 (OE: P4) i
s1BO (S') FB 1 9 (OE 8) i
(S') F B ;! 10 (OE 7,9) i
(R') FA&(S) FB ! 11 (& 6,10) i
(AnB) =¢ 112 (&E: 2) i
(R FA&(S) FB&(An B =¢ ,! 13 (&: 11,12)
((R)) FA&(S) FB&(An B =g¢

O ((R) & (s)) F(ADB )
| 14 (DE C8.16) |
(R FA&(S) FB&(An B) =g¢
O ((R) 2 (s)) F (ADB)
115 (OE 14) i
((R) © (S")) F (A O B) 1 16 (OE 13,15)
((R) & (SY)) E ((Ru 97%) 1 17 (OE C3.28)

((R') 2 (S")) F(AOB) & ((R') & (S")) = ((Ru 9)7)
, 118 (& : 16,17) i

( ((R) w(S")) F(AOB) & ((R) 2 (S)) £ ((Rv 97



O (RS F (ADOB )
, 119 (OE C8.12)

((R) » (S")) F(ADB & ((R) u© (S")) = ((Re 97
O ((RY S)*) F (A O B)

1 20 (OE 19) i
((RY S*) F (A O B) ! 21 (OE 18,20)

( ((R29*) F(AOB O (RuS) 1(AOB))

1 22 (OB P21) i
((R2 S)”") F(AOB O (RwS) 1(ALOB)

123 (OE 22) i
(Rw S) 1 (A0 B ! 24 (OE 21,23)

RIA&SIB&(AnB =¢0 (RS 1(AOB)
25 (O1: 2,24)

(R1A&S1B&(AnN B

o0 (R2S) 1 (ADOB))
126 (()I: 25) i

OROSOACB ( R1A&S1B&(AnB =¢0 (RuS) 1(ADB))
1 27 (O1: 1,26)

0

I 32. Qur enpty relationship is one-to-one with our enpty (one-
pl ace) predicate as imge. P32 summarizes previously asserted
pr oposi tions. i

Foilog i
(dl)y =90 &1 @ ,1 1 (&: C6.28, P18)

i
1o 2 (%: P19,1) i
0

' As their duals C8.18 and C3.19 in Chapter 8, P33 and P34 are

needed to introduce the T-definition of P34. P33 is again

unusual, in that it appeals only to a proposition fromchapter 6.
i

I 33, i
FORDly (1 R&(R)[y] O [ Ra,y] ) i
R Y , 11 (Prem i

1 R& (R)y] 12 (Pren) i

(R 1yl 13 (& 2) i



( (R)[yl O Ix Rx,y] ) ! 4 (OE C6.3) i

(R)yl O X Rx, v 5 (OE 4) i

X RX,Y] ! 6 (OE 3,5) i

R, Y] 7 (LB 6) i

(A R a,y] 08 (O: 7) i

1 R&(R)[y] O b Ra,V] 19 (O1: 2,8) i

(1 R&(R)Iy1 O a Rayl) 110 (1 9) i

OROy (1 R&(R)[y] O & Ra,y] ) I 11 (O 1,10)
O

| 34, i

FORDy (1 R& (R)[y] O DxOz(Rx,y] & Rz,y] O x =2) ) i

Ry 11 (Prem i
1 R& (R)[y] 1 2 (Prem i
1R 3 (& 2) i
OxOyOz ( Rx,y] & Rz,y] O x =2z) I 4 (5E 3,Pl) i

X , 15 (Prem i
Oz (Rx,y] & Rz,y] O x = 2) 16 (OE 4) i
OxOz (RIX,y] &Rz,y] O x =2z) 07 (0i: 5,6) i

1 R&(R)[y] O DxOz(Rx,y] & Rz,y] O x = z)

08 (0Ol: 2,7) i
(1 R&(R)[y] O OxOz(Rx,y] &Rz,y] O x =2) )
9 (01 8) i
ORDy ( 1 R& (R)[y] O OxOz(Rx,y] & Rz,y] O x = 2) )
10 (0O1: 1,9) i

O
I 35. (Ry) refers to the thing x which bears Rtoy. It pre-
supposes that Ris one-to-one and y is in the image of R which

ensures that x exists (P33) and is unique (P34). (Rvy) is dual
to (R x). i

T ; (Ry); 1R&(R)[yl ; Rxvy] i! (TD: P33,P34)
I 36. i



FOROxOy (1 R&Rx,y] O x = (Ry) )
R X,y
1 R&RX,Y]
RI(RY).YI

1 R&RX, Y & R(RY),V]

(1 R&RX,y] &R(Ry),yl O x = (RYy)
! 5 (OE P2;

1 R&RX,y] &R(Ry),yl O x = (RYy)

x = (Ry)

1 R&Rx,y] O x = (RYy)

(1 R&Rx,y] O x = (Ry))
OROxOy (1 R&RXx,y] O x = (Ry))
0
| 37.

FOROxOy (1 R&Rx,y] O (Ry) =x)

R, X,y

1 R & RX,YVY]
(1 R&RXx,yl O x=(RYy))

1 R&Rx,y] O x = (RYy)

x = (RYy)
X =X
(Ry) = x

1 R&RXx,y] O (Ry) =x
(1 R&Rx,y] O (Ry) =x)
OROxOy (1 R&RXx,y] O (Ry) =x)

0

I 38.

1 (Pren

2 (Prem

3 (TI: P35,2)
4 (&: 2,3)

)

(Ry): P35,2)

6 (OE 5)
7 (OE 4,6)
8 (O1: 2,7)
9 ((O)I: 8
10 (OI: 1,9)
1 (Prem

2 (Prem

3 (OE: P36)
4 (OE 3)
5 (OE 2, 4)
6 (=E: 5,5)
7 (=E: 5, 6)
8 (O1: 2,7)
9 ((O)I: 8
10 (OI: 1,9)

FOROSOy (1 R&SER&(SH[yl O (Sy) =(Ry))



0

R,

1

(

39.

S,y 1 1 (Prem i
1R&SE R&(S)[y] 12 (Prem i
1 R&SER 1 3 (& 2) i
(1R&SERDO1S) | 4 (DE: P9) i
1R&SERO 1S 1 5 ()E 4) i
1S ! 6 (OE 3,5) i
(sh) iyl T (8B 2) i
1 s&(S)iy 1 8 (&: 6,7) i
SI(SY),y] ,! 9 (TI: P35,38) i
SER 110 (& 2) i
SI(S'y),y] & SER 111 (& 9,10)
( SI(S'y),y] &S E RO R(SyY),y] ) ,! 12 (OE CL 2
(S'y): P35, 8)i
SI(S'y),yl & SE RO R(SY),V] 13 (OE 12) i
RI(Sy). VI ! 14 (OE 11,13)
1 S&R(SY),y] ;1 15 (& : 6, 14) i
(1 S&R(Sy).,yl O (Sy) =(Ry)).! 16 (OE P36;
(S'y): P35, 8)i
1 S&R(SY),yl O (Sy) = (RYy) 117 (OE 16) i
(S'y) = (Ry) 1 18 (OE 15,17) |
R&SES R&(S)[yl O (Sy) =(Ry) ,! 19 (OI: 2,18)
1R&SER&(S)IyI O (Sy) =(Ry))
120 (O)1: 19) i
DROSOy (1 R&SER&(S)[yl O (Sy) = (Ry) )
I 21 (O: 1,20)
i
FOROSDYy (1 R&SE R&(S)[y] O (Ry) =(Sy) ) i
S,y 1 1 (Prem i

R,



1 R&SER&(SH[y]

(1

, 12 (Prem

R&SERE&(SH)Iyl O (Sy) =(Ry))

1 3 (OE: P38)

1 R&SER&(SH)Iyl O (Sy) = (RY)

(S'y) = (RYy)
(Ry) = (RYy)
(Ry) =(Sy)

1R&SER&(SH)[y] O (Ry) = (Sy)

4 (OE 3)

1 5 (OE 2,4)
| 6 (=E: 5,5)
1 7 (=E: 5,6)

18 (O1: 2,7)

(1 R&SER&(SHIy1 O (Ry) =(Sy))

19 (01: 8)

OROSOy (1 R&SER&(S)[yl O (Ry) =(Sy))

0

I 40.

10 (O1: 1,9)

FOROSOy (1 R& (R)[y] & RE SO (Ry) =(Sy) )

RSy

1 R&(R)[y] & RE S

1R

(R 1]

R E

Py
1]

X
(]

S & (R) [y

& RE

wn

R&RESO1S)

&RESO1S

1 1 (Pren
12 (Prem
13 (& 2)
14 (8 2)
I 5 (&E: 2)
! 6 (OE C1.9)
7 ((O)E 6)
! 8 (OE 5,7)
19 (&: 4,8)
! 10 (&: 3,5)
1 11 (OE P11)
112 (OB 11)

, 1 13 (OE 10, 12)



1 S&RE S & (R)[y] 114 (&: 9,13)

(1 S&RES&(R)[yl O (Ry) =(Sy))

1 15 (OE P38)
1R&RE S&(R)yl O (Ry) =(Sy)
1 16 (()E 15)
(Ry) = (Sy) 1 17 (OE 14, 16)
1 R& (R)[y] & RESO (Ry) =(Sy) ,! 18 (OI: 2,17)

(1 R&(R)[yl &RES DO (Ry) =(Sy) )
119 ((O)1: 18)

OROSOY (1 R& (R)[y] & RES O (Ry) =(Sy) )
I 20 (O: 1,19)

I
I 41,

FOROSOy (1 R& (R)[y] & SERDO (Ry) = (Sy) )

R Sy 11 (Prem
1 R&(R)[y] & SER 1 2 (Prem
1 R& (R)[y] 1 3 (& 2)
SER 14 (8B 2)
( SERDO RES) ,! 5 (OE Cl.8)
SERDORES 1 6 (()E: 5)
RE S 1 7 (OE 4,6)
1 R&(R)[y] & RE S 1 8 (&: 3,7)

(1 R&(R)[yl & RE SO (Ry) =(Sy) )

1 9 (LE P40)
1 R&(R)[yl & RES DO (Ry) =(SYy)
110 (OE 9)
(Ry) =(Sy) ,! 11 (OE 8,10)
1 R&(R)[y] &S ERO (Ry) =(Sy) ,! 12 (OI: 2,11)

(1 R&(R)[yl &S =ERO (Ry) =(Sy) )
113 ()1 12)

OROSOY (1 R& (R)[y] & SE RO (Ry) =(Sy) )



I 14 (O1: 1,13)
0
I 42. i

FOROx (fR&1 R&(RPD[x] O (R(Rx)) =x) i

R, X 11 (Prem i
fR&1 R & (RD)[x] 1 2 (Prem i
f R 1 3 (& 2) i
1R 14 (&E 2) i
(RD)[x] ! 5 (&E 2) i
f R& (RD)[x] ! 6 (&: 3,5) i
RIX, (R x)] 17 (TI: C8.20,6) |
1 R&RX, (RX)] 18 (&l: 4,7) i
(1 R&RX (Rx)] O (R(Rx)) =x),! 9 (0E P37

(RX): cs.zo,esi)
1 R&Rx, (Rx)] O (R(Rx)) = x 110 (OE 9) i
(R(R X)) = x 1 11 (OE 8,10) |

fR&1R&(RD[x] O (R(Rx)) =x ! 12 (O1: 2,11)

(fR&1 R&(RD[x] O (R(Rx)) = x)

113 (01 12) i

OROx ( fR&1 R& (RD[x] O (R(Rx)) =x)
I 14 (O 1,13) i

0
I 43. i

FOROy (fR&1 R&(R)[y] O (R(Ry)) =vy) i

R Y 11 (Prem i
fR&1 R&(R)[y] 1 2 (Prem i
f R 13 (&E 2) i
1 R& (R)[y] 14 (&E 2) i

R(RY),Yyl .1 5 (Tl: P35,4) i



fR& R(RY),Y] 1 6 (& : 3,5) i

( fR&R(RyY),y1 O (R(Ry)) =y) ,! 7 (0& C8.22;
(Ry): P35,4)

fR&R(RYy),yl O (R(Ry)) =y 8 (OB 7) i
(R(Ry)) =y ' 9 (OE 6,8) i
fR&1 R&(R)[yl O (R(RYy)) =y ,110 (O1: 2,9) i

(fR&1TR&(R)[y1 O (R(Ry)) =vy)
111 ()1 10) i

ORDy ( fR& 1T R&(R)[yl O (R(RY)) =y)
|12 (O1: 1,11)

0
I 44, i

FOROxOy (1 R& (Rx) =(Ry) O x=y) i

R X,V , 11 (Prem i
1 R&(Rx) = (Ry) 1 2 (Prem i
1R 13 (& 2) i
(Rx) = (Ry) 4 (& 2) i
f R& (RD[x] ,! 5 (TE: C8.20,4) i
f R& (RD)[y] ,! 6 (TE C8.20,4) |
RIX, (R X)] 1 7 (TI: C8.20,5) j
Ry, (Ry)] 1 8 (TI: C8.20,6) |
1 R&RX, (Rx)] 19 (& 3,7) i
Ry, (R x)] 1 10 (=E: 4, 8) i
1 R&RX (Rx)] &Ry, (Rx)] 111 (& 9, 10) i

(1 R&RX (RX)] &Ry, (Rx)] O x=y)
112 (OB P2;
(R x): C8.20,5)
i

1 R&RX, (Rx)] &Ry, (Rx)] O x =y
113 (OE 12) i

X =y | 14(DE: 11,13) i

1 R&(Rx) =(Ry) O x =y 015 (O 2,14) i



(1TR&(Rx) =(Ry) O x =y) 116 (()I1: 15) i
OROxOy (1 R&(Rx) =(Ry) O x =y) 17 (0O1: 1,16) i
O

I 45. A proof along the lines of P44's woul d save two steps (1
versus the actual 19). i

FOROxOy ( fR& (RxXx) = (Ry) O x =y) i

R X,V 11 (Prem i
fR& (Rx) = (RYy) 1 2 (Prem i
f R 3 (& 2) i
(Rx) = (Ry) 1 4 (&E: 2) i
1 R&(R)[x] ! 5 (TE: P35, 4) i
fR&1 R& (R)[x] ! 6 (&: 3,5) i
( fR&1T R&(R)[x] O (R(RX)) =x)

1 7 (DE: P43) i
fR&1R&(R)x1 O (R(Rx)) =x ,! 8(O)E 7) i
(R(Rx)) = x 1 9 (OE 6,8) i
1 R& (R)[y] ! 10 (TE: P35,4)
fR&1 R& (R)[y] 111 (& 3,10) i
(fR&1R&(RD)Iyl O (R(Ry)) =y)
1 12 (DE P43) i
fR&1R&(RO)yl O (R(Ry)) =y ,! 13 (OE 12) i
(R(RYyY)) =y ! 14 (OE 11,13) |
(R(Rx)) =y 1 15 (=E: 4,14) |
X =y 1 16 (=E: 9,15) |
fR& (Rx) = (Ry) O x =y 117 (O1: 2,16)
(fR&(RxXx) =(Ry) O x=y) 118 (()1: 17) i
DROxOy ( FR& (Rx) = (Ry) O x =y) 1 19 (OI: 1,18)

0

I P46 and P47 concern duality. An alternative devel opnment of the
last third of this chapter woul d have established these



propsitions first and the others subsequently. i

I 46. i

FORIx ( FR& (RD[x] O ((R) x) = (RX) ) i

R, X 11 (Prem i
f R& (RD)[x] ! 2 (Pren i
RIX, (R x)] 1 3 (TI: C8.20,2) |
( RX, (Rx)] O (R)I(Rx),x] ) 1 4 (DE C3. 4

(R x): C8.20,2)
i

Rx, (Rx)] O (R)I(Rx),x] 5 (OE 4) i
(RYI(R X), X] ! 6 (OE 3,5) i
f R 7 (& 2) i
(fRO 1 (R)) .1 8 (OE P7) i
fRO 1 (R) 19 (()E 8) i
1 (R) 1 10 (OE 7,9) i
1 (R) & (R)[(R X)), X] 111 (& : 6, 10) i

(1 (R) &(R)I(Rx),x1 O ((R)'x) = (Rx))
! 12 (OE P37;
(R x): (C8.20,2)
i

1 (R) & (R)I(Rx),x1 O ((R) x) = (R x)
|

13 (OE 12) i

((R)"x) = (R x) ! 14 (OE 11,13)
fR& (RD[x] O ((R)"x) = (RX) 115 (O1: 2,14)
(fR& (R[] O ((R)'x) =(Rx)) ,! 16 (()I: 15) i

OROx ( fR& (RD)[x] O ((R)°x) = (Rx) ) ! 17 (O: 1,16) i

O

I 47, i

FORDy (1 R&(R)Iyl O ((R)'y) =(RY) ) i
R Y , ' 1 (Prem i

1 R&(R)y] , ! 2 (Prem i



R(RY),Yy] .1 3 (Tl: P35,2) i

( R(RY),y1 O (R)IY. (Ry)1 ) 4 ((Dggy)c::%.g:%,z)i
R(RY), ¥yl O (R)1y, (Ry)] 5 (OE 4) i
(RO, (Ry)] ! 6 (OE 3,5) i
1R 7 (& 2) i
(1RO f(R)) .1 8 (OE: P3) i
1RO f (R 1 9 (()E 8) i
f (R") ,1 10 (OE 7,9) i
f(R) & (R)[y, (RYy)] 111 (& : 6, 10) i

( f(R) &(R)IY,(Ry)] O ((R)y) = (Ry))
112 (OE (8. 22
(Ry): P35,2)
i

f(R') & (R)IYy,(Ry)l O ((R)7y) = (RYy)

13 (OE 12) i

((R)y) = (Ry) ! 14 (OE 11,13) |
1 R& (R)yl O ((R)"y) = (RYy) 15 (01 2,14)
(1 R&(R)[y1 O ((R)y) =(Ry)) ,! 16 (()I: 15) i

OROy (1 R& (R)[y1 O ((R)y) =(Ry) ) ! 17 (O: 1,16) i

0



