I CHAPTER 2
AN | NTERMEDI ATE SUPPORT

I This chapter proves that the counting axions can prove the
nunberi ng axi ons:

OnOP ( N[n, Pl & N[O,PL O n=20)

OnOntP ( win] & Ch(wip]l & ofp,k]) & N[n, P & Tk, P]
O n=Kk)

OP ( N[O, P =« P=9)

OnOmdPOQda ( wn] & o[n,n & - Plal & Q= (P O (a*)) & Y.[n, P
O NmQ )

OnOndPOQda ( «n] & o[n,n] & - Pla] & Q= (P O (a%)) & N..mQ
O T[n, P ) )

OPOaln ( wn] & T[n, Pl & -~ Pla] O On(wm & N[m (P O (a°))]) )

After this chapter, there will be no further appeals to the
counting axions, and only the nunber axions wll| be used. i

I P1 appeals to the Nunb axiom and P2 and P3 are corollaries of
P1. They establish the relationship between counting and
nunbering, which is evidently indi spensable for the subsequent
proofs of this chapter. i
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Plyl 0 X OXx,vY]
[x dx,yl = PLy]
(D( C[X!y] < P[y])

Oy (Ix x,yl = PIyl)

Gn, g &0y (X Ox,yl = Pryl)

( ©[n,Qq & Oy (x gx,y]l = Pyl) )

C ( ©n, g & Oy (x x,yl = Plyl) )
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Nin, P]

< PLyl) )

C( &n,g &(d) =P) O Nn, P
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F OnOPOC ( ©[n,Q & (Cl) =P O N[n, P )

n, P, C , 11 (Pren

( Nin,Pl = OC( &n, g &(d) =P) ) ,! 2 (OE Pl

Tin, Pl - C( Bn,g & (Cc) =P) 13 (0OE 2
C( &n,g &(d) =P) O NIn, P ! 4 (=E 3)
Gin, g & (d) =P .1 5 (Prem
( Bn,g & (c) =P) L6 (01 5)

C ( &n,g & (d) =P) 17 (0: 6)
N[n, P| 1 8 (OE 4,7)
Gin,g & (C) =P O N[n, P .1 9 (0O1: 5,8)
( Bn,g &(c) =P O U, P ) 110 (O1: 9)
OnOPOC ( &[n, g & (d) =P O N[n, P ) 1 11 (O: 1, 10)
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F OnOP ( T[Nn,P] & N[O,P] O n =0)

n, P 11 (Prem
T[n, Pl & N[0, P 1 2 (Prem
T[n, P| 1 3 (8&E: 2)
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| 5 (OE P2)
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Gn,g &(d) =P 19 (OE 8
G[n, g ,1 10 (&E: 9)
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1 11 (DOE P2)



T.[0,P] O C( ©0,Qg & (d)

[C ( ©0,g & (C)

P)

( G0,q & (d)
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G0, & (d) =P
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n==~0)
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En, g .1 11 (& 10) i

(dy =P 1 12 (& 10) i
( Nik,Pl O [C( ©k, g & (C) =P) )

! 13 (DE: P2) i
T[k,P] O C( Gk q &(d) =P) ,! 14 (()E 13) i
c ( ©k,g & () =pP) ! 15 (OE 5,14) |
( ©k,D & (D) =P) ;! 16 (CE 15) i
Gik,0 & (D) =P 117 (OE 16) i
Bk, D 1 18 (& 17) i
(D'y =P ! 19 (&E: 17) i
(dy =P & (D) =P 120 (& 12,19)
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121 (DE 111.17)
(cly =pP& (D) =PO (d) =(D) ! 22 (OE 21) i
(c)y = (D) ;! 23 (OE 20,22)
wn] & [p(wip] & ofp,kl) & G[n, 124 (& 3,11) i

Wn] & [p(wlp] & ofp,k]) & G[n, q & G[k, D
! 25 (&: 18,24)

wn & Cp(wipl & olp,kl) & B(n,C & Bk, D & (d) = (D)
126 (& 23,25)

( Wn & p(wip] & o[p,kl) & G[n,g & Gk, DO & () = (D)
O n=k)
, 1 27 (OE C1.19) i

Wn & (p(wipl & o[p,kl) & G[n,Q & Gk, O & (c) = (D)
O n =Kk
128 (OE 27) i

n = k , 1 29 (OE 26,28) |

win] & p(wp] & o[p,k]) & T.[n, Pl & T[k,Pl O n =k
130 (O1: 2,29

(wn & p(wp] & ofp,kl) & T[n, Pl & N[k, Pl O n =k)
131 (()1: 30 i



OnOKkOP ( wn] & [(b(wp] & o[p,k]) & T.[n, Pl & N[k, Pl O n =k)
I 32 (0O: 1,31) i

0
I 6. i

FOP( NOP = P=g¢) :

P 1 1 (Prem i
[0, P] 1 2 (Prem i
( M[O,P O OC( ©0,g &(C) =P) )

! 3 (DE: P2) i
T[O0,P O C( ©0,q &(d) =P) ,1 4 (()E 3) i
C ( ©0,g & (d) =P) I 5 (OE 2,4) i
( 80,0 &(c) =P) ! 6 ((E 5) i
G0,g &(cd) =P 17T (OE 6) i
€10, g 1 8 (&E: 7) i
(cd)y =P 19 (& 7) i
( B0, O CE o) )1 10 (OE CL.3)
©[0,Q O CE o 111 (OE 10) i
CE o ! 12 (DE 8,11) |
(C=o0 (d) =9) 1 13 (DE 1116.29) |
CEo0d (d) =g¢ 114 (()E 13) i
() = ¢ 1 15 (OE 12,14)
(dy =P & (c) =9 116 (& : 9, 15) i
((d)y =P&(Cd) =90 P=g) 117 (OB 111.19)
(dy =P&(cd) =90 P=g 118 ((O)E 17) i
P=o 1 19 (OE: 16,18) |

IO0,P O P=g¢ 120 (O1: 2,19)
P=g 1 21 (Prem i

(o) =9 1 22 (OE: 1116.28) |



(o) =p&P=g¢g 123 (& 21,22)
( () =p&P=¢0 (d) =pP) 124 (OB 111.17)
(ol)y =p&P=¢0 (@) =P 125 (()E 24) i
(o) =P 1 26 (OE 23,25)
P =P 127 (OB 1111.7)
(®E &0 BO, b ) 1 28 (OE Cl.4) |
®= o0 B0, Y 1 29 (()E 28) i
G0, O] 1 30 (OE 27,29) |
G0, @ & (o) =P 1 31 (&: 26,30) |
( 0,9 & (@) =P O N[0, P ) ! 32 (OE: P3) i
GO, & (@) =P O N[O, P .1 33 (()E 32) i
N[0, P| )1 34 (OE 31,33) |
P=¢0O N[O, P 135 (O1: 21,34)
MO0, P -« P=g¢ 1 36 (=l: 20,35) |
( NIO,P =« P=g¢) 137 (()1: 36) i
OP ( T[O,P] =« P=¢) | 38 (OI: 1,37)
O
1 7. i

F OnOnOPOQD0a ( win] & o[n,mM & - P[a] & Q

(PO (a%)) & T[n, P

O NWimQ ) i

n,mP,Q a ' 1 (Prem i
wn &o[nm &- Pa &Q= (PO (a*)) & M[n, P

12 (Prem i

wn & o[n,m 1 3 (& 2) i

- Praj 4 (& 2) i

Q= (PO (a%)) 1 5 (& 2) i

Nin, P 1 6 (& 2) i

( Tuin,Pl O IC( ©[n,g & (C) =P) )



Pin, Pl O C( Bn, g & (d) =P)
I ( ©nqg & (d) =P)

( ©in, g &(c) =P)
Gin,q & (C) =P

G[n, g

(cdy =P

1]
e

- Pra] & (c)

( -~ Plag &(c) =P O = (c)ral )

- Pla] & (C) =P O -~ (C)a]

- (c)pa]

(CY (m=a)) = (CH (m= a))

wn &olnm &= (cd)a]

7 (
8 (
9 (
10
11
12
13
14
15
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19

Wn &onm &- (c)ja & (Cu (m= a)) E
1 20 (&: 18,19)

OE: P2)
OE 7)

OE 6,8)
(CE: 9)

(O E 10)
(&€ 11)

(&E: 11)

(&: 4,13)
(OE: 111.38)
(OE 15)
(OE 14,16)
(OE: 1111.7)
(&l: 3,17)

(Cu (m= a))

wn &onm &= (C)fa] & (C2 (m=a)) E(Cu (m= a))

& G[n, g

( wn &oln,mM &~ (c)ra]

121 (&l: 12, 20)

& (CY (mm=a)) = (CY (m=a)) & T[n Q

0 Gm(C% (m=a))] )

Wn &o[nm &= (c)ra

&(C4Y (mm=a)) = (CH (m=a)) & C[n, Q

O Tm(CY (m= a))]

Cm(CY (m= a))]

((m=a)l) = (a)

(d) =P&((m=al) =(a)

((cd)y =P&((m=al) =(a)
O ((cu (m=a)l) =(PO(a")))

1 22 (OE Cl.10)

123 (OE 22)

, 1 24 (OE 21, 23)

1 25 (OE: 11112.19)

1 26 (&: 13, 25)



1 27 (OB 1116.26)

(cy =P&((m=al) =(a")
O ((cu (m=a))l) = (PO (a"))

1 28 (O)E 27) i
((Cuw (m=a))l) = (PO (a*)) .1 29 (OE 26,28)

((Cw (m=a))l) =(PO(a%)) &Q=(P O (a"))
1 30 (&: 5,29) i

(((cu (m=a)l) =(PO(a")) &Q= (PO (a%))

O ((cuw (m=a)l) =Q)
131 (OB 111.17)

((Cw (m=a))l) =(PO(a%)) &Q=(P O (a"))
O ((cw (m=a))l) =Q

1 32 (O)E 31) i
((Cu (m=a)l) =0 ,! 33 (OE 30,32)

Cm(CX (m=a))] &((C% (m=a))l) =Q
,1 34 (&: 24,33)

( Bim(Cx (m=a))] & ((C~ (m=a)l) =QO0 NmMmQ )

,! 35 (OE: P3) i
TIm(CHY (m=a))] & ((Cx (m=a)l) =QO0 NA[MQ

,1 36 (()E 35) i
TimQ .1 37 (OE 34,36)

wn &onm &-Pa &Q= (P 0O (a*)) & N[n,P O NImQg
,1 38 (OI1: 6,37) i

( wn &onm &-~Pla &Q= (PO (a*)) & Nin, PP O N[mQ )

, 139 (()I1: 38) i
OnOnidPOQda ( «(n] & o[n,n & - Pla] & Q= (P O (a*)) & N[n, P
O N[mQ )
I 40 (OI: 1, 39) i
a
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F OnOnOPOQda ( win] & o[n,mM & - Pla] & Q= (P O (a°)) & NimQ
O N[n, P ) i
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wn &onnmM &-Pa &Q= (PO (a*)) & NimQ
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(d) =Q !
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Q a] N
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CimQ & dx, a] , !
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CimC &-m=20 , !
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Unfortunately,
need a predi cate nunbering n which is mssing a.

( wn &onm & EmMC &-m=0

O b (Oma] & &n,(Ct ma)] &= ((Ct ma)l)ray) )

, 1 28

wn &onm&TMC &- m=20

(OE: Cl. 14)

0O a (ma] & &[n,(Ct ma)] &= ((C1 ma)l)[a))

, 129

(()E 28)

(A (Oma] & &[n,(Ci ma)] &~ ((Ct ma)l)[a])

,1 30

(OE 27, 29)

(Amb] & G[n, (C1t mb)] &= ((Ct mb)l)y[hy)

,1 31

gmb] & &[N, (C1t mb)] & = ((Ct mb)!)[h]
132

E[n, (C 1 mb)] , 1 33

consider ((Ct1t mb) a a b).

To show. ©C[n,((C1 mb) a a b)]

W[ N .1 34
wn & T[n,(C1 mb)] ,1 35
((Cit mb) aab) 2 ((Cit mb) aab)

,!1 36
wn & Tn,(C1 mb)]
& ((Cimb) aab) 2 ((Cit mb) a a b)

, V37

( wn & T[N, (C1t mb)]
& ((Cit mb) aab) 2 ((Ct mb) a a b)
O ZT[n,((Ct mb) aab)] )

,! 38
wn & Tn,(C1 mb)]
& ((Cimb) aab) 2 ((Cit mb) a a b)
O En,((Ct mb) a a b)]

, 139
Tn,((C1 mb) a a b)] ,!1 40

To show. (((Ct mb) aab)l) =P

(Cimb) is mssing b fromits inage,

(CE:. 30)

(OE 31)
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and we
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((C1t mb) a a b) ((Caab) 1 ma)

, 141 (OE 11115. 45)
i

( ((Cimb) aab) 2 ((Caab) 1 ma)
O (((Ctmb) aabl) =(((Caab) tma)l))
142 (OB 1116.22) j

((Ci mb) aab) 2 ((Caab) 1 ma)

O (((Cimb) aahbl) =((Caab) imal)
1 43 (()E 42) i

(((Citmb) aabl) =((((Caahb) 1 mal)
! 44 (OE 41,43)

((Caab)ima) & ((Ci mb) a a b)
1 45 (OE 11115. 44)
i

= ((Ct mb))[b] 1 46 (&E: 32) i

(= ((Ctmb)l)ytby O = (((Ct mb) aab)l)yra)
1 47 (OE 11115.36)
i

~((Citmb)lYy(b) O = (((C1 mb) a a b)!)[a

148 ((OE 47) i
= (((Ci1 mb) a a b)l)[a] ! 49 (OE 46,48) |
((Caab) itma) & ((Ci mb) aab)

& - (((C1 mb) a a b)l)[a] ! 50 (& : 45,49)
( ((Caab) tma) &£ ((Ctmb) aahb)

& = (((C1 mb) a ab)l)a]

0 - (((Caab) 1 malyra )

! 51 (OE 1116.21) j
((Caab) itma) & ((Cimb) aab)

& = (((Ct1t mb) aa b)l)[a]
O - (((Caab) t ma)l)a

,! 52 (()E 51) i

- (((Caab) 1t ma)l)ra ,! 53 (OE 50,52)

(=~ (((Caahb) 1 ma)l)(al
O (((Caahb) tmal) =)\ (a)) )
1 54 (OB 11114.14)
i

- (((Caab) 1t mayl)al



O (((Caab) tmal) =((c)\ (a"))

1 55 (()E 54)

(((Caab 1mal) =(d)\ (a))

(((Ct mb) aabl)

Q= (PO (a%)) & - Pa]

! 56 (OE 53,55)

(((Caab) 1t mal)
& (((Caahb) tmal) =)\ (a%))

(Q=(PU(a%)) &~ Pa O

Q=(P DO (a")) &~ Plag OP
P=(Q\ (a%))
(c) =Q&P=(Q\ (a%))

P

( () =Q&P=(Q\ (a%)) O

() =Q&P

P=((c)\ (a))

(Q\V (a*)) O P

1 57 (& : 44,56)

1 58 (&l: 4,5)
=(Q\ (a%)) )

)1 59 (OE 118.61)
(Q\ (a%))

1 60 (()E 59)
1 61 (OE 58, 60)

1 62 (&: 13,61)

P=((c)\ (a))

1 63 (OE 117.47)

((c) \ (a%))
1 64 (()E 63)

1 65 (OE 62,64)

(((Cimb) aabl) =((((Caahb 1 mal)
& (((Caab)y tmal) =(d)\ (a))

&P =((c)\ (a))

1 66 (& : 57,65)

( (((Ctmb) aab!) =((((Caab 1t mal)
& (((Caab)y tma)l) =(c)\ (a))

&P =((d)\ (a%))

O (((Ct mb) aab)l) =pP)

1 67 (OE: 111.22)

(((Cimb) aabl) =((((Caab) 1 mal)
& (((Caab) tmal) =((c)\ (a))

&P =((c)\ (a))

O (((Ct mb) a ahbl)

(((Ct mb) aahb)l)

I Concl usi on.

=P

P

1 68 (()E 67)

, ! 69 (UE 66, 68)



GIn, ((Ct mb) a ab)] & (((Ci mb) aab)l) =P
1 70 (&: 40,69) |

( &n,((Ct mb) aab] &(((Ct mb) aahbl)=p
O T.n,P] )
1 71 (DE P3) i

GIn, ((C1 mb) a ab)] & (((Ctmb) aab)l) =P
O 9[n, P
172 (OE 71) i

T[N, P] , 1 73 (OE 70,72)

wn] &o[n,nmM &-Pa &Q=(P0O(a%)) & NimQ O T.[n,P]
174 (O1: 2,73)

( wn &onm &-~Pa &Q= (PO (a*)) &NimQ O N[n, P )

75 ()1 74) i
OnOmiJPOQda ( wfn] & o[n,mM & - Pla] & Q= (PO (a*)) & N.imQ
O Tfn, P )
L 76 (0OI: 1,75) i
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I The next couple of propositions (P10 and P11) are sinple
consequences of the nunber axions. i

I 10. P10 is a slightly weaker version of the conjunction of P4

and P5 (although note that in addition it relies on Induction
because of its appeal to Cl.15). i
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I 11. P11 is a corollary of P8. Subsequently, only P11 will be
used, and there will be no further appeals to P8. i
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I 12. P12 is a corollary of P7. Unlike P8 and P11, P7 will still
be used. i
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I 13. P13 relies on the counting rather than the nunbering

axions, so it will not be used subsequently in keeping with our

stated aimof appealing only to the latter after this chapter. A

weaker version of P13, which talks only of predicates of finite

nunber, will be asserted in the fourth chapter of this section.

Rel ying on the nunbering axions, it will suffice for our purposes.
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