I CHAPTER 3
THE NUMBER Oj

I This chapter states and proves sonme el enmentary propositions
about 0: about predicates nunbering or not nunbering 0. P1 and
P2 appeal to C.6, and afterwards P3 through P15 appeal, directly
or indirectly, to P1 and P2. That is, Pl through P15 are

i ndependent of all non-Ilogical axions other than C.6. P16
through P18 rely on Q.4 as well as C2.6. i

1. i

FOP( N[O,P OP=g¢g) i

p 11 (Prem i
( MO, P = P=¢) 1 2 (LE C2.6) i
TO, P = P =9 3 (0OE 2 i
IO, P O P=g 1 4 (-E 3) i
( MO,P O P=g) 5 ()1 4) i

OP ( M[O,P O P=¢) I 6 (O1: 1,5) i

a

2. i

FOP(P=¢0 0P ) i
p 11 (Prem i
( MO, P = P=g) 1 2 (OE C2.6) i
T[O, P = P=¢ 3 (OB 2) i
P=o¢0O 7O, P 1 4 (-E 3) i
(P=¢0 NOP ) 5 (01 4 i

0P ( P=¢0O TNO0,P ) I 6 (OI: 1,5) i

O

3, i

FOP ( N[O,P O Ox = P[x] ) i
P 11 (Prem i

N[0, P 1 2 (Prem i
( T[O,P O P=g) ! 3 (OE P1) i
nio, P 0O P=g 4 (OE 3) i



P=o

( P=o0O Ox = P[X] )
P=o¢0U Ox = P[X]

Ox = P[X]

T.[0,P O Ox = PrX]

( M.[o,Pp O Ox = P[X] )

OP ( M[O,P] O Ox - P[x] )

0

I 4.

FOP( Ox - P[x] O N0, P )

P

Ox = P[X]

( Ox = P[x] O P=g¢g)
Ux = P[x] O P=go
P=o

( P=o0 N[O P )
P=¢0O 90, P
.00, P

Ox = P[x] O 9.[0, P

( Ox =~ P[x] O N[0,P )

OP ( Ox = P[x] O TN[O,P] )

0

I 5.

FOP( NO,Pl O -~ X P[x])

P

W10, P

( nfo,P O P

oo, P O P

]l
S

¢ )

5 (OE 2,4)
6 (OE: 115.5)
7 ((OE 6)

8 (OE 5,7)
9 (O1: 2,8)
10 (OE 9)

11 (O 1, 10)

1 (Prem

2 (Prem

3 (OE: 115.17)
4 (OE 3)

5 (OE 2, 4)
6 (OE P2)

7 ((OE 6)

8 (DE 5,7)
9 (O1: 2,8)
10 (OE 9)

11 (O1: 1, 10)

1 (Prem
2 (Prenm
3 (OE P1)

4 ((VE 3)



P =
(P

P =

¢

=@ 0 - X P[x] )

(p|:| _ID(P[X]

- [XK P[X]

MO, P O - X P[X]

( M.yfo,Pp O = X P[x] )

OP ( N[0, P O - X P[x] )

0
I 6.

FOP( - x P[x] O N[O, P )

P
- X P[X]
(-~ X Px OP=g¢)
- X P[x] O P=ao
P=o
(P=¢0 N0,P )
P=g@0O NO0,P
.00, P

- [x P[x] O T.[0, P

( - x P[x] O N[0, P )

OP ( - x P[x] O N[0, P] )

0

b 7.

FOP( -P=¢0 =~ NO,P )

5 (OE 2,4)
6 (OE: 115.6)
7 ((OE 6)

8 (OE 5,7)
9 (O1: 2,8)
10 (OE 9)

11 (O 1, 10)

1 (Prem

2 (Prem

3 (OE: 115.15)
4 (OE 3)

5 (OE 2, 4)
6 (OE P2)

7 ((OE 6)

8 (DE 5,7)
9 (O1: 2,8)
10 (OE 9)

11 (O1: 1, 10)

1 (Pren
2 (Prenm

3 (Prem



(

( n.[o,Pp O P

oo, P O P

P =

F

¢

Mo, P O F

= .10, P

Y
1]

¢

—|PE

n
S

O = [0, P]

®)

¢ 0 = N.[0,P )

OP ( - P=o¢e0 =~ NO,P )

0

I 8.

FOP( - M[0,Pp O~-P

P

= .10, P

P =

(P

¢

- N[0,P O =~ P =

(ﬂTL[O,P]D—lP_

¢

¢ )

?)

OP ( = N[O,PL O =~ P =9)

0

9.

FOP( x PIx] O = N[0, P )

P

! 4 (OE: P1)
5 (OE 4)
1 6 (OE 3,5)
17 (F1: 2,6)
18 (OI1: 3,7)
19 (-l 8)
110 (O1: 2,9)
111 (()1: 10)

1 12 (O 1,11)

1 1 (Prem
12 (Prem
1 3 (Prem
1 4 (OE: P2)
5 (OE 4)
1 6 (OE 3,5)
7 (F1: 2,6)
18 (O1: 3,7)
19 (-l 8)
110 (O1: 2,9)
111 (()1: 10)

1 12 (O 1,11)

' 1 (Pren



(X P[X]

(D(P[X]D—lp

(X P[X]

P

¢

¢

?)

U -~P=o

¢ d - NWOo,P )

O - [0, P

- N[O, P]

(X P[X]

O

( Ox Prx]

OP ( X P[X]

0

I 10.

= L[ 0, P
O = Mo, P )

o - N[o, P )

FOP( - T[0,P O X P[x] )

P
- [0, P]
( - No,Pp0O-P=g9)
- N[O0,Pl O - P=g¢g
- P=g
(-~P=o0 x P[x] )
- P =0 [X P[X]
X P[X]

- .[0,P] O X P[x]

( = N[O, O x P[x] )

OP ( - N[0, P O X P[X] )

0

11,

FoOPOn ( N[n,Pl & =P =¢0 = n

P, n

0)

2 (Pren

3 (OE: 115.7)
4 (OE 3)

5 (OE 2,4)
6 (OE: P7)

7 (()E 6)

8 (OE 5,7)
9 (O1: 2,8)
10 (O)1:9)

11 (O 1,10)

1 (Pren)
2 (Prem
3 (OE P8)
4 (OE 3)

5 (OE 2,4)

(o2}

(OE: 115. 16)

\'

(OE 6)
8 (JE 5,7)
9 (OI: 2,8)
10 (()1: 9)

11 (01 1, 10)

1 (Pren



OPOn ( M[n,P] & = P =¢@ 0 =

0

F OPOn ( N[n,Pl & X P[x] O = n=0)

TNIn, Pl & - P
Tin, P
- P=g
n=2~0
.10, P]
( o, P 0O
n[0, P O P
P=o
F
n=00 &F
- n=20
N[n, Pl & = P =
( N[n,Pl &= P

12.

P,

n

TMin, PI & X P[X]

I[N, P]
(X P[X]
( Ix P[x] O =

X P[x] O - P

?)

®)

o0 - n=0)

O - n=20

2 (Prem

3 (&€ 2)

4 (&E: 2)

5 (Prem

6 (=E: 3,5)
7 (OE P1)
8 (OE 7)

9 (OE 6,8)
10 (F1: 4,9)

11 (OE 5, 10)

12 (-l: 11)
13 (O1: 2,12)
14 (()1: 13)
15 (O1: 1,14)
1 (Prem

2 (Prem

3 (& 2)

4 (&E: 2)

5 (OE: 115.7)
6 (OE 5)

7 (OE 4,6)
8 (&: 3,7)
9 (OE: P11)
10 (OE 9)

11 (OE 8, 10)



MTn,P] & X PIx] O = n =20

( N[n,P] & x P[x] O = n=20)
OPOn ( N[n,Pl & X P[x] O =~ n=20)
O

I 13,

FOP ( N.[0,P Ok P[x] )

=)
(P=¢O0-P=9)
P=ol-P=g9g
P=o

(P=o0 N[O,P )

P=o¢0O T[0,P
[0, P]

MN[0, P O X PIX]

P=o¢0O T[0,P OIX P[X]
- P=o
(-P=o¢0 X P[x])

- P=o0 [ P[X]
(X P[X]
N[0, Pl O X Px]
- P=o¢e0 MNO,P O PX]
N[0, P] O X P[x]
( Mo, P O P[x] )
OP (N[0, P Ok PIx] )

0

I 14.

F .10, @

12 (O1: 2,11)
13 ((O)1: 12)

14 (0O1: 1,13)

1 (Prem

N

(OE: 111.48)
3 (OE 2

4 (Prem

5 (OE: P2)

6 (OE 5)

7 (OE 4,6)

8 (O: 7)

9 (OI: 4,8)
10 (Prem)

11 (DE: 115. 16)
12 (OE 11)
13 (OE 10,12)
14 (O: 13)

15 (O1: 10, 14)
16 (CE: 3,9, 15)
17 (()1: 16)

18 (OI: 1,17)



( Ox =~ @x] 0O N[0, q@ ) 11 (OE P4)

Ox = @x] O N[0, ¢ U2 (0B 1)

MN[0, ¢ ! 3 (0E 115.3,2)

0

| 15,

F OPOQ ( N[0,P] O (P~ Q « N[0,Q) )

P, Q , 11 (Pren
T.[ 0, P , 1 2 (Prem
( [o,P O P=o0) .1 3 (OE: P1)
N0, P O P=9o 4 (OB 3)
P=o ! 5 (0E 2,4)
P~0Q ,1 6 (Pren
P~Q&P=g , 1 7 (&: 5,6)
(P~Q&P=¢0 Q=9¢) ;! 8 (OE: 11113.21) j
P~Q&P=¢o0 Q=09 P9 (OE 8)
Q= o ,! 10 (OE 7,9)
( Q=00 N[0,Q ) ! 11 (OB PR)
Q=e¢0 N0,Q 112 (OE 11)
MN[0, Q ,! 13 (OE 10, 12)
P~QD N0, Q ! 14 (O1: 6,13)
N[0, Q ! 15 (Pren)
( N[0,Q O Q=9) 116 (OE P1)
N.00,Q U Q=9 117 (OE 16)
Q= ¢ ! 18 (OE 15,17)
P=¢&Q= ,1 19 (& : 5,18)
(P=9&Q=¢0 P=0Q) ;! 20 (OB 111.17)
P=¢op& Q=00 P=Q 121 (OE 20)

P=0Q 122 (OE 19,21)



(P=QUO P~Q)
P=QO P~Q
P~ Q

T[0,Q O P~ Q

P~Q = N[0,Q
(P~Q« M[0,Q)

MO, Pl O (P~Q = N[0,Q)

( o, P 0 (P~Q < N[0,Q) )
OPOQ (- Mfo, P O (P ~Q < T[0,Q) )
O
I 16.

F OPOn ( M[n,Pl & Ox = P[x] O n=10)

P, n

Nin, Pl & Ox = P[X]

Nin, P

Ox = P[x]

( Ox = P[Ix] O TM.[0,P] )
Ox = P[x] O [0, P

.00, P

Nin, Pl & T.[O, P]

( Nin, P & N[O,P O n=20)
Nin, Pl & N[O, Pl O n =20
n==~0

TMTIn,P] & Ox = P[x] O n =20

( N[n,Pl & Ox = P[x] O n=20)
OPOn ( [N, P] & Ox = P[x] O n=20)

0

124 (()E 23)
125 (OE 22, 24)
1 26 (O1: 15, 25)
127 (=1 14, 26)
128 (()1: 27)
129 (O1: 2,28)
130 (()1: 29)

I 31 (O 1,30)

11 (Prem

1 2 (Prem

1 3 (&E: 2)

14 (& 2)

1 5 (OE: P4)

6 (OB 5)

1 7 (JE 4,6)
18 (&l: 3,7)

19 (OB C2.4)
110 (OB 9)

1 11 (OE 8, 10)
112 (O1: 2,11)
113 ()1 12)

I 14 (O1: 1,13)

, 123 (OE: 11113.2)



I 17.

F OPOn ( [n,Pl & = n =00

P, n

‘TL[n,P] & - n =20

X Prx] )

T[n, P
- n=20
- [X P[X]
(- x P[x] O Ox = P[x] )
- X P[x] O Ox = P[x]
Ox = P[X]

Nfn, Pl & Ox = P[X]
( Min, Pl & Ox = P[x]
Tin,P] & Ox = P[x] O
n==~0
F

- [x P[x] O F

-= [X P[X]

(X P[X]

0 n=0)

n =20

MTIn,Pl & = n =0 0 X P[X]

( NLn, P
OPOn ( M[n,Pl & = n =0 0O
0

I 18.

& - n=00 [k Px )

[x P[x] )

1 (Prem
2 (Prem
3 (&€ 2)
4 (&E: 2)
5 (Prem
6 (OE 13.24)
7 (()E 6)

8 (OE: 5,7)
9 (&: 3,8)
10 (OE: P16)
11 (()E 10)
12 (OE 9,11)
13 (F1: 4,12)

14 (OE 5, 13)

15 (-l: 14)
16 (-E: 15)
17 (O1: 2,16)
18 (()1: 17)
19 (OI: 1,18)

F OPOQOn ( N(n, Pl & M[n, Q & Ix P[x] O X Qgx] )

P,Qn

MUWin, Pl & N[N, Q & X P[x]

N[n, P]
in, Q

1 (Pren
2 (Prem
3 (& 2)

4 (& 2)



[x P[x] 1 5 (& 2)

N[n, P & X P[X] 1 6 (&: 3,5)

( MNPl & X P[x] O =~ n=0) )1 7 (OB P12)

NN P & X P[x] O ~n=0 18 (OE 7)

-n=0 1 9 (OE 6,8)

TN Q &=-n =0 1 10 (&: 4,9)

( MNQ &-n=00 x Qx] ) 1 11 (OB P17)

NN Q &-n=00 X Qx] 112 (OB 11)

X Qx] 1 13 (OE 10, 12)
TN P & N[N, Q & x P[x] O x Qx] ,! 14 (Ol1: 2,13)

( N[N, Pl & N[N, Q & X P[x] O X Qx] )
115 ()1 14)

OPOQON ( N[n, P & T[N, Q & Ix P[x] O x Qx] )
I 16 (OI: 1,15)



