' CHAPTER 5
FI' NI TE PREDI CATES;

I This chapter introduces the concept of finiteness. Anong the
propositions of interest:

* predi cates which correspond (P3 and P4) or are equival ent
to (P5 and P6) finite predicates are thenselves finite;

* subpredicates of finite predicates are finite (P12);

* singleton predicates are finite (P17); and

* the unions of finite predicates are finite (P20). i

' 1. f represents finite. i
Sf; fP; h( wn &N P ) i

I 2. Appealing to P2 wll be preferred over applying & to P1,
both taking three steps to pass fromwn] & N.[n,P to f P. i

F OnOP ( win] & N[n, Pl O f P) i

n, P 11 (Prem i
wn & I[n, P , ! 2 (Prem i
(wn & N[n, P ) 13 (01 2) i
h ( win & N[n, P ) 14 (0 3) i
f P )1 5 (%l: PL,4) i

wn & N[n P O fP 16 (0O1: 2,5) i

(wn & TN[n P O fP) L7 (01 6) i

OnOP ( «{n] & T[n, P O f P) 18 (O: 1,7) i

0

I P3 and P4 assert that predicates corresponding to finite
predi cates are thenselves finite. i

I 3. [

FOPOQ( fP&P~QO f Q) !

P,Q 11 (Prem
fP&P~Q 12 (Prem i
f P 13 (& 2) i
P~Q 4 (& 2) i
(h ( winl & TL[n, P ) 15 (8B P1,3) i
( wn & T[n, P ) 1 6 ([E 5) i
wn & T[n, P 7 (OB 6) i



wn & M[n,Pl &P ~Q 18 (& 7)

( &n & N[n,Pl &P ~Q0O N[n,Q ) ,! 9 (OE C42)

wnl & Nin,Pl &P ~ QO 9N[n,Q 110 (OE 9)
TIn, Q )1 11 (OE 8,10)
[ N] 112 (&E 7)
wn & Nin, Q 113 (&l 11, 12)
(wn &MNNnQqQ 0 fQ) ! 14 (DE: P2)
wn & WLn,Q 0 fQ 115 (OE 14)
f Q ,! 16 (OE 13, 15)
fP&P~QO f Q 117 (O1: 2,16)
(fP&P~QD f Q) 118 (()1: 17)
OPOQ( f P&P~QDO f Q) 1 19 (OI: 1,18)
a
I 4,

FOPOQ( f P&Q~P O f Q)

P, Q 11 (Prem
fP&Q~P 1 2 (Prem

Q~ P 13 (&€ 2)
(Q~-POP~-Q) 4 (DE 11113.4)
Q~POP-~Q 15 (()E 4)
P-0Q ! 6 (OE 3,5)
fP 17 (& 2)
fP&P~Q 1 8 (&: 6,7)
(fP&P~QO f Q) ,! 9 (OE P3)
fP&P~QO fQ 110 (OE 9)
f Q ,! 11 (OE 8,10)
fP&Q~PDO fQ 112 (O1: 2,11)

(fP&Q~PO f Q) 1013 ()1 12)



OPOQ( f P&Q~PO f Q)

0

14 (O 1,13)

I P5 and P6 assert that predicates equivalent to finite

predi cates are thenselves finite.

I 5.

FOPOQ( fP&P=QO f Q)

P, Q
f

P

f

f P

(f

OPOQ( f P&P=Q0O f Q)

0

I 6.

FOPOQ( f P&Q=P0O f Q)

P, Q

P&P=Q
= Q

P=QO P~Q)
=QO0 P~Q

-~ Q

P

P&P~Q
fP&P~QO f Q)
P&P~QO fQ
Q

&P=Q0 fQ
P&P=Q0O f Q)

fP&Q=P

- O
O

O

-

T
O

-

1 (Prem

2 (Prem

3 (&€ 2)

4 (OE: 11113.2)
5 (OE 4)

6 (OE 3,5)
7 (& 2)

8 (&: 6,7)

9 (LE: P3)
10 (OE 9)
11 (OE 8, 10)
12 (O1: 2,11)
13 (()1: 12)

14 (O: 1,13)

1 (Prenm

2 (Prem

3 (&€ 2)

4 (DE: 111.10)

5 (OE 4



P=0 ! 6 (JE 3,5) i

fp 7 (& 2) i
fP&P=Q 1 8 (&: 6,7) i
(fP&P=Q0O f Q) 1 9 (OE: P5) i
fP&P=Q0O fQ 110 (OE 9) i
fQ 1 11 (OE 8,10)

fP&Q=PO fQ 12 (O1: 2,11)
(fP&Q=P0O fQ) 113 ()1 12) i
OPOQ( f P& Q=P 0O f Q) 14 (O1: 1,13)

0

I P7 asserts that our enpty predicate is finite. P8 and P9 state
two sinple consequences. i

Ff oo !
o{0] & [0, @ 1 (& o0, C3.14) |
(«{0] & IO, q1) 2 (01 1) i
h (ofn] & T[N, @) 1 3(0: 2) i
f o 04 (% P1,3) i
[

3 |

FOP(P=e0O fP) i

p 11 (Prem i
P=o 1 2 (Prem i
fo&P =g 13 (&l: P7,2) i
(foe&P=90 fP) | 4 (OE: P6) i
fe&P=oel fP 5 (OE 4) i
fP ! 6 (OE 3,5) i

P=g@O f P 17 (01 2,6) i

(P=ol fP) L8 (01 7) i



0P (P=¢e0 fP) !
a

9.

FOP(-0Dx Plx] O fP)

P |
- [X P[X] , |
(-~ Ix PIx] O P=g) !
- X P[x] O P=g !
P=o , !
(P=o0O fP) .
P=olO f P ,
f P !

~ X P[x] O fP |

(- X Px] OFfP) |
0P ( - X Px] O fP) |
a

I 10. P10 is a corollary to 4. 17.

9 (Ol: 1,8)

1 (Pren
2 (Prem

3 (OE 115.15)

4 (0B 3)

5 (DE 2, 4)
6 (OE: P8)
7 ((OE 6)
8 (OE: 5,7)
9 (OI1: 2,8)
10 (()1: 9)

11 (OI: 1, 10)

FOPOQIROS ( f R&EP~Q&R~S&RIOP&SOQ

O(PVR ~(Q\ 9 )

P,QR S |
fR&P~Q&R~S&ROP&SOIQ,!
f R |
P~Q&R~S&ROP&SOQ |
f R |
(h ( win & N[N, R ) , !
(wn & N[N, R ) !

wn & N[n, R !

1 (Prem

2 (Pren

3 (& 2)

4 (&E: 2)

5 (& 2)

6 (SE P1,3)
7 (CE: 5)

8 (OE 6)

Wn & MNnR &P ~Q&R~S&ROP&SOQ

9 (&: 4,8)



( wn & NNR &P ~Q&R~S&RDOP&SOAQ
0O (P\ R ~(Q\ 9 )
1 10 (OB C4.17) |

wn & N[in,R &P ~Q&R~S&RIOP&SOAQ
O (P\V R ~(Q\ Y9
111 (()E 10) i

(P\' R ~ (Q\ S 112 (OE 9,11)

fR&EP~Q&R~S&RIOP&SOQ
O (P\ R ~(Q\ Y9
113 (O1: 2,12) i

( fR&EP~Q&R~S&RUOP&SOQ
O (P\R ~(Q\ 9 )
014 (()1: 13) i

OPOQORIS ( f R&P~Q&R~S&ROP&SONQ
O (P\R ~(Q\ 9 )
I 15 (O 1,14)

0

I 11. P11 is a lemma for P12. The proof appeals to Induction and
P10. Remark that it does not rely on C2.9: that is, the
exi stence of a finite nunber carries with it the inplication that
there are also finite nunbers of any | esser size, wthout

recourse to the ontol ogi cal suppositions made in C2.9. i

F OnOPOQ ( winl & N[N, P & QO PO f Q) i

I First we will prove

On ( fn O OPOQ (win] & M[n, Pl & QO PO f Q )
by induction, taking ¢ to be

OPOQ (w[in] & N[n,Pl & QO PO f Q
It nust be shown that

OPOQ (w{0] & N[n,Pl & QU PO f Q

and
OnOm ( w[n] & o[n, M
& OPOQ (w(n & M[n, Pl & QU PO f Q
O OPOQ (wm & NimP] & QLU PO f Q). i
I To prove:
OPOQ (w{0] & M[n,Pl & QU PO f Q i
P, Q 11 (Prenm i
w0 & N[O,Pl] & QO P , 12 (Pren) i
T.[0, P I3 (& 2) i

QOP 4 (& 2) i



OPOQ (0] & N[O,P] & QDU PO f Q

( n.[o,pPp O P

[0
P =
P =
(P
P =
Q=
(Q
Q=
f Q

P O P

®)

n
S

¢

& QO P

©& Q0P

O
1
S

& QO PO Q

]l
S

¢
=ol f Q)
ol fQ

0] & N[0,Pl &QO PO fQ

(0] & T[O,P & QU PO fQ

n,

To prove:

m

wn &o[nmMm & OPOQ (w[n & TN[n, Pl & Q
.1 19 (Prem

OnOm ( w[n] & o[n, m

5 (DE: C3.1)
6 (OE 5)

7 (DE 3,6)
8 (&: 4,7)

9 (OE 115.11)
10 (OE 9)
11 (OE: 8,10)
12 (OE: P8)
13 (OE 12)
14 (OE 11,13)
15 (O1: 2,14)
16 (()1: 15)

17 (O 1, 16)

& OPOQ (w[n] & T.[n,P] & QO PO f Q
O OPOQ (w[m & M.imP] & QU PO f Q )

wn &o[nm

w[ Nn]

OPOQ («fn] & N[n,Pl & QO PO f Q

P,

Q

wn & NimP &QUP
o m

N.[m Pl

QU P

( QU PO Q=PUOUQOP)

1 18 (Pren)

OPO fQ

20 (&E: 19)
21 (&E: 19)
22 (&E: 19)
23 (Prem

24 (Prem

25 (&E: 24)
26 (&E: 24)
27 (&E: 24)

28 (OE: 111.53)



QUDPOQ=POQOP 1 29 (OE 28) i

Q=POQOP 1 30 (OE 27,29) |
Q=P ,1 31 (Prem i
W n & N[mP] 132 (& 25,26)
Wwm & N[mP] & Q=P ! 33 (& 31,32)

(omMm & N[mPl &Q=P O N[MQ )
,! 34 (OE: CA.6) i

wm & N[mP &Q=P0 N[mQ

1 35 (()E 34) i

T.rm Q ,1 36 (OE 33,35
Wm & TN[mQ 1 37 (&: 25,36) |
(om&NmaQ 0 f Q) ! 38 (DE: P2) i
om & NmQ O f Q 139 (OE 38) i
fQ 1 40 (OE 37,39) |
Q=P O fQ 141 (O1: 31,40)
QU P 1 42 (Prem i

( QU PO Ma( Plal &Q0O (P\ (a%)) ) )
! 43 (OE 118.55) j

QUPIO b ( Plal &Q0O (P\ (a%)) )

1 44 (()E 43) i
a( Pla] & QO (P\ (a%)) ) ,! 45 (OE 42, 44) |
( Plal] & QO (P\ (a*)) ) , 1 46 (CE 45) i
Pla] & QO (P\ (a®)) 147 (()E 46) i
Pl a] 1 48 (&E: 47) i
wn & onm & P[a] , 1 49 (&: 20, 48) i
wn &onm &Pa &TmP ,! 50 (&: 26, 49) i

( wn &oaonm &Pa &NmP°P O Nrn, (P\ (a%))] )
1 51 (OE: Cl.11) i

wn &onm &Pa &MNmP O Nn (P\ (a*))]
,1 52 ((O)E 51 i



TMUin, (P\ (a*))] ,! 53 (OE 50,52) j
wn & N[n, (P\ (a%))] ! 54 (&: 21,53)
QO (P\ (a*)) ,1 55 (&E: 47) i

wn & Tin, (P\ (a*))] &QO (P\ (a%))
,1 56 (& : 54,55) i

I Applying the induction hypothesis... i

([ n & T[n,(P\ (a%))] &QO (P\ (a%)) O f Q

! 57 (OE 22) i

wn & MIn, (P\ (a*))l &QD(P.\S(Sa()())ED 5)‘7)Q i

f Q ,! 59 (OE 56,58) |
QUDPO fQ 1 60 (O1: 42,59)
fQ ! 61 (CE: 30, 41, 60)

[

WM & mP] & QU PO fQ 162 (O1: 24,61)
(0[m & NimP] &QO PO f OQ 163 (()1: 62) i
OPOQ (0[m & M.fmPl & QU PO fQ ,! 64 (O: 23,63) i

wn &onm &OPOQ (w[nNn] & N[n,Pl & QO P O f Q

O OPOQ (w[mM & NimP] & QO PO fQ
165 (O1: 19,64) |

( Wn &onm &OPOQ (W[N] & N[n, Pl &Q O PO f Q

O OPOQ (w[mM & M[mPl & QU PO f Q)
1 66 (()1: 65) i

OnOm ( w[n] & o[n,m & OPOQ (w[n] & T[n,P] & QI PO f Q

O OPOQ(wfm & N[mPl & QO PO f Q)
! 67 (O1: 18,66)

On ( wn O OPOQ (w[n] & N[n,Pl & QO PO f Q )
I 68 (Induct: 17,67)
[

n, P, Q ,! 69 (Prem i
wn & M[n,P) & QO P ,! 70 (Prem i
o N .1 71 (&E: 70) i

(wn O OPOQ (wfn & T[n, Pl & QO PO f Q)
! 72 (OE 68) i



wn O OPOQ (w[n] & N[n,Pl & QO PO f Q

73 (OB 72) i

OPOQ (w[n] & N[N, Pl & QO PO fQ ,! 74 (OE 71,73)
(w[n] & N[n,Pl &QO PO f Q 1 75 (OE: 74) i
Wn & N[N Pl & QI PO f Q 1 76 (()E 75) i

f Q 1 77 (OE 70,76) |
wn & N[n,Pl & QO PO f Q 178 (O1: 70,77)
(wn & Tin, P &QU PO f Q) 79 ()1 78) i
OnOPOQ ( w(n] & N[n, Pl & QO PO f Q) ! 80 (Ol: 69,79) |

0

I 12. Sub-predicates of finite predicates are thenselves finite.
Remark that P12, |ike P11, does not rely on C2.9. i

FOPOQ( fP&QOPO f Q) i

P, Q 11 (Prem i
fP&QOP 1 2 (Prem i
fp 1 3 (& 2) i
QU P 14 (& 2) i
h ( wn & [N, P ) ,! 5 (8E P1,3) i
( wn & T[n, P ) ! 6 ([E 5) i
wn & T[n,P| 7 (OB 6) i
wn & [n, Pl & QO P 18 (& 4,7) i
( n & NN, Pl &QI PO f Q) 1 9 (OE P11) i
wn & N[n,Pl & QO PO f Q 110 (OE 9) i
fQ ! 11 (OE 8,10) |

fP&QUPO fQ 12 (O1: 2,11)

(fP&QOPDO fQ) 113 ()1 12) i

OPOQ( f P&QOPDO f Q) I 14 (O: 1,13)

0



I P13 through P15 assert sone sinple consequences of P12.

1 13,

FOPOQ( f(POQ O f P)

P, Q
f(POQ
PO(POOQ
f(POQ &PO(POQ
(f(POQ &PO(POQ O fP)
f(POQ &PO(POQ O fP
fP

f(POQ O fP

(f(POQ O fP)

OPOQ( f (PO Q O f P)

O

1 14,

FOPOQ( f(POQ O f Q)

P, Q
f(POQ
QU (PDQ
f(POQ &QU (PO Q
(f(PO0Q &QO(POQ O fQ)
f(PO0Q &QO(POQ O fQ
fQ

f(POQ O fQ

(f(POQ O fQ)

OPOQ( f(POQ O f Q)
O

I 15.

, 11 (Pren
12 (Prenm

1 3 (OE 112.12)

14 (& 2,3)
! 5 (OE: P12)
6 (OE 5)
1 7 (JE 4,6)
18 (01 2,7)
9 (01 8)
| 10 (O1: 1,9)
11 (Prem

1 2 (Prem

1 3 (OE 112.13)

14 (& 2,3)
1 5 (OE P12)
16 ((OE 5)
1 7 (OE 4,6)
18 (01: 2,7)
L9 (01 8)
| 10 (O1: 1,9)



FOPOQ( f(POQ O fP&f Q)
P, Q

f(POQ

(f(POQ DO fP)

f(POOQ O fP

f P

( f(POQ DO fQ)

f(POQ O fQ

f Q

fP&fQ
f(POQ DO fP&FQ
(f(POQ O fP&f Q)

OPOQ( f(POQ O fP&f Q)
O

I 16. P16 is inportant to the proof of P18,

its Induction step.

FOopda( f PO f (PO (a%)) )
P, a
f P

(h ( winl & T[n, P )
(wn & N[n, P )

wnl & W[n, Pl

, 11 (Pren

, 12 (Pren

1 3 (DOE P13)

14 (0OE

3)

1 5 (OE 2,4)

1 6 (OB P14)

7 (OE

6)

1 8 (OE 2,7)

1 9 (&: 5,8)

110 (O
11 (O

1 12 (O0:

, 11 (Prem
, 12 (Prem

2,9)
10)

1, 11)

1 3 (SE PL,2)

1 4 ([E 3)

!5 (0OE

4)

(wn &Nn, P O On( om & Nim(P O (a%))] ) )
! 6 (OE CA4. 16)

wn & MNP O On( wm & N[m(P O (a*))] )

m( wm & Nim (P O (a%))] )
(wn & n, (PO (a%))] )

h ( «fn] & N[n, (P O (a%))] )

7T (OE

6)

)1 8 (OE 5,7)

, 19 (CE 8)

)1 10 (O

9)

as it will be used

in



f (PO (a%)) 111 (% PL,10)

fPO f (PO (a%)) 12 (O1: 2,11)
( fPOf(PDOC(a%)) ) 13 (01 12) i
OPda( f PO f (PO (a%)) ) | 14 (O: 1,13)

0

I ' 17. Qur singleton predicates are finite. i

F Oa f (a°%) i
a 11 (Prem i
(foel f (o0 (a%)) ) ! 2 (OB P16) i
fel f (oD (a%)) 3 (OB 2) i
f (o0 (a%)) ! 4 (OE P7,3) i
(¢ O (a%)) = (a") 1 5 (OB 115.20) |
f (e (a%)) & (9O (a%)) =(a") 16 (& 4,5) i
( f(eO(a%)) &(o O (a%)) =(a") O f (a") )

! 7 (OE: P5) i

f (e (a%)) &(e O (a%)) =(a") O f (a,l.!)s O 7 i
f (a%) 1 9 (OE 6,8) i
Oa f (&%) 1 10 (O1: 1,9) i

i
I 18. P20 will rely on P18 for its proof. i

F OnOPOQ ( win & N[n,Q & f PO f(POQ ) i

I W will first prove

On ( win O OPOQwn & N[nQ &f PO f(POQ))
by induction, taking ¢ to be

OPOQwn & N[n,Q &f PO f(POQ)
It nust be shown that

OPOQ (wn] & Nin,Q & f PO f (POQ)
and
OnOm (w[n] & o[n,mM & OPOQwn & Min,Q &f PO f (POQ)

O OPOQwm & NimQ & f PO f(PUQ) ). i

I To prove:



OPOQ (0] & M.[0,Q & f PO f (POOQ)

P, Q
wo] & N[0, Q & f P

N[0, Q
f P

( [0,Q O Q=9)
N[0, Q O Q=9
Q=9

(Q=e0 (POQ

Q=el (POQ =P

P)

(PO0Q =P

fP&(POQ =P

(fP&(POQ =PO f(POQ )
fP&(POQ =P0O f(POQ
f(POQ

W0 & N[0, Q &f PO f (POQ
(0] & N[0, Q & f PO f (P UQ)

OPOQ (w(0] & [0, Q & f PO f (POQ)

I To prove:
OnOm (w[n] & o[n, m

1 (Prem

2 (Prem

3 (& 2)

4 (&E: 2)

5 (DE: C3.1)
6 (OE 5)

7 (OE 3,6)

8 (OE: 115.22)
9 (OE 8)

10 (OE: 7,9)
11 (& : 4,10)
12 (DE: P6)
13 ()E 12)
14 (OE 11,13)
15 (O1: 2,14)
16 (()1: 15)

17 (O 1, 16)

& OPOQ (win] & N[N, Q &f PO f (POQ)
O OPOQ (wm & NimQ & f PO f(POQ))

n, m

wn &o[nm & OPOQ (w[n] & T[N, Q & f
;119 (Prem

wn & o[n m

o[ nj

OPOQ (w(n] & N[n,Q &f PO f (PO Q)
[

P, Q

18 (Prem

PO f (PO Q)

20 (&E: 19)

21 (& 19)

22 (&E: 19)
23 (Prem



Wwm & M[mQ & f P .1 24 (Prem

Wnm & NfmQ .1 25 (&E: 24)
fP 1 26 (& 24)
(mM=00-m=0) 1 27 (OE 13.4)
m=00-m=0 1 28 (OE 27)
m=0 , 129 (Prem
W0 & N[0, Q &f P 1 30 (=E: 24, 29)
( w0 & N[0, Q &f PO f(POQ )
, 1 31 (OE 17)
w0 & N[0, Q & f PO f(POOQ
1 32 (()E 31)
f(POOQ 1 33 (OE 30,32
m=00 f(POQ 1 34 (O1: 29,33)
- m=20 ,1 35 (Prem
T.rm Q 1 36 (& 24)
NMQ &-m=0 1 37 (& : 35,36)
( [mQ &-m=010 x Qx] ),! 38 (OE C3.17)
NMQ &-m=00 X Qx] )1 39 (O)E 38)
X QX] ! 40 (OE 37,39)
Qaj 1 41 (CE: 40)
wn &onm & Qaj 142 (&l: 20,41)
wn &onm &Qa & NimQ ,! 43 (& : 36, 42)

( wn &o[n,nmM &Qa] & U[mQ O

Nin, (Q\ (a%))]

44

(OE: 2. 11)

wn &onnm & Qa] & N[mQ O %[n (Q\ (a*))]
1 45

Nin, (Q\ (a%))]
wn & Nn, (Q\ (a%))]

wn & Ten (Q\ (a*))] & f P
I Appl ying the induction hypothesis...

46

47

,!1 48

(OE 44)
(OE 43, 45)
(& : 21, 46)

(& : 26,47)

N—r



( ofn & %N[n, (Q\ (a*))] & f PO f (PO((QN (a%))) )

149 (OE 22) i
on & TN[n, (Q\ (a*))] & f PO f (PO(Q\ (a%)))
1 50 (()E 49) i
f(PO(Q\ (a%))) 1 51 (OE 48,50) i

( F(POCQN (a%))) O f ((PO(QN (a%))) O (a%)) )

1 52 (OE: P16) i
f(PO(QN (a%))) O f ((PO(Q\ (a%))) U (a%))

1 53 (()E 52) i
f((PO(Q\ (a%))) O (a%)) 1 54 (OE 51,53) i

(Qal O(POQ =((PDO(Q\ (a%))) O (a%)) )
1 55 (OE 118.67) |

Qa 0 (POQ =((PO(Q\N (a%))) U (a%))
1 56 (()E 55) i

(POQ = ((PDO(Q\ (a%))) O (a%))
1 57 (OE 41,56) i

f ((PO(Q\ (a%))) O (a%))

&(POQ =((PO(Q\ (a%))) O (a%))
,1 58 (& : 54,57) i

C £ ((PDO(QN (a%))) O (a%))
& (POQ =((PDO(QN (a%))) O (a%))
O f(POQ)
, ! 59 (OE: P6) i

f ((PO(Q\ (a%))) O (a%))
& (PO Q = ((PDO(Q\N (a%))) O (a%))

O f(POOQ
,! 60 (()E: 59) i
f(POQ ,! 61 (OE 58,60) i
-m=00 f(POOQ , 162 (O1: 35,61) |
f(POQ .1 63 (CE: 28,34, 62)
i
WM & MmQ &f PO f(POQ ,! 64 (Ol: 24,63) |

(am & NU[mQ & f PO f(POQ).! 65((): 64 i

OPOQ (wfm & N(mQ & f PO f (PUQ)



)1 66 (O1: 23,65) |

wn &ofnm & OPOQ (wn] & N[n,Q & f PO f (POQ)

O OPOQ (wm & N[mQ & f PO f(POQ)
167 (O1: 19,66) |

(wn &o[nm & 0OPUQ (w[n & N[N, Q & f PO f(POQ)

O OPOQ (wim & NimQ & f PO f(POQ))
168 (()I: 67) i

OnOm (w{n] & o[ n, m
& OPOQ (win] & Nn,Q & f PO f (PO Q)

0 0OPOQ («fm & NimQ & f PO f(PDOQ))
1 69 (O: 18,68) |

On ( wn O OPOQ (win] & TM[n,Q & f PO f(POQ) )
I' 70 (I nduct: 17, 69)
[

n, P, Q , ' 71 (Prem i
wn & N[N Q & f P 172 (Prem i
wn] 173 (&E: 72) i

( on O OPOQ (wn] & TN[n,Q & f PO f(POQ))
1 74 (OE 70) i

wn 0O OPOQ (wn & N[n,Q & f PO f (PDOOQ)
1075 ((O)E 74) i

OPOQ (win] & Mn,Q & f PO f (PO Q)
1 76 (OE 73,75) i

(wn & N[N Q &f PO f(POQ) ,! 77 (IE 76) i
wn & NN Q &fPO f(POQ 178 (OE 77) i
f(POOQ 1 79 (OE 72,78) |
wn & NNnQ &fPO f(POQ 1 80 (OI: 72,79) |
( wn & N[nQ &fPOfF(POQ ) ! 8L (()I: 80) i

OnOPOQ ( win] & NN, Q & f PO f(POQ )
1 82 (OI: 71,81) |

0
I 109. i

F OPOQOnk ( ofm & Wkl & NimP] & N[k, Q
O h («&dn] & Nin, (PO Q1) ) i



P,Q mk , 11 (Pren i

Wwm & okl & N[mP] & T[k, Q 12 (Prenm) i
W m 3 (& 2) i
o K] 14 (& 2) i
T.Lm Pl 15 (& 2) i
TNk, Q 1 6 (&E: 2) i
Wkl & N[k, Q 17 (&: 4,6) i
Wwm & N[mP] ! 8 (&: 3,5) i
(oM & N[mP O f P) 19 (DE P2) i
om & MimP O f P 110 (OE 9) i
fp 1 11 (OE 8,10) |
k] & N[k, Q & f P 112 (& 7,11) i

( Wkl & Nk,Q &f PO f(POQ ) ,! 13 (JE P18) i

okl & N[k Q &f PO f(POOQ 114 (OE 13) i
f(POOQ 115 (OE 12, 14)
[h («w{n] & N[n, (PO Q1) 1 16 (BE P1,15) i

wm & k] & N[mP] & N[k, Q O [h («fn] & N[n, (P O QI)
117 (O1: 2,16)

(M & k] & MimP] & T.[k,Q O [h (wn & Nin (PO QI) )
1018 ((O)I1: 17) i

OPOQInk ( wm & k] & N[mP] & TN[k, Q
O h (&n] & T[n, (PO Q1) )
I 19 (O1: 1,18) i

0

I 20. The union of finite predicates is itself finite. i

FOPOQ( fP&f QDO f(PDQ ) i

P, Q , 11 (Pren) [
fP&Ff Q , 12 (Pren) i
f Q I 3 (& 2) i

h (win] & N[n, Q) 1 4 (5E P1,3) i



(wn & N[n, Q) ' 5 ([E 4)

wn & I[n,Q 16 ((OE 5)
fP 7 (8B 2)
wn & N[N, Q &f P 1 8 (&: 6,7)

( wn & N(n,Q &f PO f(POQ ) ,! 9 (LE P18)

wn &NNQ &fPOf(POQ 1 10 (OE 9)
f(PDOQ ,! 11 (OE 8,10)
fP&fQOD f(POQ 12 (O1: 2,11)
(fP&FfQD f(PUQ) 113 ()1 12)
OPOQ( f P& f QO f(POQ ) | 14 (O 1,13)
O
1 21,

FOPOQOR ( f P& f Q& (PO Q =RO f R)

P,QR 1 1 (Prem
fP&fQ&(POQ =R 1 2 (Prem

f P 1 3 (& 2)

f Q 4 (& 2)
(PO0Q =R 1 5 (& 2)
fP&fQ 16 (&: 3,4)
(fP&fQO f(POQ ) 1 7 (OE: P20)
fP&f QU f (PUQ 8 (0OE 7)
f(POQ .1 9 (OE 6,8)
f(POQ &(PODQ =R 1 10 (&l: 5,9)
(f(PO0Q &(PO0Q =RO fR) ,! 11 (OE P5)
f(PO0Q &(PODQ =RO R 112 (OE 11)
f R 1 13 (OE 10, 12)
fP&fQ&(POQ =RO fR 114 (O1: 2,13)
(fP&fQ&(POQ =RO fR) 115 ()1 14)



OPOQR( f P& f Q& (PO Q =RO f R)

O

1 22.

FOPOQIR( f P& f Q& R=(POQ O f R)
P,QR , |
fP&fQ&R=(PDOQ !
fP&FQ !
R=(POOQ |

(R=(POQ O (POQ =R) N

R=(PO0Q O (POQ =R N
(PO Q =R !
fP&fQ&(POIQ =R |
(fP&fQ&(POQ =RO fR) !

fP&fQ&(POQ =RO fR |

f R |
fP&fQ&R=(POQ O fR |
(fP&fQ&R=(POQ O fR) |
OPOQIR ( f P& f Q&R=(POQ O fR) !
a

I P23 through P25 establish that our doublet,

quadrupl et predicates are finite.

I 23.
F Oalb f (a b 1)

a, b , |
(ab 1) =((a%) O (b%)) !
f (a*) !
f (b*) !
f(a*) &f (b%) |

16 (O1: 1,15)

1 (Prenm

2 (Prem

3 (&€ 2)

4 (8E: 2)

5 (DE: 111.10)
6 (OE 95)

7 (OE 4,86)

1 8 (& 3,7)

9 (DE: P21)
10 (OE 9)
11 (OE 8, 10)
12 (O1: 2,11)
13 (()1: 12)

14 (O 1, 13)

triplet, and

1 (Prem

2 (OE: 119.3)
3 (OE P17)
4 (OE: P17)

5 (&: 3,4)



f(a*) &f (b*) &(ab $) =((a*) 0O (b*))
1 6 (&: 2,5)

( f(a*) &f (b*) &(ab$) =((a") O (b*)) O f (abi))

17 (OB P22)
f(a*) &f (b)) &(ab¥) =((a") O (b'?R gl({)é? ?)i)
f (ab i) 1 9 (OE 6,8)
Dalb f (a b 1) 1 10 (OI: 1,9)
O
| 24,
F DaObOc f (a b ¢ )
a,b,c 11 (Prem
(abcwv) =((abit) 0(c)) 12 (OB 119.7)
f (ab i) 1 3 (LE P23)
f (c*) ! 4 (OE P17)
f(abi) &f (c) 15 (&8l 3,4)

f (ab i) &f (c*) &(abc v

((a b 3F) 0O (c*))
1 6 (&: 2,5)

( f(ab*) &f (c*) &(abcw) =((abi) O(c*))
O f (abcwv))
7 (OB P22)

f (abit) &f (c*) & (a b c v
O f (abc v

((a b %) 0O (c*))

18 (OE 7)
f (abc v , ' 9 (OE 6,8)
Oalblc f (a b c w) 10 (O1: 1,9)
[
I 25.
F DaObOcOd f (a b c d %)
a,b,c,d , 11 (Pren

(abcd=x =((abc v O(d)) 12 (OB 119.11)



f (abc v , 1 3 (OB P24) i
f (d*) !4 (OE P17) i
f (abcvwv) &f (d*) 15 (&: 3,4 i

f(abcw) &f (d) &(abcd=x =((abc v O(d))
16 (&8: 2, 5) i

( f(abcw) &f (d*) &(abcdH+) =((abcw) O(d))
O f(abcd))
V7 (OE P22) [

f(abcwv) &f (d*) &(abcd=*) =((abcw) O(d))
O f (abcd )

8 (OE 7) i
f (abcd ) , ' 9 (OE 6,8) i
OalObOcOd f (a b ¢ d *) 10 (O1: 1,9) i

0

I 26. P26 establishes conditions when a predicate has a maxi num
nat ural nunber. i

FOP(POw&-~P=@&f P
O -(wonP) =0&f (wn P)) i

= 11 (Prem i
POw&-P=@&f P 1 2 (Prem i
PO w 13 (& 2) i
~P=g 14 (& 2) i
fp 1 5 (& 2) i
(POlwd (wn P) =P) 1 6 (OB 113.26) |
POwd (wnP) =P 1 7 ()E 6) i
(wnP) =P 1 8 (OE 3,7) i

(wnP) =P &~-P 19 (&l: 4,8) i

]l
S

((wnP) =P&=P

0 - (wn P =09)

, 1 10 (OE 111.40)
(wnP) =P&~-P O - (wnP) =9

111 (O)E 10) i

n
S

- (wn P 112 (OE 9, 11) i

1]
S



fP&(wnP) =P 1 13 (&E: 5, 8)

(fP&(wnP) =PO f(wnP) ) ,! 14 (OE P6)
fP&(wnP) =POf (0n P 115 ()E 14)
f (wn P ,! 16 (OE 13,15)
~(wnP) =@&f (wn P 117 (&l 12,16)

POw&-P=¢&fPO-(w0onP) =0&f (0wn P
L0018 (OI1: 2,17)

(POw&-P=0¢&fPO-~(wnP) =0&f (0n P))
019 (()I1: 18)

MP(POw&-P=0o&fPO-(wnP) =0&f (wn P))
120 (OI: 1,19



