I CHAPTER 7
AN I NFINITY OF THI NGSj

I Inthis chapter it is proven that there are an infinity of
things. The "hierarchal™ technique used here is due to Dedekind
and appeared in "The Nature and Meani ng of Numbers." Dedekind
essentially considered the self, the thought of the self, the
t hought of the thought of the self, and so on, to establish there
are an infinity of things. Here we essentially consider the
enpty predicate P1, the predicate P2 of being equal to the enpty
predi cate, the predicate P3 of being equal to either P1 and P2,
and so, that is, using the sane hierarchal cascade, although wth
different links in the chain. Note that Frege has an alternative
proof, which mght be called the "bootstrap" approach: 0 is one
thing, 0 and 1 are two things, and so forth. This also can be
formulated in our system although the proof is |onger.

P1 introduces the notion of a hierarchal predicate. P6 proves
that there are hierarchal predicates of any finite size, from
whi ch the existence of potential infinity follows inmediately in

P7. It follows fromC6.17 that the universal predicate is
infinite (proposition P10). The rest of the chapter establishes
consequences. It should be remarked that one of these (P19)

predicate P, there is another predicate Qof every finite size
ei ther containing or contained in P. i

I 1. H represents a hierarchal predicate. i
TH;, P, OQ(PQ O QOP) i
I P2 through P5 are | emmas used to establish P6.

2. i

FOP( % PO - P[P ) i

P 11 (Prem i
H P 12 (Prem i
0Q( PIQ O QO P) ! 3 (BE PL,2) i

P[ P] 14 (Prem i
( PIPp O POP) 1 5 (OE 3) i
PiPh O POP ,1 6 (()E 5) i
POP 1 7 (OE 4,6) i
~-POP 1 8 (OE 111.56)
F P9 (Fl: 7,8) i
PP O & 110 (O1: 4,9) i
- P[P 111 (=1 10) i

W PO = P[P 12 (O 2,11)



(% PO = P[P ) |
OP (% PO - PP ) !
O
3,

F % o

Q |
aqQ !

-~ Q0o !

- @Q !

F |

- QU0 &F |

-~ QO ¢ |

QU ¢ ) |
®Q 0 QOe )|

(@Q 0 QU o) , !
0Q( @Q O QU o) |
H @ !
O
I 4,

FOP( % PO -P=(PO(P)))
P |
W P |
P=(PO(P)) !
(P*) [P !
(P*) O (PO (P)) , |

P=(PO(P)) &(P) O(PO(P))
!

( P=(PO(P)) &(P) O(PO(P))
!

13 (()1: 12)

14 (O: 1,13)

1 (Prem
2 (Prem
3 (Prem

4 (OE 115.3)

5 (Fl: 2,4)
6 (O1: 3,5)
7 (-l: 6)
8 (-E: 7)
9 (O1: 2,8)
10 (()1: 9)

11 (Ol 1, 10)

12 (%l: P1,11)

1 (Prem
2 (Prem
3 (Prem
4 (OE: 118.5)

5 (OE: 112.13)

6 (& : 3,5)

O (P) OP)
7 (OE 111.31)



PO -P

P=(PO(P)) &(P) O(PO(P)) O (P) OP

(P*) OP

(P*)IP & (P) OP

(

(P*)IP & (P) OP O PP

Pl

(

H

-

F
P =

-~ P

(P*)[P & (P*) O PO PP )

P]

# PO - PP )
PO - PP

PP

(PO(PY)) OF

= (P O (P)

(PO (P))

(% PO -P=(PO((P)))

P ( % PO -P=(PO(P)))

0

I 5.

FOP( % PO H (PO(P)))

P

H P

0Q (
Q

PIQ O QO P)

(PO (P))IQ
( (PO(P))Q O PQ O(P)IQ )

(PO (P))IQ O PLQ O(P)IQ

8 (OE 7)

1 9 (OE 6,8)
10 (&: 4,9)
11 (OE 111.2)
12 (()E 11)
13 (OE 10, 12)
14 (DE P2)
15 (()E: 14)
16 (OE 2, 15)
17 (F1: 13, 16)
18 (O1: 3,17)
19 (-l: 18)
20 (O1: 2,19)
21 (()1: 20)
22 (O: 1,21)
1 (Prem
2 (Prem
3 (BE: P1,2)
4 (Prem
5 (Prem)

6 (OE: 112.3)
7 (()E 6)
8 (OE: 5,7)

PIQ O (P*)IQ



PO(PO(P)) 19 (OB 112.12)

P[Q .1 10 (Pren) i
(PIQ O QOP) 1 11 (DE 3) i
PPQ O QOP 112 (OE 11) i
QO P 1 13 (OE 10,12) |
QUP&PO(PO(P)) 114 (& 9,13)

(QODP&PO(PO(P)) O QO(PO(P)) )
1 15(0E: 111.58) i

QUP&PO((PO((P)) O QU (P DO(P))
I

1 16 (()E 15) |
QO (PO (P)) 117 (OE 14,16) |
PIQ O QO (PO (P)) 118 (O1: 10,17)
(P)I1Q 119 (Prem i
(% PO -~P=(PO(P)) ) ,! 20 (0E P4) i
H PO -P=(PO(P)) 121 (()E: 20) i
~P=(PO(P)) 122 (OE 2,21)

PO(PO(P)) &-P=(P0O(P))
123 (&: 9,22 i

PO((PO(P)) , 124 (%l: 111.49,23)

i

((PH)IQ O Q=P) , 125 (OE 118.3)
(P)[Q 0 Q=P 126 (OB 25) i
Q=P 127 («E 19,26) |
QU (P DO (P)) 1 28 (=E 24, 27) i
(P)Q O QO (PO (P)) 129 (OI1: 19,28)
QU (PO (P)) ,! 30 (CE 8,18,29) j
(PO (P))Q O QO (PO (P)) ,1 31 (OI: 5,30) i

((POC(P))IQ O QO (P O(P)) )
132 (()1: 31) i



OQ( (PO (P))IQ O QO (PO (P)) )
133 (O0: 4,32)

® (PO (P)) ! 34 (8l: P1,33)
PO W (PO (P)) 135 (O1: 2,34)
(% PO % (PO(P)) ) 136 (()1: 35)
OP (% PO % (PO (P)) ) | 37 (O1: 1,36)
O
I 6.

FOn ( wn O B(H B& N[N B) )

I W& use induction, taking ¢ to be
[B (% B & T.[n, B])
It nust be shown that
[B (H B & T.[0, B])
and
OnOm ( «w[n] & o[n,m & B (H B & T.[n, B])
O B (HB&TM[mMB) ).

I To prove:
[B (H B & T.[0, B])

H @ & N[O, @ 11 (&: C3.14,P3) j
(H ¢ & N[O, @) 12 (01 1)

B (X B & 7.[0, B]) 1 3 (0O: 2)

I To prove:

OnOm ( «o[n] & o[n,m & B (H B & T.[n, B])
O B(H B & N[mB) ).

n, m 14 (Prem
wn &onm&B(H B& I[N, B) , 1" 5 (Pren
wn & onm , 1 6 (& 5)
B (¥ B & L[N, B) 1 7 (& 5)
(% B & T.[n, B) 1 8 ([E 7)
% B & T[N, Bl 1 9 (OE 8)
% B 1 10 (&E: 9)

N[, B 111 (&E: 9)



(% BO % (BO(B)) ) 1 12 (OE P5)

B O H (BO(B)) 113 (OE 12) i
W (B O (B)) ! 14 (OE 10,13) |
w[n & o[n,m & J.[n, B 1 15 (&: 6, 11) i
(% BO - BB ) 1 16 (OE P2) i
H B 0O - B[B] 1017 (()E  16) i
- B[B] )1 18 (OE 10,17)
wn &onmM &- BB & I.[n, B] , 119 (& : 15,18) i

( w[n & o[n,m & - BB & TN.[n,B O T[m (B O (B))] )
120 (OB C2.12) |

w[n & o[n,m & - BB & N[n,B O N[m(B O (B*))]

21 (OB 20) i
T[m (B O (B"))] 1 22 (OE 19,21) i
H (B O (B)) & Nim (B O (B%))] 123 (& 14,22)
(¥ (BDO(B)) &Nim(B O (B))1) ! 24 (()I: 23) i
B (¥ B & T.[mB]) 125 (0O: 24) i

Wn &o[nm&MB(H B&INNB) O B (K B&NmMB)
126 (O1: 5,25 i

(wn &onm &IB(H B&INB) ODB(H B&IIMB]) )
27 ((O)1: 26) i

OnOm( o[n] &onm &[B (H B & I.[n, B)
0O B (H B & TN[mB]) )
;128 (0OI: 4,27) i

On ( «n O B(H B & N[n,B) ) I 29 (Induct: 3, 28)
i

O

I 7. P7 establishes that there is nore things than can be

nunbered by any finite nunber, i.e. there is a potenti al

infinity. i

FOn( wn O CPa (N[N, Pl & = Pra]) ) i
n 11 (Prem i

W[ N] , 12 (Prem i



Wi n]

(

On ( on]

0

I 8. P8 is a weaker version of potenti al

( in]
on O B (H B & J.[n,B)
B (H B & T.[n, B])

(% B & N.[n, B)

H B & T.[n, B]

H B
.[n, B]
(% B O - BB )
% B O - B[B]
- B[ B]
N.[n,B & - B[B]
(MN[n,B & - B[B])

Ca (M.[n, B & - B[a])

[(PCa (T.[n,P] & - P[a])

0 Pta (N[n, P & - P[a])

i nj

0O B (% B & 9[n, B) )

O Pt (N[n, Pl & - Pla]) )

O Pa (M[n, Pl & -~ Pla]) )

(o2}

\l

, 1 8

19

, 110
111
112
, 113
, 114
, 115
, 116

17

infini

(OE: P6)
(OE 3)
(OE 2,4)
(LE: 5)
(OE 6)
(&E: 7)
(&E: 7)
(OE: P2)
(O)E 10)
(OE 8,11)
(&: 9,12)
(O)1: 13)
(O: 14)
(O: 15)
(O1: 2,16)
(O1: 17)
(Ol: 1,18)
ty. An appeal

to

P6 directly would have resulted in a proof with one fewer step.

FOn( wn O CP 9[n, P )

n

[ Nn]
( «on O CPOA (T[N, P
o N
[(PCa (N[n, Pl & -~ Pra])
(& (N[n, Pl & -~ P[a])

(N[n, P & - Praj)

& = P[a]) )

O CPCa (T[n, P & - P[a])

N

\l

(Prem
(Prem
(0E: P7)
(OE 3)
(OE 2,4)
(LE: 35)

(CE: 6)



Nin, Pl & = P[a]
Nln, P]
[P [ n, P]
wn O P T.[n, P]
(wn O P N[N, P )
On ( wn O P N[N, P )
O

I 9.

8 (OE 7)
9 (& 8)
10 (O: 9)

11 (O1: 2, 10)
12 (()1: 11)

13 (O 1,12)

FOn( wn &-n=00 [Pl (N[N, P &Pa]) )

n

wn &-n=20

W n]

( @n O P 9N[n,P )
wn O P N[n, P
[P .[n, P]

Nin, Pl

NU[n,P) & = n =0

( Nin, P & -

>S5
I

00 X P[x] )
Tin,Pl & = n =0 0O X P[X]
(X P[X]
Pl a]
TNin, Pl & Pla]
(N[n, Pl & Praj)
Ca(T[n, Pl & Praj)
[(PCa( T.[n, P] & P[a])
wn &-n=00 PA(N[N, P & Pla])

( ®n &-n=00 POA(NINP & Pa) )

1 (Prem
2 (Prem
3 (& 2)

4 (&E: 2)

(6]

(OE: P8)

(o3}

(OE 5)

(OE 3,6)

\l

8 ((E: 7)

9 (&: 4,8)
10 (OE: C3.17)
11 (()E 10)

12 (OE 9,11)

13 ([E: 12)
14 (&l: 8,13)
15 (()1: 14)
16 (O: 15)
17 (O: 16)

18 (O1: 2,17)



119 (()1: 18) i

n ( &wn &-n=00 [P (TN, P & Pla]) )
1 20 (OI: 1,19) i

0
I' 10. The universal predicate is infinite. i
Fv WO i

1 U | 1 (OE ©6.17, P7)
i

I
Io11. i

FOP( fPO +(U\ P ) i

P 11 (Prem i
fP 12 (Prem i
1 U &fP ! 3 (&: P10, 2) i
(+U&fPO + (U\ P ) 4 (DB CB.12)
1 U&fPO 1+ (U\ P 15 (()E 4) i
v (T \ P) 16 (0B 3,5) i
fPO v (U\ P) 17 (01 2,6) i
(fPO+(U\P) A8 (O 7 i

OP( fPO + (U\ P ) I 9 (OI: 1,8) i

O

112, i

FOP( fPDO X = P[x] ) i

P 11 (Prem i
fP 1 2 (Prem i
(fPO+(U\ P ) 1 3 (OE P11) i
fPO v (U\ P) L4 ()E 3) i
v (T \ P) 15 (OE 2,4) i
(+(U\ P O XU\ P[x] ) ! 6 (OE C6.10) |

v (U\ P) O XU\ P)[x] 7 (O)E 6) i



X (U \ P)[X] 1 8 (OE 5,7)

(T \ P)[x] 1 9 (CE 8)
( (U \ P)[x] O = P[x] ) ,1 10 (CE 117.86)
(U \ P)[x] O = P[x] 111 (()E 10)
- PIX] 112 (OE 9, 11)
X = P[X] 113 (O: 12)

f PO X = P[x] 114 (O1: 2,13)
( f PO X - P[x]) 115 (()1: 14)
OP ( f PO X = P[x] ) | 16 (OI: 1,15)

0
| 13.

FOPOn ( win & N[n,P) O x = P[x] )

P, n , 11 (Pren
wn & T[n, P , ' 2 (Prem
( on & N[n, Pl O f P) ! 3 (OE C5.2)
on & Nn P O fP 4 (OB 3)
f P ' 5 (0OE 2,4)
( f PO X = P[X] ) 1 6 (OE P12)
f PO X = P[X] 1 7 (OE 6)
X = P[X] , ' 8 (OE 5,7)
wn & Nin,P] O X = P[X] 19 (O1: 2,8)
( Wn & N[n,P] O X =~ P[x] ) 1010 ((O)1:9)
OPOn ( «in] & N[N, Pl O X = P[x] ) I 11 (O1: 1, 10)
O
I 14.

F OnOm ( win] & o[n, m
O Pa (N[n, Pl & - Pla] & N[m (P O (a%))1) )

n, m 11 (Prem



wn & onm 12 (Prem i

W[ n] 13 (& 2) i
( wn O PO (T[n, P & -~ Praj) ) 1 4 (0OE P7) i
wn O [POa (T[n, P & - Pla]) ' 5 (()E 4 i
(PCA (N[n, Pl & = Pra]) , ' 6 (OE 3,5) i
a (N[n, Pl & = P[a]) V7 (CE 6) i
(N[n, P & -~ Praj) 1 8 ([E 7) i
Nin, Pl & - P[a] ' 9 (()E 8) i
T.[n, P , ! 10 (& 9) i
- P[a] 111 (& 9) i
wn & onm & - P[a] 112 (& 2,11) i
wn &onm &- Pla & 9.[n, P 113 (&: 10, 12) i

( wn &onm & - Pla] & N(n, Pl O N[m (P O (a*))1 )
114 (OB C2.12)

wn &onm &- Plal & N[n, P O ‘TL[m(P O (a*))]

15 (()E 14) i
Nm (P O (a*))] ,1 16 (OE 13,15
NN, Pl & - Pla] & T.Lim (P O (a*))] 117 (& 9,16) i

(M[n,Pl & - Pla] & T.im (P O (a*))]) ,! 18 (()1: 17) i

(B (M[n, Pl & = Pla] & T.[m (P O (a%))1)
119 (O: 18) i

[(PLa ([N, P & - Pla] & T.[m (P O (a*))])
120 (O: 19) i

wn &onm O PO (N[N, P & - Pla & N[m (P O (a®))])
021 (O1: 2,20) i

( wn &ofnm O PA (T[N, P & - Pla] & IL{m (P O (a*))1) )
122 ()1 21) i

OnOm ( w{n] & o{n, m
O Pa (M[n,P] & -~ Pla] & TL[m (P O (a*))1) )
1 23 (O 1,22) i



O
I 15. i
F OnOm( «win & oln,m O [PCa N.im (P O (a*))] ) i
n, m 11 (Prem i
wn & onm 12 (Prem i

( wn & onm
O P (M[n,Pl &= Pla] & N.[m (P O (a*))1) )
! 3 (OE P14) i

wn &onm O (PO (T[n, Pl &= Pla] & T[m (P O (a®))1)
4 (0OE 3) i

(Pa (T[n,P] & = Pla] & T.im (P O (a®))])
15 (OE 2,4) i

(& (N[n, P &~ Pla] & N[m (P O (a*))1)
! 6 (CE 5) i

(N[n, Pl & - Pla] & U[m (P O (a*))1) ,! 7 ((E 6) i

Nin, P & - Pla] & N.im (P O (a*))1 ! 8 (OE 7) i
Tim (P O (a%))] 9 (& 8) i
(A NIm (P O (a°))] 110 (O: 9) i
[(PCA N.[m (P O (a%))] 111 (O: 10) i
wn &onm O P Afm (P O (a*))] ! 12 (O1: 2,11)

( wn &onm O PCa N[m (P O (a*))1 )
113 ()1 12) i

OnOm ( wn] & ojn,m O [Pa N[m (P O (a*))] )
I 14 (O1: 1,13) i

0
I 16. i

F OnOnOP ( w{n] & N[N, Pl & o[n, m

O Ca (- Pla & N[m(P O (a%))1) ) i
n,mP 11 (Prem i
wn & N[n,P & o[n, M ,1 2 (Prem i

wn & I.rn, P 13 (& 2) i



o[n, m 14 (& 2) i
wn &o[n,nM & T[n, P 15 (&l: 3,4) i
( N & N[n, P O X = P[X] ) , ! 6 (0OE P13) i
wn & M[n, Pl O X = P[X] 17 (O)E 6) i
X - PX] ! 8 (OE 3,7) i
- Pla] 19 ([E 8) i
wn &o[nm &- Pla] & T[n, P ,! 10 (& : 5,9) i

( wn &ofnmM &= Pal & Nn, P O N[m((P O (a*))] )
111 (OB C2.12)

wn &o[nm & - Pla] & N[n, P O ‘]L[m(P O (a*))]

12 (OE 11) i
Nim (P O (a*))] ,1 13 (OE 10,12)
- Pla] & fLim (P O (a%))]1 114 (& 9,13) i
(- Pla] & T.im (P O (a*))1) 15 ()1 14) i
A (- Pla] & T[m (P O (a%))1) 116 (0O: 15) i

wn & N[n,Pl &olnm O A (- Pla] & Nim (P O (a%))])
117 (O1: 2,16)

(n & NN P &onm O Ca (=~ Pla & Uim(P 0 (a%))1) )
118 ()1 17) |

OnOmdP ( wn] & N[n,P] & o[n,m
O Ca (-~ Pla & Nm (P O (a*))]) )
19 (0O1: 1,18) i

O

117, i

FOnOP (win & f PO WM(NLINQ &(PnQ =9 ) i
n, P 101 (Prem i
wn &f P 12 (Prem i
Wn &t T &fP 1 3 (&: P10, ?2) i

(wn &1 U &P
0 R(MNR &RO U & (P n R

® )
1 4 (OE ©6.16) |



Wwn &1+ U&fPOMR(NNR &ROI W& (Pn R = ¢
|

5 (OE 4)
R (NNR &ROU&(PnR =¢ ,! 6 (0E 3,5)
([n,R & ROW & (P n R =9 7 (CE 6)
TNR &RO W &(Pn R =0 8 (OE 7)
Trn, R 1 9 (&E: 8)
(Pn R =g ! 10 (& 8)
NNnR &(PnR =0 111 (&: 9,10)
(MIN,R & (P n R =9 12 ()1 11)
R (N[N Q & (P n Q =9 113 (0O: 12)

Wn &f PO M(NNQ &(Pn Q =¢,! 14 (OI: 2,13)

(wn &f PO RNINAQ &(PN Q =9 )
115 ()1 14)

OnOP ( winl & f PO (NN Q &(Pn Q =¢ )
I 16 (O1: 1,15)

I
I 18.

FOnOm( «fn & om O (P (N[N, P & U[MQ & (P n Q =09

n, m 11 (Prem
wnl & wn I 2 (Prem
o[ N] 1 3 (& 2)
o M 14 (& 2)
(wn O P T[n, P ) ! 5 (OE: P8)
wn O P [n, P 1 6 (()E 5)
P I[N, P 1 7 (OE 3,6)
Nin, P , 1 8 ([(E 7)
wn & T[n, P 19 (&: 3,8)

( @n & N[n, Pl O f P) ,! 10 (OE C5.2)



wn & N[pn, PP O f P 111 (OB 10) i

fp 12 (OB 9,11)
o &f P 113 (& 4,12) i
(wm &fPORMLMQA &(PNnQ =¢ )

! 14 (OE: P17) i
wn &f PO RMMMQA &(Pn Q =09

115 (OE 14) i
M (N[MQ &(Pn Q =9 116 (OE 13,15) |
(imQ & (P n Q =9 117 (LE 16) i
mQ &(Pn Q =9 118 (OE 17) i
TN P & NMQ &(Pn Q =9 119 (& 8,18) i
(N[n, Pl & N(iMmQ & (P n Q =9 120 ((O)1: 19) i
M (N(n, Pl & \[MmQ & (P n Q =¢ ,! 21 (0O: 20) i

(P (N[N, Pl & N[MmQ &(Pn Q =¢ ,! 22 (O: 21) i

Wn & o O PR (TN, P &NMQA & (P n Q =9
123 (O1: 2,22)

(wn &owm O PR (N[N P &N[MQ &(Pn Q =¢ )
124 (()1: 23) i

OnOm ( wn] & on O (PR (N[N, P & NUM[mQ &(Pn Q =¢ )
| 25 (0O0: 1,24) i

0
I 19. i
FOn (wn OOPR( NN Q &(POIQIQOP) ) ) i

I W use induction, taking ¢ to be

OPQ ( N[n,Q &(POQOQOP) )
It nust be proven that
OPQ ( N.[0,Q & (PO QOUQOP) )
and
OnOm ( ofn] & o[nm &OP( N[n,Q &(POQIDQO P )

O 0PR( NMmQ &(PUOQIQOP) ) ). i

I To prove:
OPMQ ( N[0, Q & (PO QOIQOP) ) i

P ! 1 (Prem [



4P !
POeOoeOP !
(POoeOoe0O P |
O, ¢ & (PO @ O¢OP) |
( MO, @ &(POeOoe0OP) ) !
M( N[0,Q &(POQUQOP) ) !
OPRQ ( N[0,Q & (PO QUQOP) ) |

I To prove:
OnOm ( ofn] & o[nmM & OPM ( N[N, Q &
O 0OPM( NimQ & (POQOQO

n, m !

2

3

4

5

6

7

8

(CE: 115.9)

(O: 2
(O1: 3)
(&: C3.14,4)
(O)1:5)
(0: 6)

(OI: 1,7)

(POQOUIQUP) )
P) ) ) i

9

(Prem

Wwn &onm&OPM( N[N, Q &(POQUIQOP) )

, !
wnl & o[n,m , !
W[ N , |

OPQ ( N[n,Q & (PO QIDQOP) ) , |
P )

M ( N[n,Q &(PODQOUQOP) ) , !
( Tn,Q &(POQIDOQUOP ) , !
"N, Q &(POQUQOP , !
T.n, Q !
wn &o[nm &N Q , !
(POQUQDP , |
PODQUQOP !
POUQ .
wn] & I.[n, Q !
(wn & N[n,Q O X -~ Qqx] ) !
Wn & TN[n, Q@ O X - Qx] )

D(ﬂQX] , !

10

11

12

13
14

15

16

17

18

19

20

21

22

23

24

25

26

(Prem
(&E: 10)

(&E: 10)
(&E: 10)

(Prem
(OE: 13)

([E: 15)
(()E 16)
(&E: 17)
(&: 11,18)
(& 17)
(()E 20)
(Prem
(&: 12,18)
(OE: P13)
(O E 24)

(OE 23, 25)



- Qaj 127 (CE 26) i
wn &onm&-Qa & Nn,Q ,! 28 (&: 19, 27) i

(wn &onm&-Qa & N[nQ O N[mMm(QDO (a*))ir)
1 29 (LE @2.12) i

wn &o[nm &-Qa & NN Q O Nm(QO (a*))]

1 30 (()E: 29) i
Tim (Q O (a*))] ,! 31 (OE 28,30)
(POQO PO(QDO (a%)) ) 132 (DB 112.21)
POQU PO (QO (a%)) 1 33 (()E: 32) i
PO (QUO (a%)) | 34 (OE 22,33) |

PO(QO (a%)) O0(QO (a*)) O P,! 35 (0: 34) i

(PO(QO (a%)) 0(QO (a*)) O P
, 136 (()I: 35) i

Nim(QU (a*))] & (PO (QDO (a*)) (U (a*)) UP)
, 137 (&: 31, 36) i

( Nim(Q D (a%))]1
&(PO(QD(a%)) O(QO (a%)) 0P )
138 (O)1: 37) i
M( MmQ &(POQOQOIP ) ,! 39 (O: 38) i

POQUD R( NimQ & (PO QUQOP) )
140 (O1: 22,39) i

QOP 1 41 (Prem i
(QOPOQ=POQOP) ! 42 (OE: 111.55) j
QPO Q=POQOP 1 43 (()E 42) i
Q=P OQOP | 44 (OE 41,43)
Q=P .1 45 (Pren) i
(Q=P0O POQ) 146 (OE: 111.12)
Q=PO POQ 1 47 (()E: 46) i
POQ | 48 (OE 45,47) |

I Back in the case of P O Q which has just been shown... i



R( NmQ & (PO QIQDOP) )
! 49 (OE 40,48) |

Q=PU0 R( NmQ &(PODQIQUP) )
1 50 (O1: 45,49)

QU P ,1 51 (Prem i

(QU PO M (~Qa &(QO (a%)) OP) )
1 52 (OE 118.38) |

QU PO [ (-~ Qa &(QO (a%)) U P)

153 ((OE 52) i
(A (- Qa] & (QO (a®)) OP) ,! 54 (OE 51,53) |
(- Qa & (QU (a%)) O P 155 ([E 54) i
~Qal &(QU (a*)) OP ,! 56 (()E: 55) i
~ Qa .| 57 (&E: 56) i
(QOD (a’)) OP ,! 58 (&E: 56) i
PO(QO(a%)) O(QU(a%)) O P

! 59 (O: 58) i
(PO(QO (a%)) O (QO (a%)) D’ !P)60 (O1: 59 i

wn &onm&-Qa] & N[n, Q
1 61 (&: 19,57)

( wn &o[nmM & -~ Qa] & N[n, Q
O Nm(QO (a*))1 )
1 62 (OE C2.12)

wn &olnm&-Qal & MNn Q@ O Nim(QO (a*))]
, 1 63 (()E 62) i

NImMm((Q O (a*))] .1 64 (OE 61,63) j

Nim(QU (a*))] & (P DO (QDO (a*)) O(QU (a*)) U P)
,! 65 (& : 60, 64) [

( Nifm (Q O (a*))]
&(PO((QO (a%)) O(QDO (a*)) OP) )
,1 66 (()I: 65) i

R( N[mQ & (POQUQOP) )
)1 67 (O: 66) i

QOPI M( NmQ & (POQOIQDOP )



,1 68 (OI: 51,67) |

M( N[mMmQ &(POQIQOP) ) ,! 69 (CE 44,50, 68)
i

QUPID M( NmQ & (PO QIQOP) )
170 (O1: 41,69)

Q( MMmQ &(POIQOQOP ) ,! 71 (OE 21,40,70)
i

OP ( N[mQ &(POQOIQOP ) SV 72 (0O: 14,71)

wn &onm&OPMQ( NN Q &(POQOQOP) )
O OPR( \[(mQ &(POQOIQOP )
173 (O1: 10,72)

(wn &onm &OPM( T[N, Q &(POQIDQOP) )
O OPR( NmQ &(PO0QODQOP )
74 (O 73) i
OnOm ( «wnl &o[n,mM &OPQ( NN, Q &(PODQOQOP) )

O OPR( NimQ & (PO QUQUP) ) )
175 (O 9, 74) i

On ( wn O OPRQ( N[n,Q &(POQOQOP) ) )
' 76 (I nduct: 8, 75)
i

0
I 20. i

FOnOP ((wn O ( NN Q &(POQOIQOP) ) ) i

n, P 11 (Prem i
W[ N] , 12 (Pren i
(n O OPRQ( N[N, Q &(PODQIDQOP) ) )

! 3 (DE P19) i
wn O OPW( NinQ &(POQOIQOP) )
4 (OB 3) i
OPQ ( N[n,Q & (PO QOQOP ) I 5 (OE 2,4) i
( N[N, Q &(PODQIQOP ) , 1 6 (OE 5) i
wn O W NN, Q@ &(POQUQO P) )
U0 7 (01: 2,6) i

(wn OOR( NN Q &(POQIUQOP) ) )
A8 (0O ) i



OnOP ( win] O Q( N[N, Q &(POQUQOP ))
1 9 (O 1,8) i

0
121, i

F OnOm ( win] & w[m
O PR( N[n, P & N[MmQ &(POQOQOP) ) ) i

n, m 11 (Prem i
wWn & wm , 12 (Prem i
[ nJ 1 3 (& 2) i
W m 4 (&E 2) i
( wn O P N[N, P ) 1 5 (DE P8) i
wn O [P 9[n, P ' 6 (()E 5) i
[P .[n, P| 1 7 (OE 3,6) i
T[N, P 18 ([E 7) i
(om0 XR(NMQ &(POQIQOP ) )

19 (OE: P20) i
onm O R( NMmQ &(PIQIQOP) )

110 (OE 9) i
M( (mQ &(POQOIQOP) ) ,1 11 (OE 4,10) i
( imQ &(POQOIQOP) ) 112 (B 11) i
NmMmQ & (PO QOIQOP) 113 (OE 12) i
MNPl & NW[MmQ &(POQOQOP ,! 14 (&: 8,13) i
( Nin,PL &TN[MmQ & (PO QUIQOP) )

115 ()10 14) i

R ( Nin, Pl & N[MQ & (PO QUQIDP) )
)1 16 (O: 15) i

(PR ( N[n, Pl & N(mQ & (PO QD QOP) )
117 (O: 16) i

wn &own O PHRQ( MNP &NmMmQ &(POQIQOP) )
18 (O1: 2,17)

(wn &wm O PR( NN, P &N[MmQ &(POQOQOP) ) )
119 ((O)1: 18) i



OnOm ( ofn] & ofm
O PR ( N[n, Pl & N[mQ &(POQOQOP ) )
20 (O : 1,19



