I CHAPTER 8
SUCCESSORS;

I This chapter concerns the successor relationship and has
several objectives. First, it will be shown that the Pre-
Addi ti on Peano Axi ons can be proven, and indeed rely on the
nunber axions of the second chapter. Secondly, it will be
establ i shed that the successor relationship restricted to the
domain of finite nunbers is functional, and so a successor
operator may be and is, at P12, defined. Thirdly, propositions
about this successor operator, including new versions of the
Peano Axions, will be then shown. i

I The Pre-Addition Peano Axions are inportant because they are
the basis of the nost well-known systemof arithnmetic. They are:

(PAL) (O]

(PA2) On ( &in &onm 0O «wm )

(PA3) On ( wfnl O Onoao[n,m )

(PA4) OnOmik ( «{n] & oln,m & o[n, k] O m=Kk)

(PAS) OnOmilk ( wn & k] & ofn,m & ok,m O n =Kk )
(PA6) On ( wn O = o[n,0] )

(PA7) Induction

(PAl) is just the axiom w0, and Induction is the rule of
i nference Induct. The others remain to be shown. i

I P1Lis useful as a lemma for the third Peano Axiom as well as
ot her propositions. It is also interesting, in that it

establ i shes conditions fromwhich on,m nmay be concl uded. i
1. i

F OnOnOPOa ( win] & om & N[N, Pl & Nim (P O (a®))] & = P[a]

0 ofn,m) i
n,mP,a 11 (Prem i
Wn & wm & Nin, Pl & Nim (P O (a%))] & - Pra
12 (Prem i
o[ nj 3 (& 2) i
W m a4 (& 2) i
TN, P 15 (& 2) i
T.Im (P O (a%))] 16 (& 2) i
~ Pra] 17 (8E 2) i
(PO (a%))[a] 1 8 (OE 118.32) |
e (P O (a%))lal 19 (0: 8) i

Nm (P O (a*))] & a (P O (a*))[a] ,! 10 (& : 6,9) i



( Nfm (P O (a*))] &0a (PO (a*))[a] O = m=20)
111 (OB C3.12)

Nim (P O (a*))] & (P O (a*))[ag O = m=0

112 (OE 11) i
- m=0 , ! 13 (OE 10,12)
om &-m=20 114 (&: 4,13) i

(& &-m=00 [p(wp] & ofp,n) )
1 15 (OE: Cl.15) i

wm &-m=00 [p(wp] &ofp,m) ,! 16 (()E 15) i
(p(wp] & o[p, M) , 117 (OE 14,16) |
(w{pl & ofp, m) 118 ([E 17) i
W p] & ofp, n 119 (OE 18) i
wp] &o[p,m & (PO (a*))[a] , 120 (&l: 8,19) i

wp] &o[p,m & (PO (a*))[a] & N[m (P O (a*))]
1 21 (& 6,20) i

( Wpl &aop,mM & (PO (a%))[al & N[m (P O (a*))]

O Tp, ((P O (a%)) \ (a*))1 )
122 (OB C2.11) i

Wpl &ofp,m & (PO (a%))ra] & N[m (P U (a%))]
O e, ((P O (a%)) \ (a%))]

23 (OE 22) i
Nip, ((P O (a%)) \ (a*))] ! 24 (OE 21,23)
W[ p] 125 (& 19) i
wWpl & Nep, ((P O (a%)) \ (a%))] ! 26 (& 24,25)

(-~ Plag O P=(((POC((a*)) \ (a*)) ),! 27 (OE 118.59) |
- Plal O P=((PO(a*)) \ (a*)) 128 (OE 27) i
P=((PO(a*)) \ (a*)) ,1 29 (OE 7,28) i

ofp] & N[p, ((P O (a*)) \ (a*))] &P = ((P O (a%)) \ (a*))
130 (&: 26,29)

(pl & Nip, ((P O (%)) \ (a*))] &P =((P O (a%)) \ (a%))
O Tip, P ) ,! 31 (OE: CA4.6) i



wn &wm & N[n, Pl & N[m (P O (a*))] & = P[a]

(

OnOndOPOa ( w(n] & oM & N[N, Pl & Nim (P O (a*))] & -~ P[a]

0

2.

wp] & Nip, ((P O (a%)) \ (a%))] &P =((PO(a%)) \ (a%))

O Tip, Pl

1 32 (()E 31)
NIp, Pl ,! 33 (OE 30.32)
wn & wp] 1 34 (&: 3,25)
wn & wpl] & Nin, P ,1 35 (&l: 5, 34)
wn & wpl & Nin, P & N[p, P ,1 36 (& : 33, 35)

(wn & wpl & NU[n, Pl & N[p,Pl O n =p)
1 37 (OE 2.10)

wn & wp] & N[n, P & N[p,Pl O n=p

1 38 (OE 37)
n=mp ,1 39 (UE 36, 38)
olp, M ,1 40 (&E: 19)
o[n, m ! 41 (=E: 39, 40)

142 (O1: 2,41)

wn & wm & N[n, P & Nim (P O (a*))] &~ Pla] O o[n,m

143 ()1 42)

O on,m)
| 44 (0O1: 1,43)

I' (PA2) Successors of finite nunbers are finite nunbers.

F OnOm( wn &onm O wm)

n,

m , 11 (Pren
wn] & o[n, m ! 2 (Prem

( wn &o[n,m
O P (N[n, Pl & -~ Pla] & TL[m (P O (a*))1) )
! 3 (OE C7.14)

wn & o[n,m
O P (N[N, Pl &~ Pla] & TLim (P O (a*))1])
4 (OB 3)

O on,m

)



(P (T.[n,P] & -~ Pla] & T, m (P O (a*))1])
1 5 (OE 2,4)

(a (N[n, Pl & -~ Pla] & Nim (P O (a*))1)
! 6 (CE 5)

(M[n, Pl & - Pla] & T.im (P O (a*))1) ,! 7 (CE 6)

MNin, Pl & - Pla] & .im (P O (a*))1 ,! 8 (OE 7)
T.[n, Pl & = P[a] 19 (& 8)
Nim (P O (a*))] ,1 10 (&E: 8)
o[ N 111 (&E: 2)
wn & MN[n, P & - P[a] 0012 (&l 9,11)

(wn & N[n,Pl & - Pla] O On(wm & T.im(P O (a*))1) )

113 (OB .9)

wn & N[n, Pl & - Pla] O On(wm &‘TL[m(P 0 (a*))1)

14 (()E 13)
n (M & N[m (P O (a*))1]) ,1 15 (OE 12,14)
(wk] & Nk, (P O (a*))1) 1 16 ([E 15)
W k] & Nk, (P O (a%))] 117 ((E 16)
(w{n] & o[n,m) 118 ()1 2)
(p(wipl & olp, M) 119 (O 18)

w k] & p(wip] & ofp,m) & [k, (P O (a%))]
120 (&: 17,19)

Wkl & [p(w[p] & ofp,n) & N[k, (P U (a%))]

& N[m (P O (a%))] | 21 (& : 10, 20)

( Wkl & p(wip] & ofp, M) & ik, (P O (a%))]
& Pfm (P O (a*))]
O k =m)
, 1 22 (OE C.5)

w k] & p(wip] & o[p,m) & [k, (P O (a%))]
& MIm (P O (a%))]
O k =m
123 (()E 22)

k =m 1 24 (OE 21,23)



o K]

Wi m

wn &ofn,m O wm

(

wn &ofnm O «m )

OnOm ( «wn] & on,m O wm )

0

I 3.

25 (&E: 17)
26 (=E: 24, 25)
27 (=E 2,26)
28 (()1: 27)

29 (O 1,28)

(PA3) Every finite nunber has a successor.

FOn( wn O Onoln,m )

n

[ n]

( wn O PCA (N[n, Pl & = P[a]) )
wn O PR (T[n, P & - Pa])
[(PCa (N[n,P] & = P[a])

(P (N[n, P & -~ Pla])

(N[n, Pl & -~ Pa])

Nin, Pl & = P[a]

wn & [n, Pl & =~ P[a]

1 (Prem

2 (Prem

3 (DE: C7.7)
4 (OE 3)
5 (DE 2, 4)
6 ((E: 5)

7 ((E: 6)

8 (OE 7)

9 (& 2,8)

(wn & N[n,Pl & - Pla] O On(wm & Mim(P O (a*))1) )

10 (OE: C2.9)

wn & MN[n P &= Pa O On(wmM & N[m(P O (a*))1)

m(m & TNim (P O (a*))1)
(m & N[m (P O (a*))1)

Wm & Nim(P O (a%))]

wn & own & Tim(P O (a%))]
T[N, P

wn & wm & N[n, Pl & T[m (P O (a°))]
I

- Pla]

11 (()E 10)
12 (OE 9,11)
13 ([E: 12)
14 (()E 13)
15 (&l: 2,14)

16 (&E: 8)

17 (& : 15, 16)
18 (&E: 8)



wn &M & N[n, P & N.im (P O (a*))] & -~ Pla]
119 (& : 17,18)

( Wn &M & N[n, Pl & T.im (P O (a°*))] & - P[a]

0 ofn,m )
1 20 (DE: P1)
on & wnm &I, P & N[m(P O (a%))] &~ Pa] O ofn, m
121 (OE 20)
a[n, m , 1 22 (OE 19, 21)
[m o[ n, m , 123 (O: 22)
wn O Ono[n, M 124 (O1: 2,23)
( wn O Omo[n,m ) 125 ((O)1: 24)
n ( «n O Omo[n,mM ) 26 (0OI: 1,25)

0

I 4. (PA4) The successor relationship is functional for finite

nunbers.

F OnOnik ( wn] & ofn,mM & o[n,k] O m= k)

n, mk , 11 (Pren
wn & o[n,n & o[n,K] , 1 2 (Prenj
wn & o[n,n 1 3 (& 2)

o[ N 14 (&E 2)
a[ n, k] 15 (& 2)
wn & o[n, K] ,1 6 (&: 4,5
( wn &onm O wm ) V7 (OE P2)
wn &o[n,m O wn 8 (OE 7)
o M ! 9 (OE 3,8)

( wn &o[n,m
O P (N[n, Pl & -~ Pla] & TL[m (P O (a*))1) )
! 10 (OE: C7.14)

wn &ofnm
O (Pa (M[n, Pl & -~ Pla] & N[m (P O (a°*))])
111 (()E 10)



(Pt (N.[n,P] & = Pla] & T.im (P O (a*))1)
112 (OE 3,11)

(B (M[n, Pl & - Pla] & [m (P O (a%))1)
1 13 (CE 12)

(M[n,P] & =~ Pla] & T.{m (P O (a*))1) ,! 14 (CE 13)

NN, Pl &= Pla] & Lim (P O (a*))] ,! 15 (()E 14)
N[ n, P] .1 16 (&E: 15)
~ P[a] 117 (&E: 15)
Nym (P O (a*))] .1 18 (&E: 15)
wn & Nim((P O (a%))] ,1 19 (& 9, 18)
(win] & o[n, k]) 120 ((O)1: 6)
p(wipl & alp, K]) 21 (OB 20)

wnm & p(wip] & o[p,kl) & Nim (P O (a*))]
122 (& 19, 21)

wn & o[n,k] & = P[a] , 1 23 (&l: 6,17)
wn & o[n, k] & - Pla] & T.[n, P] , 1 24 (&: 16, 23)

( wn & o[n, k] &- Pla] & N.[n, P O Nk, (P O (a*))1 )
! 25 (OE Q2.12)

wn & on,kl & - Pla] & N.[n,Pl O TNk, (P O (a*))]
1 26 (()E 25)

NIk, (P O (a%))] 1 27 (OE 24, 26)

WM & p(wip] & o[p,k]) & T.[m (P O (a%))]

& Nk, (P O (a%))] | 28 (& : 22,27)

(oM & p(wp]l & o[p,k]) & TL[m (P O (a*))]
& Nk, (P O (a*))]
O m=Kk)
.1 29 (OE C2.5)

wm & [p(wp] & o[p,kl) & T.im (P O (a°*))]
& N[k, (P O (a*))]
O m= Kk
.1 30 (()E 29)

m= k 1 31 (OE 28, 30)



wn &onm &o[n k]l O m=Kk , 132 (O1: 2,31) i
( wn &onmMmM &on,kl O m=k) 133 (()I: 32) i

OnOmidk ( «{n]l & ofn,mM & o[n, k] O m=Kk)
I 34 (OI: 1,33 i

0

I 5. (PA5) The successor relationship is one-to-one for finite
nunbers. i

F OnOnik ( win] & k] & o[n,m & ofk,m O n =k ) i

n, mk 11 (Prem i
wn & k] & on,m & ok, m 12 (Prem i
) NJ 13 (& 2) i
W K] 14 (8B 2) i
on, m ' 5 (& 2) i
ok, m 1 6 (& 2) i
W k] & o[k, m IV 7 (&l 4,6) i
(P O (a%))[a] ! 8 (OE 118.32)
k] & olk,m & (P O (a*))[a] 19 (&: 7,8) [
wn & o[n,n ,1 10 (&: 3,5) i

( wn & aln,m
O Pa (T[n,Pl &= Pla] & N[m (P O (a*))1) )
111 (DE C7.14)

wn &oao[nm
O P (M[n, Pl & = Pla] & T.im (P O (a*))1])
112 (O)E 11) i

[(Pa (T.[n,P] & -~ Pla] & T, m (P O (a%))1])
1 13 (OE 10,12)

b (M[n, Pl & - Pla] & Nim (P O (a%))1)
! 14 (CE 13) i

(M[n,P] & - Pla] & T.qm (P O (a*))1) ,! 15 (CE 14) i
fn,P] & = Pla] & N.qm (P O (a®))] ,! 16 (()E 15) i

T.[n, P] 117 (& 16) i



~ Pa] .1 18 (&E: 16) i
Nm (P O (a*))] ,1 19 (&E: 16) i

k] & ofk,m & (P O (a*))ra] & Nim (P 0O (a*))]
120 (& 9,19)

( k] & ofk,m & (P O (a%))[a] & N.im (P O (a*))]
O ik, ((P O (a*)) \ (a*))1 )
121 (OE C2.11)

Wkl & ofk,m & (P DO (a%))ra] & N[m (P O (a%))]
O gk, ((P O (a%)) \ (a%))]

122 (OE 21 i
NIk, ((P O (a*)) \ (a*))] ,1 23 (OE 20,22)
Wkl & Mk, ((P O (a*)) \ (a*))] 1 24 (& 4,23) i

(- Plag OP=(((PDOC(a))\ (a*)) ),! 25 (OE 118.59)

- Pla] O P

((P O (a%)) \ (a%)) 126 (()E 25) i
P=((PO(a*)) \ (a*)) , 1 27 (OE 18,26) |

okl & N[k, ((P O (a%)) \ (a%))] &P = ((P O (a%)) \ (a%))
, 1 28 (&l: 24,27) i

( okl & Tk, ((P O (a*)) \ (a*))1 &P =((P 0O (a%)) \ (a%))
O Nk, P ) 1 29 (OE: C4.6) i

o k] & [k, ((P O (a*)) \ (a*))] &P =((P O (a%)) \ (a%))
O Nk, P

.1 30 (OE 29) i
Tk, P] ,' 31 (OE 28,30)
wn & K] , 132 (&: 3,4) i
wn & wk] & T.[n, P , 1 33 (&l: 17, 32) i
wn & okl & N[n, P & N[k, P ! 34 (&: 31,33)

( wn & k] & N[n, Pl & N[k,Pl O n =k )
,1 35 (OE C2.10) i

wn & okl & N[n,Pl & N[k,Pl O n =Kk
,1 36 (()E 35) i

n = k 1 37 (OE 34,36) |

wn & okl &onm & ok,km O n=k ,! 38 (OI: 2,37) i



( wn & Wkl &onnm &ok,m O n=%k)
139 (()I: 38)

OnOmidk ( «(n] & k] & ofn,m & ok,m O n =k)
I 40 (O1: 1, 39)

O
I 6. (PA6) No finite nunber is the predecessor of O.

FOn ( @wn O = o[n,0] )

n, m , 11 (Pren

o N] , 12 (Pren

o[ n, O] , 1 3 (Pren
wn] & a[n, 0] 4 (& 2,3)

( wn &ofn 0] O PR N0, (P O (a"))] )
1 5 (OE C7.15)

wn & o[n, 0 O P N[O, (P O (a°*))]
[

6 (OE 5)
[P 9.[0, (P O (a°))] 1 7 (OE 4,6)
(a [0, (P O (a%))] 18 (B 7)
N0, (P O (a%))] 19 ([E 8)

( ro, (P O (a*))1 O (PO (a%)) =0

—

10 (OE C3.1)

N[0, (P O (a*))] O (PO (a*)) =0 ,! 11 (OE 10

(PO(a%)) =9 ! 12 (OE 9, 11)

- (PO (a%)) =0 ! 13 (OE 118.37)

F 114 (F1: 12, 13)

o[n,0] O F 115 (O1: 3,14)
- o[n, 0] 116 (-l: 15)

wn O = o[n, 0] 017 (O1: 2,16)
( wn O = on,0] ) 1018 ((O)I1: 17)

On ( wnp O = o[n,0] ) 19 (On: 1,18)



0

I P7 through P11 prepare us for the definition of the successor
operator (P12). i

1 7. i

FOx (O (60 DXyl = «x] ) i

X , 11 (Prem i
Ly (o DwIx,Yy] 12 (Prem i
(o DwIix,yl] 3 (B 2) i
( (o Dwx,y]l O wx] ) V4 (OE 1117.6) i
(o Dw)[x,y] O wx] !5 (OE 4) i
o X] , 1 6 (OE 3,5) i

[y (o Dw)[x,y] O wX] D7 (01: 2,6) i
o X] ,1 8 (Pren i
( «ox] O Ono[x,n ) , 19 (OE P3) i
wx] O Omo[x,m 110 (OE 9 i
[ o[ X, m )1 11 (OE 8,10) |
a[ X, Y] 112 (e 11) i
o X,yY] & wXx] , 113 (&l: 8,12) i
( ox,y] &wx] O (c0Owi([x,y] ) V14 (OE 11HE7.4)
o[x,y] & wx] O (o Ow)[X,YVY] 115 (OE 14) i
(o Dw[X,Y] ,! 16 (OE 13,15) |
y (o Dw)[X,Y] 017 (O: 16) i

wx] O Oy (o DwI[X,Yl] , 118 (O1: 8,17) i

[y (0 Dw)[X,Yy] = [X] , 119 (=1: 7,18) i

( Iy (0 U)[Xx,y] = w[x] ) 120 (()1: 19) i

Ox ( Oy (0 Dw)[X,y] = wX] ) 121 (0OI: 1,20 i
[

I 8. [



F((c DwD =w

(Ox ( ¥y (0 D)Xyl = @x] ) O ((0 0D = w)

Ox ( Oy (0 D)X, y] = &Ix] ) O ((0 OwD = w

((6 DD =ow
0
I 9.

F OxOyOz ( (0 Owi(x,y] & (0 ODw)[x,z] Oy =2z)

X,VY,Z
(o Dwix,yl & (o Dw)[Xx, z]
(o Dw)Ix,y]
(o Dw)[Xx, 2]
( (o Dw)ix,yl O ofx,y] & w(x] )
(o Dw)[x,y] O o[x,y] & wx]
o[Xx,yl & w(X]
O[ X, Y]
Wl X]
W X] & O[X, Y]
( (o Dwilx,z] O o[x,z] & wfx] )
(o Dw)[x,z] O o[x,z] & WX]
o[ X, z] & W X]
o[ X, z]
W X] & o[X,y] & O[X, Z]
(WXx] &o[x,y] &o[x,z] Oy =2)
WX] & o[x,y] & o[x,z] Uy =z
y =z

(o Dwi[x,y] & (o Dw[x,z] Oy =1z

1 (OE: 1115.13)
2 (OE 1)

3 (DE P7,2)
1 (Prem

2 (Prem

3 (&€ 2)

4 (&E: 2)

5 (OE: 1117.3)
6 (OE 95)

7 (OE 3,6)

8 (& 7)

9 (& 7)

10 (&: 8,9)
11 (OE: 1117.3)
12 (OE 11)
13 (OE 4,12)
14 (&E: 13)

15 (&: 10, 13)
16 (OE: P4)

17 (()E: 16)
18 (OE 15, 17)
19 (O1: 2,18)



((cDw[x,y] & (o Ow)[x,z] Oy =2z),! 20 (()I: 19) i

xOyOz ( (0 Dw)[x,y] & (c Dwi[x,z] Oy =12z)
21 (0O: 1,20) i

I 10. i
Ff (o Ow i

f (o 0w | 1 (8 1118.1, P9)
[

I
1 11. i
FOn( wn O f(oOw & ((oc O)D[n) i
n 11 (Prem i

W[ N] , 1 2 (Pren) i

wn & ((c Db =w 1 3 (&: P8,2) i

(wn & ((c 0D =wd ((c Ow)Dn )
U4 (DE 111.36) |

Wn & (6 0wD =wd ((c DD ,! 5 (OE 4) i

((c 0w DN 16 (OE 3,5) i
f(oOw & ((o DwD[n 1 7 (&: P10, 6) i
wn O f(c 0w & ((cO0wDin 8 (01 2,7) i
(win O f(oD0w & ((oc 0w)Dnr ) A9 (01 8) i
On ( wn O f(oOw & ((oc Ow)Dn) I 10 (O: 1,9) i
a
112, i
D ' ; (n); «n ; ((oc Ow)’n) i! (DD 1118.20,P11)

[
I 13. P13 is the only proposition which appeals to P12 using the
DI rule. Subsequently, only the DP rule will be used. i

FOn ( wn O on, (n)]) i

n , 11 (Pren i



@[ ]
(wn O f(ocOw & ((c DJ)Dn )
wn O f(o 0w & ((c DJw)Dn
f(o 0w & ((0c 0w)Drn

(o Dwin,((oc Dw) " n)]

(o Dw)[n, (n")]

( (o ODw(n,(n")] O ofn,(n")] )

(o ODwin,(n")] O ofn, (n")]
ofn, (n")]

wn O on, (n)]

(wn O on(n)])

On (- wn] O ofn,(n")] )
[

2 (Pren
3 (OE P11)
4 (OE 3)

5 (OE 2,4)

6 (TI: 1118.20,5)

7 (DI: P12,2,6)

8 (OE 1117.5;
(n'): P12, 2)

9 (OE 8)

10 (OE: 7,9)
11 (O1: 2,10)
12 (()1: 11)

13 (O1: 1,12)

I P14 through P20 connect the successor operator with the

successor rel ationship.

I 14.
F OnOm( (n') = mO wn &o[nmnm )
n, m
(n") =m
wf n]
( wn O on,(n)] )
wn O an,(n)]
on, (n)]
orn, m
wn & o[n,n
(n") =m0 wnl &o[n,mM

( (") =m0 «n] &aofn,n )

H

(Prem
(Prem
3 (DP: P12, 2)

N

N

(0E: P13)
S (OE 4)
6 (OE 3,5)
7 (=E: 2, 6)
8 (&: 3,7)
9 (O1: 2,8)

10 (()1: 9)



OnOm( (n') = mO wn] &o[n,m)
a
1 15.

F OnOm( m=(n') O «n] &o[n,n )

n, m
m=(n")
m=m

(n") =m

((n) =m0 wn &a[n,m)
(n") =m0 wn &o[n,mM
wnl & ofn,m
m=(n") O wn &o[n,m
( m=(n") 0O wn &ofnnm )
OnOm( m=(n") O «wn & on,n )
a
I 16.
FOnOm( (n') =mO on,m)
n, m
() =m
( () =m0 wn &o[nm )
(n")

mO wn &ao[n,m
wn & o[n,n
orn, m
(n") =m0 onm
( (n) =m0 onm)
OnOm ( (n') = m0O o[n,m )

0
117,

F OnOm( m=(n') O o[n,m )

1 11 (O0: 1, 10)

11 (Prem
12 (Prem

3 (=)
14 (=E 2,3)

! 5 (OE P14)
16 (OE 5)
1 7 (OE 4,6)
18 (0O1: 2,7)
L9 (01 8)

1 10 (O1: 1,9)
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