I CHAPTER 11
THE FUNDAMENTAL THEOREMS OF ELEMENTARY ARI THVETI Cj
' In this chapter we prove the two fundanental theorens of
arithnmetic. The first connects succession and addition, the
second addition and multiplication. i

I 1. THE FIRST FUNDAMENTAL THEOREM OF ARI THMVETIC (THE
M NOR). Addition is repeated succession. i

F OnOROa ( win] & wia] & (R0) = a
&0 ( <fi,n O (R((i")) ={Ri)"))
O (Rn) = (a+n) ) i

I W first prove by induction that

On ( wln]
O OROa ( wial & (R0 =a
&0 ( <ti,n O (R(@")) =((Ri)"))
O (Rn) = (atn) ) )

taking ¢ to be

OROa ( wia & (RO =a

& O ( <ti,n O (R(i")) ={Ri)") )
O (Rn) = (a+n) )
It nust be shown that
OROa ( «wia & (R0 =a
& Oi ( <[i,00 O (R(i")) =((Ri)"))

O (RO) = (at0) )

and
OnOm ( «w{n] & o[ n, M
& OROa ( wa] & (R0O) = a
& O ( <[i,n O (R(i")) = ((Ri)"))
O (Rn) =(a+n) )
0 OROa ( wa & (RO =a
&UO ( <fi,m O (R((i")) ={Ri)"))
O (Rm = (atm ) ) i
I' To prove:

OROa ( «wial & (R0 = a
& O ( <[i,0 O (R(i")) = ({(Ri)"))
0 (R0) = (a+0) ) i

R a , 11 (Pren i

wa & (R0 =a &b (<i,00 0 (R(i")) =({(Ri)"))
, 12 (Pren i



W[ a] 13 (& 2) i

(R0) = a 14 (8B 2) i
( wa] O (a+0) = a) , ' 5 (0OE C2.32) i
wia] O (a+0) = a 6 (OE 5) i
(a+0) = a ! 7 (OE 3,6) i
(R 0) = (a+0) I 8 (=E 4,7) i
wal & (RO =a &l (<i,00 O (R(")) =(RIi)"))
0 (R0) = (a+0)
09 (O1: 2,8) [

( fa] & (R0) =a &b (<i,00 0 (R(i")) =({RIi)"))
0 (R0) = (at0) )
110 ((O)I1:9) i

ORJa ( wa] & (RO) =a &0 ( <i,00 O (R(i")) = ((Ri)"))
O (RO0) = (at+0) )
111 (O 1, 10) i

I' To prove:
OnOm ( w{n] & o[n, M

& OROa ( wa & (RO =a
& O ( <ti,n O (R@")) =0RI)") )
O (Rn) = (a+n) )

0 OROa ( wa & (RO =a
& O ( <ti,m O (R(i")) =({Ri)") )
O (Rm = (atm ) ) i

n, m ,1 12 (Prem i

win & o[n,m
& OROa ( wa] & (R0O) = a
& O ( <ti,n O (R(i")) = {(RIi)"))
O (Rn) = (atn) )
, 113 (Prem i

wn & o[ n m , 1 14 (& 13) i

OROa ( wa & (RO =a
& O (<ti,n O (R(i")) ={(Ri)"))
O (Rn) = (atn) )

, 1 15 (& 13) i
( wn &onm 0O (n) =m) ,1 16 (OE 1V8.18) |
wn &ofnm O (n') =m 117 (OE 16) i

(n') = m ! 18 (OE 14,17) |



( wn &o[nm O <nm) , 119 (OE C4.31)

Wn &o[nm O <[n m 1 20 (OE 19) i
<[n, m 1 21 (OE 14,20) |
R a 122 (Prem i
wa & (RO =a &l ( <i,m O ’(!R;;'()g)r;m((ﬁi)')i)
wa & (R0O) = a ! 24 (& 23) i

OF ( <ti,m O (R(i")) =((F(i)')’!) 25 (85 23) i

i ,1 26 (Prem i
<[i,n] , 1 27 (Prem i

<[i,n] & <[n,mn 128 (&: 21,27)

( <ti,n &<[nm 0O <i,m ) ,! 29 (OE 4.18) i
<[i,n] & <[n,mM O <i,m 130 (OE 29) i
<[i,m ,! 31 (OE 28,30) |

( <ti,m O (R(i")) =(Ri)") )
,! 32 (OE 25) i

<{i,m 0O (R(i')) =((Ri)"),! 33 (OE 32 i
(R(i')) = ((Ri)") 1 34 (OE 31,33) |
<i,nm O (R(i')) = ((Ri)') ,! 35 (01: 27,34) i

( <ti,n O (R(i")) =({Ri)"))
136 (()1: 35) i

O ( <ti,n O (R(i")) =({Ri)"))
137 (O0: 26,36) |

wa & (R0 =a
& O ( <ti,n O (R(i")) ={Ri)")
I

[
[e0)

(& : 24,37) i
I Applying the induction hypothesis... i

( wfa] & (R0O) = a
& O ( <fi,n O (R(i')) ={Ri)"))
O (Rn) = (a+n) )
,! 39 (DOE: 15) i



wa & (R0 =a
& O (<ti,n O (R(@i")) = (Ri)"))
O (Rn) = (a+n)
140 (OE 39) i

(R'n) = (a+n) , 1 41 (OE 38,40) |

( <tn,m O (R(n")) = ((Rnm") ) ,! 42 (UE 25) i

<(n,m O (R(n)) = ((Rn)") 143 (OE 42) i
(R(n)) = ((Rn)") | 44 (OE 21,43) |
(R(n')) = ((a+n)") 1 45 (=E 41, 44)
wa] & wn 1 46 (TE Cl1.7,41)

(a] & wn O (a+(n)) =((a+n'"))
1 47 (DB C2.51) i

wal & wn O (a+(n)) =((a+n)")
|

148 (()E 47) i
(a+(n)) =((a+n)") , ! 49 (OE 46,48) |
(R(n')) = (a + (n)) 1 50 (=E: 45,49) i
(Rm = (a + m 1 51 (=E: 18,50) |

oa] & (R0) =a &l (<(i,md(R(i")) ={(Ri)"))
O(Rm =(a+m
1 52 (O1: 23,51)

(wa & (RO =a&l (<ti,mO(R(i")) ={(Ri)"))

0 (R =
(Rm axm) 1853 (()I: 52) i

OROa ( wia] & (R0O) = a
& O ( <(i,m O (R(i')) =(((Ri)"))
O (Rm = (a+m )
1 54 (O: 22,53)

wn & ofn,m
& OROa ( wal & (R0O) = a
& Oi ( <i,nm O (R(@i")) =({Ri)"))
0O (R'n) = (atn) )
O ORDa ( wal & (R0O) =a
& O (<ti,m 0O (R(i")) = ((Ri)") )
O (Rm = (atm )
, 0 55 (OI: 13,54)

( wn &of[n,m



& ODROa ( wa] & (R0O) = a

&0 ( <ti,n O (R(i")) =({(Ri)"))
O (Rn) = (a+n) )
0 OROa ( wal] & (R0) = a
&Ui ( <ti,m O (R(i")) =({(Ri)"))
O (Rm = (atm ) )
,1.56 (()I: 55 i

OnOm ( w{n] & o[ n, m
& OROa ( wa & (RO =a
& O ( <ti,n O (R((i")) = ((Ri)") )
O (Rn) = (a+n) )
0 OROa ( wa & (R0 =a
&O (<ti,m 0 (R@i")) ={Ri)") )
O (Rm = (atm) ) )
1 57 (O: 12,56) |

On ( wn]
0 OROa ( «wial & (R0 =a
& O ( <[i,n O (R(i")) = ((Ri)"))
O (Rn) =(a+n) ) )
,1 58 (Induct: 11,57)
i

n,Ra 1 59 (Prem i
wn & wa & (RO) =a&b (<i,n O (R(i")) ={Ri)"))

,1 60 (Prem i

o[ N] ,1 61 (& 60) i

wa] & (R0 =a&b (<i,n O (R(i")) =(Ri)"))
! 62 (& 60) i

( win]
0 OROa ( uwial] & (R0 =a
&0 (<ti,nm O (R(i")) ={RI)"))
O (Rn) = (atn) ) )
,! 63 (OE 58) [

[ N]
0 OROa ( wjal] & (R0) = a
& O (<ti,n O (R(i")) = ({(Ri)"))
O (Rn) = (atn) )
,1 64 ((E 63 i

OROa ( wa & (RO =a
& O (<ti,n O (R(i")) ={(Ri)"))
O (Rn) = (atn) )
,1 65 (UE 61,64) |



( wa & (R0 =a
& O ( <[i,n O (R(i")) = {(Ri)"))
O (Rn) = (a+tn) )
.1 66 (0OE 65) i

wa & (RO) =a&li (<i,n O (R(i")) =({RIi)"))
O (R n) = (a+n)
,1 67 (()E 66) i

(R n) = (at+n) ,! 68 (OE 62,67) |

wn &wa & (RO =aé&b (<gi,n O (R(i")) =({(Ri)"))
O (R n) = (atn)
,1 69 (O1: 60,68) |

( wn & wa & (RO =a
& Oi ( <[i,n O (R(i')) =(((Ri)"))
O (Rn) = (a+n) )
170 (()1: 69) i

OnOROa ( win] & wia & (R0O) = a
&UO ( <ti,n O (R(i")) ={Ri)") )
O (Rn) = (a+tn) )
I 71 (O: 1,70) i

0

I 2. THE SECOND FUNDAMENTAL THEOREM OF ARI THMETIC (THE
MAJOR). Miltiplication is repeated addition. i

F OnOROa ( win] & wal & (R0O) =0
& O ( <[i,n O (R(i+1)) = ((Ri)+a) )
O (Rn) =(nxa)) i

I W& first prove by induction that

On ( aln]
O ORJa ( w{a] & (R0) =0
& O ( <[i,n O (R(i+l)) = ((Ri)+a) )
0O (Rn) =(nxa)) )

taking ¢ to be

ORJa ( wia] & (R0O) =0

& O ( <i,n O (R(i+1)) = ((Ri)+a) )
O (Rn) =(nxa) ).
It must be shown that
OROa ( «wa & (RO =0
& O ( <i,0 O (R(i+1)) = ((Ri)+a) )

0 (R0) = (0 x a) )



and

OnOm ( w{n] & o[ n, M
& OROa ( wa] & (R0O) =0
& Oi ( <[i,n O (R(i+l)) = ((Ri)+a) )
O (Rn) =(n x a) )
O ORDa ( wa & (R0 =0
& 0O ( <[i,m O (R(i+1l)) = ((Ri)+a) )
O(Rm =(mxa) ) ) i

I' To prove:
OROa ( wia] & (RO =0
& O ( <[i,0 O (R(i+1)) = ((Ri)+a) )
O (RO = (0 x a) ) i

R a 11 (Prem i
wa & (R0 =0&00 ( <i,0 O (R(i+l)) = ((Ri)+a) )
, 12 (Prem i

o a] 13 (& 2) i
(R0) =0 D4 (& 2) i
( wa O (ax0) =0) ! 5 (0E C8.4) i
wa O (ax0) =0 16 (()E 5) i
(ax0) =0 17 (0OE 3,6) i
(R0O) = (a x 0) ! 8 (=E 4,7) i

wa & (R0) =0 &0 ( <[i,0] O (R(i+1l)) = ((Ri)+a) )
0 (RO) = (a x 0)
19 (01: 2,8) i

( wa & (RO =0&00 ( <[i,00 O (R(i+1)) = ((Ri)+a) )
0 (RO =(ax0))
P10 ((O)1: 9 i

ORJa ( «fa] & (R0) =0 & Oi ( <[i,0] O (R(i+1)) = ((Ri)+a) )
0 (RO) = (ax0))
111 (O 1,100

I To prove:
OnOm ( «w{n] & o[n, M
& OROa ( wa & (RO =0
& O ( <i,n O (R(i+1)) = ((Ri)+a) )
O (Rn) =(n x a) )
0 OROa ( wa & (RO =0
& O ( <fi,m O (R(i+l)) = ((Ri)+a) )



O (Rm =(mxa) ) ) i
. m , 112 (Prem i

wnl & o[n,n
& OROa ( wfa] & (R0) =0
& O ( <i,n O (R(i+1)) = ((Ri)+a) )
O (Rn) =(n xa) )
, 113 (Prem i

wn & o[ n m , 1 14 (& 13) i

ORJa ( wfa] & (R0) =0
& O ( <i,n O (R(i+l)) = ((Ri)+a) )
O (Rn) =(n x a) )

1 15 (& 13) i

( wn &ofnm O m=(n+ 1) ) 1 16 (OE: C2.48)

wn &o[nm O m=(n + 1) 117 (()E: 16) i

m= (n + 1) 118 (OE 14,17)

( wn &o[nm O <[nm) 119 (OE C4.31) |

wnl &o[nm O </n,m 120 (OE 19) i

<[n, m 1 21 (DE 14,20)

R a 122 (Prem i
Wa & (RO) =0 &0 ( <[i,m O (R(i+l)) = ((Ri)+a) )

1 23 (Prem i

wa] & (R0) =0 | 24 (&E: 23) i

OF ( <tiom O (R(i+1)) = ((Ri)+a) )

1 25 (&E: 23) i

i 1 26 (Prem i

<[i,n] 1 27 (Prem i

<[i,n] & <[n,m 128 (& 21,27)

( <i,n &<[nm 0O <i,m ) ,! 29 (OE 4.18) i
<[i,n & <[nm O <[i,m 130 (OE 29) i
<[i,m ,! 31 (OE 28,30) |

( <ti,m O (R(i+1)) = ((Ri)+a) )
,! 32 (OE 25) i

<ti,m O (R(i+1)) = ((Ri)+a)



133 (OE 32) i
(R (i+1)) = ((Ri)+a) 1 34 (OE 31,33) |
<li,n O (R(i+l) = ((Ri)+a),! 35 (OI: 27,34) i

( <ti,n O (R(i+1)) = ((Ri)+a) )
136 (()1: 35) i

O ( <fi,n O (R(i+l)) = ((Ri)+a) )
.0V 37 (0: 26,36)

wa & (R0 =a
& O ( <[i,n O (R(i+1)) = ((Ri)+a) )
, ! 38 (&l: 24, 37) i

I Applying the induction hypothesis... i

( wa & (RO =a
& O ( <[i,n O (R(i+l)) = ((Ri)+a) )
O (Rn) =(n xa))
, ! 39 (OE 15) i

wa & (R0 =a
& O ( <[i,n O (R(i+l)) = ((Ri)+a) )
O (Rn) =(n x a)

140 (OE 39 i
(Rn) =(n x a) , ! 41 (OE 38,40)
( <tn,m O (R (n+l)) = ((R'n)+a) )

, 142 (OE 25) [
<(n,m O (R (n+l)) = ((Rn)+a) ,! 43 (OE 42 i
(R (n+l)) = ((R n)+a) 1 44 (OE 21,43)
(R (n+l)) = ((n x a) + a) 1 45 (=E 41, 44)
wn & aj ,1 46 (TE Cr7.9,41)

( ofn & wa O ((n+1) xa) =((nxa) +a))
1 47 (OE: ©C8.17) i

wn &owa O ((n+1) xa) = ((nxa) + a)
[

48 (()E 47) i
((n+1) xa) = ((nxa) + a) 1 49 (OE 46,48) |
(R (n+l)) = ((n + 1) x a) ! 50 (=E: 45,49) |
(Rm = (mx a) ! 51 (=E: 18,50) i

wa & (R0) =0 &0 ( <fi,m O (R(i+1)) = ((Ri)+a) )



O (Rm = (mx a)
1 52 (O1: 23,51)

(wal & (RO =0&0 ( <fi,m O (R(i+l)) = ((Ri)+a) )
O (Rm =(mxa) )
, 1 53 (()I: 52) i

ORJa ( wia] & (R0O) =0
&0 (<[i,m O (R(i+1)) = ((Ri)+a) )
O (Rm =(mx a) )
1 54 (O: 22,53)

wnl & o[n,n

& OROa ( wfa] & (R0O) =0
& O ( <i,n O (R(i+1)) = ((Ri)+a) )
O (Rn) =(n xa) )

0 OROa ( wfa] & (R0) =0
& O ( <fi,m O (R(i+l)) = ((Ri)+a) )

O (Rm = (mxa) )
)1 55 (OI: 13,54) i

( wn &o[n,m
& OROa ( wa & (R0O) =0
& 0O ( <[i,n O (R(i+l)) = ((Ri)+a) )
O (Rn) =(n x a) )
0 ORJa ( wja] & (R0) =0
& 0O ( <fi,m O (R(i+1)) = ((Ri)+a) )
O(Rm =(mxa) ) )

, 156 (()I: 55) i
OnOm ( «{n] & o[n, M
& OROa ( wa & (RO =0
& O ( <i,n O (R(i+1)) = ((Ri)+a) )
O (Rn) =(nxa))
0 OROa ( wia] & (R0 =0
& O ( <fi,m O (R(i+1)) = ((Ri)+a) )

O (RmM =(mxa)) )
1 57 (O 12,56) |

On ( on]
0O ORJa ( wa] & (R0) =0
& O ( <fi,n O (R(i+1)) = ((Ri)+a) )
O (Rn) =(nxa) ) )
,! 58 (Induct: 11,57)
i

n, R a .1 59 (Prem i



wn & wa & (RO =0
& O ( <[i,n O (R(i+l)) = ((Ri)+a) )
,! 60 (Prem i

o[ N] ,1 61 (& 60) i

Wa & (RO =0&0 ( <[i,n O (R(i+1)) = ((Ri)+a) )
1 62 (& 60) i

( wn]
O OROa ( wa & (RO =0
& O ( <i,n O (R(i+1)) = ((Ri)+a) )
O (Rn) =(nxa)))
,! 63 (UE 58) i

W[N]
0 OROa ( wal & (R0O) =0
& O ( <fi,n O (R(i+1)) = ((Ri)+a) )
O (Rn) =(n xa))
1 64 (()E 63) i

OROa ( wia] & (RO =0
& Oi ( <i,n O (R(i+l)) = ((Ri)+a) )
O (Rn) =(nxa))
,! 65 (OE 61,64)

( wa] & (RO =0& 0O ( <i,n O (R(i+l)) = ((Ri)+a) )
O (Rn) =(nxa))
,! 66 (OE 65) [

oa & (RO =0&0 ( <[i,n O (R(i+l)) = ((Ri)+a) )
O (Rn) = (n x a)
,1 67 (()E 66) i

(Rn) =(n x a) ,! 68 (UE 62,67) |

wn & wa &(RO =0
& O ( <[i,n O (R(i+l)) = ((Ri)+a) )
O (Rn) =(n x a)
,1 69 (OI: 60,68) |

( 0n & wa & (RO =0
& Oi ( <[i,n O (R(i+l)) = ((Ri)+a) )
O (Rn) =(n xa))
1070 ((O)1: 69) i

OnOROa ( win & wial & (RO =0
& O ( <i,n O (R(i+l)) = ((Ri)+a) )
O (Rn) =(nxa))
I 71 (OI: 59,70) |






