I CHAPTER 3
I NEQUALI TYj

I This chapter asserts and proves nany of the basic | aws of
inequality. Hghlights include:

t he Fundanental Laws (P14 through P19),
Transitivity (P20),

Antisymretry (P22),

the Additive Cancellation Laws (P42 and P43),
D chotony (P64), and

the Wll-Ordering Principle (P73).

The two axi ons concerning inequality are used once each, in the
proofs of P9 and P10. 1In turn only the Fundanmental Laws and
D chot ony appeal to P9 and P10 (although indeed there is an
alternative proof of D chotony which avoids this use). i

I 1. The inequality relationship A is not explicitly restricted
tothe finite nunbers. <is so restricted. i

D <; =55 {Xxy: ox] &wyl &AX, Yy} i
1 2. i

F OnOm( s(n,mM < wn & «nmM &AN M) i

OnOm ( {x,y @ o[X] & w{y] & A[X,yl}[n,mM < «n] & wn &Anm)

, 1 1 (Pred) |
OnOm ( £[n, M = wn & onmM & An,nM ) I 2 (DE P1,1) i
a
I 3. [
FOnOm( sin,m O win & m &ANn M) i
n, m 11 (Prem i
( SInymM = WM & n &AnmM) 12 (OB P2) i
Sn,mM = M & wm & AN N 3 (0E 2) i
Snm O wom & wnm & AN, mM ' 4 (=E 3) i
( stnm 0O oM & &n & AN M) S (OB 4 i
OnOm ( <fn,m O wn & wm & A[n,mM ) ' 6 (O: 1,5 i
O
I 4. i
FOnOm( win & ofm & Aln,m O <[n,m ) i
a, b 11 (Prem i



( s[n,m < wn &wm &AM )
SIn,M < wnl & M & Aln,m
wn & onmM &ANn M O <n,n
(wn & own &ANnmM O <(nmn)
OnOm ( «wn] & o & Aln,m O <[n,m )
a
I 5.
F OnOm( sin,m O wn & wm )
n, m
<[n, m
( stnym 0O wn & wmnm &AnNnn )
SInm O wn & wnl & Aln,m
wn & wnm & AN M
wn & wm
stn,m O wnl & om
( stnm 0 wn &awm)
OnOm ( <[n,m O wn & wnm )
a
I 6.
F OnOm ( gin,m O wn] )
n, m
s[n, m
( sInm O wn & wn )
stn,m O wfn] & wm
wn & wfm
W n]
<[n,m 0O w[n]

( stn,m O wn] )

2

3

4

5

6

6

7

8

(OE: P2)
(OE 2)
(-E 3)
(OE 4)

(Ol 1,5)

(Prem
(Prem
(OE: P3)
(OE 3)
(OE 2,4)
(&: 5)
(O1: 2,6)
(O 7)

(O1: 1,8)

(Prem
(Prem
(OE: P5)
(OE 3)
(OE 2, 4)
(&E: 5)

(O1: 2,6)

(O 7)



OnOm ( <[n,m O wn] ) 9 (0: 1,8) i
O
' 7. i

FOnOm( gin,m O om) i

n, m 11 (Prem i
<[n, m 12 (Prem i
( sStnm O wn & wm) , ! 3 (OE P5) i
s(n,m O wn] & wm 4 (0B 3) i
wn & wm ' 5 (0E 2,4) i
W[ m , 1 6 (& 5H) i
Sn,mM O wm V7 (O1: 2,6) i
( stnm O «mnm ) 18 (017 i
OnOm ( <[n,m O oM ) 9 (O 1,8) i
O
I 8. [

F OnOm ( <fn,m O A{n,m ) i

n, m 11 (Prem i
<[n, m 12 (Prem i
( Sn,m O wn &M &ANnmM) ,! 3 (OE P3) i
<In,mM O wn & wn & AN, N D 4 (O)E 3 i
wn & wnm & Aln, n , ' 5 (0OE 2,4) i
A[n, m , ! 6 (& 5) i
<n,m O Aln,m U7 (O1: 2,6) i
( stn,m O Aln,m ) 8 (01 7) i
OnOm ( <[n,m O A[n,m ) 9 (O 1,8) i
O

I 9. P9 refornulates Ineql in terns of our |ogical |anguage. |

F OnOnDAOB ( win] & oM & N[N, A & NimB & AOBO <[n, M )
[



n,mA B 11 (Prem i

wn & wn & Nn A & N.fmB & A OB

, 12 (Pren i
wnl & wm 3 (& 2) i
Tin, Al & N.[m B 4 (&E 2) i
ADOB 15 (& 2) i
Ox (AIX] O B[x]) ' 6 (5E 111.1,5) |
TNUin, Al & N.imB] & Ox (Alx] O B[x]) ,! 7 (&: 4,6) i

( N[N, Al & N\[mB] & Ox (Alx] O B[x]) O A[n,n )
,1 8 (UE: Ineql) i

Tin, Al & N.imB] & Ox (Ax] O B[x]) O A[n,m

L9 (0OE 8) i
ALN, M 1 10 (OE 7,9) i
Wn & wn & ALn, n 111 (&l 3,10) i
(wn &wnm &Anm O <n,m ) 1 12 (OE P4) i
wn & wnm &Anm O <(n m 113 ((O)E 12) i
<(n, m 114 (OE 11,13)

wn & wm & N[N, A & N.imB] & AO B O <[n m
,1 15 (O1: 2,14) i

(wn &wmM & N[n,Al & N.imB & AOBUO <[n, M)
.1 16 (()1: 15) i

OnOnDAOB ( w(n] & wm & T[n, A & IimB & A OB O <n,nm )
I 17 (O 1,16) |

0

I 10. P10 refornulates Ineg2 in terns of our |ogical |anguage.
i

F OnOnDADB ( <(n,m & T[n, Al & .imB & B JA DO A=B) i

n,mA B 11 (Prem i
SIn,m & N[n, Al & N.imB] &B O A , ' 2 (Prem i
<[n, M I 3 (& 2) i

Tn, Al & T.[m B] V4 (&E 2) i



BOA 1 5 (& 2) i

( Stn,m O Aln,m ) , 1 6 (OE P8) i
<[n,m O A[n,n 17 (OB 6) [
AL N, m , 1 8 (OE 3,7) i
Aln,mM & T[n, Al & T.[m B 19 (& 4,8) i
Ox (B[x] O AX]) ,! 10 (BE: 111.1,5) j

Aln,mM & TN[n,Al & N.im B] & Ox (B[x] O AX])
111 (& 9, 10) i

( Aln,m & N[n, Al & N.imB] & Ox (B[x] O AX])
O Ox (AIX] = B(x]) )
, 1 12 (OE 1neqg2) i

Aln,m & TN[n,Al & N.im B] & Ox (B[x] O AX])
O Ox (AIX] = B[Xx])

113 (OE 12) i
Ox (AIX] < B[X]) ! 14 (OE 11,13) |
A =B 115 (BE: 111.7,14)

|
<inm & N[n,Al & .\ mB & BOAO A=B
,1 16 (O1: 2,15)

( snm & NI[n,Al & N.imB] &B 0AUO A=B)
1017 (()1: 16) i

OnOnDAOB ( <(n,m & T[n, Al & I.imB & B OJA D A=B)
1 18 (OI: 1,17)

0
' P11 through P13 say that it is possible to find predicates of
[

f
sizes appropriate to an inequality. P13 wi be used in the proof
of the Fundanental Laws. i

I 11. i

F OnOnDA ( g(n,m & N[n, Al O B (N[mB & A OB ) i

n, mA 11 (Prem i
(n,mM & N[n, A ' 2 (Prem i
<[n,mM ' 3 (& 2) i

( gn,m 0O wm) 14 (OB P7) i



stn,m 0O wn

Wi m

(om0 R( NmQ &(ADQIQUA )
7

om0 R( NmQ &(ADQIQUA )
[

R( NmQ &(ADQUQDO A )
( .imB & (AOBOBIOA) )
N.imB] & (AOBOBOA)
T.[m B
(ADOBOBUOA)
AOBUOBUOA

I To show A O B
AOB
AOBO AOB
BOA
s(n,mM & T[n, Al & T.[m B]

<(n,mM & N[n,Al & .imB] & B O A

'5 (OE 4)

I 6 (OE 3,5)

)
(OE: 1V7.20)

8 (OHE 7)

I 9 (OE 6,8)

10

11

112

I 13

I 14

I 15

,1 16

17

I 18

19

( gn,mM & N[n,Al & N.imB &B0OA0O A

nm & N[n, Al & . imB] & B 0O A0

>
i
(o8]

>
I

BO AOB)

>
1]
w

0 AL0OB

BOAO AUB

AlUB

T[mB & A 0B

12

I 20

Ll |1

I 23

I 24

, 125
I 26

27

I 28

(CE 9)

(OE 10)
(&E: 11)
(&E: 11)

(OE 13)

(Prem
(O1: 15, 15)
(Pren)
(&: 2,12)
(&: 17,18)

=B )
(OE: P10)

B
(OE 20)

(OE 19, 21)
(OE: 111.11)
(OE 23)

(OE 22,24)

(O1: 17, 25)

(CE: 14, 16, 26)

(&: 12, 27)



(M.mB] & A U B)

B (N[mB &A O B)

<nm & N[n, A 0O B (N[mB &ADIOB),!

( <fn,mM & N[n,Al O B (N[mB &AU00B) )

OnOnJA ( <[n,mM & T.[n, Al O [B (N[m B]

0

r12.

29 (()I: 28)
30 (O: 29)

31 (O1: 2,30)

32 (()1: 31)

& AOB) )

33 (0O01: 1,32)

F OnOnOB ( g(n,m & N [mB O OA (N[n, A & A OB )

n,mA
<IN, M & TN.[m B]
s[n, m
( stnm 0O win] )
<In,m 0O wn

Wi n]

(wn O QCNNQ &(BOQUQUB)

wn O (NN Q &(BOQODQOB) )
!

R ( N(n,Q & (BOQOIQOB) )
( N[n A &(BOAOAUOB) )
Nn[n, A & (BOAOALDOB)
Nln, A
(BOADOADOB)
BUOAUAIUIUB
' To show B O A
BOA

BOAO BUOA

1 (Prem
2 (Prem
3 (&€ 2)
4 (CE: P6)
5(OE 4)

6 (UE 3,5)

N

7 EDE: | V7. 20)
8 (OE 7)

9 (OE 6,8)
10 ([E: 9)

11 (()E 10)
12 (&E: 11)

13 (&E: 11)

14 (()E 13)

15 (Prem

16 (O1: 15, 15)



AOB 1 17 (Prem

SIn,M & N[n, Al & T.[m B] 118 (&l: 2,12)
<n,m & N[N, A & N[mB &BOA ,! 19 (& : 17,18)
( <(n,mM & N[n A & N[mB &BOADO A=B)
,! 20 (OE: P10)
SIn,m & N[n, Al & .imB] &B 0A 0 A=B
1 21 (O)E 20)
A=B ! 22 (OE 19, 21)
( A=B0O BOA) ! 23 (OE 111.12)
A=B0O BOA 124 (()E 23)
BO A 1 25 (OE 22,24)
AlUBUOBIIOA , 126 (O1: 17, 25)
BOA ! 27 (CE 14, 16, 26)
Nin,A & B O A 128 (&: 12,27)
(N[n, Al & B O A) 129 (()1: 28)
[A (N.[n,Al & B O A 130 (O: 29)
<in,m & NimB O DA (T.[n Al &B OA) ,! 31 (OI: 2,30)
( gn,m & N.[mB O OA(N[n, A &B O A )
132 (()1: 31)
OnOnB ( <[n,m & N[mB] O OA (N.[n, A & A0 B) )
| 33 (O 1,32)
O
I 13,
F OnOm ( g(n,m O OAB (N[n, A & . [mB & A 0B) )
n, m , 11 (Pren
<[n, m 12 (Prem
( <Stn,m O wn] ) , ! 3 (OE P6)
n,m 0O wn] 14 (OE 3)

W[ N] ' 5 (0E 2,4)



( wn O P N[n Pl ) 16 (OE 1V7.8) i

wn O P N[n, P V7 (OE 6) i
[P 9.[n, P ! 8 (OE 5,7) i
Nin, A , 19 (E 8) i
<n,m & N.[n, A 110 (&: 2,9) i
( ffn,mM & N[n, Al O B (N[mB &AT0B))

! 11 (OE P11) i
<n,nM & N[n, Al O B (M[mB & A O B)

112 (OE 11) i
B (N[mB &A O B) ! 13 (OE 10,12)
(N[mB] & A O B) ! 14 (CE 13) i
N[mB &ADOB 115 (OE 14) i
Nn, Al & L[mB &A OB 116 (& 9, 15) i
(T[n,Al & N.[mB] & A O B) 117 ((O)1: 16) i
B (N[n,Al & .[mB & A O B) 118 (O: 17) i
CACB (.[n, Al & I.imB] & A O B) 119 (O: 18) i

SInm O CAB (N[n,A & N.[mB] & A 0 B)
,1 20 (O1: 2,19 i

( <tn,m O OAB (N[n,Al & N.[imB & A 0B))
121 ((O)1: 20) i

OnOm ( <(n,m O OAB (T[N, Al & .imB] & A O B) )
122 (O 1,21) i

0

I' The Fundanental Laws, P18 and P19, are commutative pernutatons.
P14- 15 and P16- P17 express one half of the biconditional.
P14 and P15 rely on P10, while P16 and P17 rely on P9. i

I 14. Fundanental Law of Inequality, First Half, nl. i
F OnOm( gin,m O [k (k + n) =m) i
n, m 11 (Prem i
<[n,m 12 (Prem i

( <in,m O wn & wn ) 1 3 (OE P5) i



SIn,mM O wn & wm 14 (OE 3)

wnl & wmn I 5 (0OE 2,4)
( gfn,m O CAB (N[n,Al & N.[imB] &A 0OB) )

,! 6 (0E P13)
Sn,m O OAB (N[n, Al & .imB] & A O B

7 ((O)E 6)
CAB (T[N, Al & T.ym B] & A O B) 1 8 (OE 2,7)
B (N[N, A & N[mB] & A O B) .1 9 ([E 8)
(MN[n,Al & N.imB] & A 0O B) ,! 10 ([E 9)
Nin, A & N.imB] & A O B 111 (()E 10)

wn & wn & N[n, A & N.fimB] & AOB
.V 12 (&: 5,11)

(0N & oM & N[N, A & N.imB] & AOB
O Ik ((k +n) =m& N[k, (B\ A]) )

1 13 (OE: Cl1.21)

wn & wn & N[n, A & N.fimB] & A OB
O [k ((k +n) =m& N[k, (B\ A])

114 (()E 13)

k ((k +n) =m& N[k, (B\ A]) 115 (OE 12, 14)

((k +n) =m& N[k, (B\ A]) 1 16 ((E 15)

(k +n) = m& N[k, (B\ A)] 117 (()E: 16)

(k +n) =m 118 (&E: 17)

k (k +n) =m 119 ([E 18)
<sn,m O k (k+n) =m 120 (O1: 2,19)
(<n,m O [k (k +n) =m) 121 ((O)1: 20)

OnOm ( <(n,m O [k (k +n) = m) | 22 (Ol: 21)

a
I 15. Fundanental Law of Inequality, First Half, n2.
F OnOm( sfn,m O [k (n + k) =m)
n, m 11 (Pren
<[n, m , 12 (Prem



( <tnm O [k (k +n) =m) , ! 3 (OE P14) i

<(n,m O [k (k +n) =m !4 (0OE 3) i

k (k +n) = m 1 5 (OE 2, 4) i

(k +n) =m , 1 6 ([(E 5) i
((k+n) =m0 (n+k) =m) 1 7 (DE 2.86) i
(k+n) =m0 (n+ k) =m 8 (OB 7) i
(n + k) =m 1 9 (OE 6,8) i

k (n +k) =m 110 (O: 9) i
<n,m O [k (n +Kk) =m 111 (O1: 2,10)
( <n,m O Ck (n+k) =m) 12 (O1: 11) i
OnOm ( <(n,m O K (n + k) =m) 13 (01: 1,12) i

0

I 16. Fundanental Law of Inequality, Second Half, nl. i

FOnOm( Ok (k + n) =m0 <n,m ) i

n, m 11 (Prem i
k (k +n) =m .12 (Prem i
(k +n) =m 3 (B i
W K] & wn] ! 4 (TE: CL.7, 3) |
o N 15 (&F) i
((k+n) =m0O wm) ,! 6 (OE CI.10) i
(k +n) =m0 wm A7 (0B i
wf m 18 (0B i
Wnl & wn 1 9 (&8l: 5,8) i
m=m 110 (=) i
m= (k + n) 111 (=B 3,10) |

( m=(k + n)
O DAB (N[k,A & M[n,Bl & (An B =¢ & N\Im(A O B)]) )
;1 12 (OB C1.19)

m= (k + n)



O DAB (M[k,A & N[n,B & (An B =¢&N[m(AD B)])
113 (OE 12)

CALB (N[k, Al & N[n,B] & (A n B) =¢ & N.[Im(A O B)])
! 14 (OE 11,13)

B (N[k,A & N[n,B & (An B) =0 & Nim(ADOB)])
! 15 (CE: 14)

(N[k,A & N[n,B & (An B) =¢&N[m(ADB)I)

! 16 (LE: 15)
NIk, A & N[N, B & (An B) =¢ & N[m (A O B)]

117 ((O)E 16)
T[N, Bl ! 18 (&E: 17)
Nim (A O B)] 119 (& 17)
wn & wn & 9.[n, B , 120 (&l: 9,18)
wn & wmMm & N[n,B & N[m(AOB] ,! 21 (&: 19, 20)
B O (AU B) ! 22 (OE 112.13)

wn & wn & N[n,B & N[m(AOB)] &BU0O(ADO B)
123 (&: 21,22)

(wn &wnmM & N[nB & Nim(AOB] &BO(ADOB)

0 <[n,nm )
1 24 (OB P9)

wn & wm & N[n, B & N[m(A 0O B)] &B O (A 0O B)

O <[n,m
125 (OE 24)
<[n, m ! 26 (OE 23,25)
k (k +n) =m0O <n,m 127 (O1: 2,26)
( &k (k +n) =m0 <[nm) 128 (()1: 27)
OnOm ( [k (k + n) =m0Od <[n,m ) 29 (0O 1,23)

0

I 17. Fundanental Law of Inequality, Second Hal f, n2.
FOnOm( Ok (n + k) = m0O <n,m )
n, m , 11 (Pren

[k (n + k) =m 12 (Pren



(n+k) =m

( (n+k)y =m0 (k +n) =m)
(n+k)y =m0 (k +n) =m
(k +n) =m

k (k +n) =m

( Ok (k <(n,m )

[k (k +n) =m0 <nm
<[n, m

[k (n + k) =m0 <£nm

( Ik (n +k) =m0 g[nm)

OnOm ( Ck (n +

a

I 18.

Ky = m0O <[n,m)
Fundament al Law of
F OnOm( g(n,m [k (k + n) =m)

n, m

( gfn,m O [k (k +n) =m)

<n,m O [k (k +n) =m

( Ik (k+n) =m0 <[n,m )

[k (k +n) =m0 <nm

s(n,mM - [k (k +n) =m

( gEn,m < [k (k +n) =m)
OnOm ( £f(n,mM = [k (k +n) =m)
O

' 19. Fundanental Law of
F OnOm( gin,m « [k (n + k) =m)
n, m
( Sfnm O [k (n + k) =m)

<n,m O [k (n + k) =m

| nequal i ty,

I nequal ity,

nl.

n2.

3 ([E 2)

4 (OE C2.6)
5 (OE 4)
6 (OE 3,5)
7 (O: 6)

8 (OE: P16)
9 (OE 8)

10 (OE 7,9)

11 (O1: 2,10)
12 (()1: 11)
13 (Ol: 1,12)
1 (Prem

2 (OE: P14)

3 (OE 2)

4 (DE: P16)

5 (OE 4)

6 (~1: 3,5)
7 (()1: 6)

8 (Ol: 1,7)

1 (Prem

2 (OE: P15)

3 (OE 2)



( k (n + k)

[k (n + k) =m0O <[n, M

Sn,M < [K (n + k) =m

m

O <[n,m )

( gfn,mM < [K (n + k) =m)

OnOm ( £[n,mM = [k (n + K) = m)

0

I 20. Transitivity of Inequality.

F OnOmda ( <(n,m & <[maj] O <[n,a] )

n, ma

<[n,mM & <[m aj

s[n, m

s[m a]

( <tnym O [k (n + k) =m)

nm O [k (n + k) =m

[k (n + k) =m

(n + x) =m

( ffma] O [k (m+ k) =a)

<ima] O [k (m+ k) = a

[k (m+ k) = a

(m+ k) = a

((n + x) + k)

( ((n+x) + k)

((n + x) + k)

(n + (x + k))

Tk (n + k)

( Ck (n + k)

k (n + k)

4 (DE: P17)
5 (OE 4)
6 (~I: 3,5)
7 (()1: 6)

8 (O: 1,7)

1 (Prem

2 (Prem

3 (&€ 2)

4 (&E: 2)

5 (OE: P15)
6 (OE 5)
7 (DE 3,6)
8 ((E 7)

9 (OE: P15)
10 (OE 9)
11 (OE: 4,10)
12 ((E 11)

13 (=E 8, 12)

ald (n+(x +k)) =a)

1 14 (OE C2.16)

al (n+(x+k)) =a

a0 <[n,a] )

0 <£[n, a]

1

ol

(OE 14)
16 (OE 13, 15)
17 (O: 16)

18 (OE: P17)

19 (()E 18)



<[n, aJ 1 20 (OE 17,19)

Sn,m & <[ma] O <£[n, a] 121 (O1: 2,20)

( €Sfnm & <[ma] O <£[n,a] ) 1022 ()1 21)
OnOnda ( <[n,mM & <[ma] O <[n,a] ) 123 (O: 1,22
O

I 21. Transitivity can be extended to | onger chai ns of
inequalities, here of length three.

F OvOnOnDz ( g[v,n] & <[n,mM & <(mz] O <€v,z] )

v,n,mz , 11 (Pren)
<[v,n] & <[n,n & <[m z] , 1 2 (Pren)
<[v,n] & £[n,mM 13 (& 2)
<[m z] 14 (& 2)
( S(v,n] & <[n,mM O <v,m ) , ! 5 (OE P20)
<[v,n] & <[n,n O <v,m 16 (OE 5
<[v, M 17 (OE 3,6)
S[v, M & [m z] 18 (&l: 4,7)
( Stv,m & <[mz] O €v,2z] ) , 1 9 (OE P20)
S[v,m & <(mz] O v, z] , 110 (OE 9
<[v, z] , 1 11 (OE 8, 10)
[v,nl & <[n,nM & [mz] O €v, z] 112 (O1: 2,11)
( g[v,n] & gn,m & <[mz] O <v,z] ) ,! 13 (()I: 12)

OvOnOnidz ( (v, n] & <n,m & <[mz] O <[v,z] )
I 14 (O: 1,13)

O
' 22. Antisymetry of Inequality.
F OnOm( s(n,m & <mn] O n=m)
n, m , 11 (Pren
<[n,mM & <[mn] , 12 (Pren
<[n, m 1 3 (& 2)



<[m n] !4
(<tn,m O k (n+k) =m) 15
<(n,m O [k (n + k) =m 16
[k (n +k) =m 7
(n+a) =m ! 8
(sgtmn] O Ok (m+ k) =n) 19
<simn] O k (m+ k) =n 110
k (m+ k) =n 111
(m+ b) =n 112
((m+b) +a =m 113
( ((m+b) +a) =m0 (m+ (b +a)) =m)
114
((m+b) +a) =m0 (m+ (b +a)) =m
115
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I 71. P71 refornulates C2.64 in the terns of inequality.
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72. Lemma for The Well-Ordering Principle (P73).
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Ok (<s[x,n] & P[x] &0y (fy] &Pyl O <[x,y])) )
O OP ( Ox(g[x,m O = P[X])
Ok (s[x,m & P[x] &0y (ofy] & Pyl O <[x,y]1)) )
, V127 (O1: 36, 126)
i

(«wn &o[nm
& OP ( Ox (g[x,n] O = P[X])
Ok (s[x,nl &P[x] & Oy («fyl] & Pyl O <[x,y1)) )
O OP ( Ox (<(x,m O = P[x])

Ox (s[x,m & P[x] &0y (y] &Pyl O <[x,y1)) ) )
1128 (()1: 127) i

OnOm ( «w[n] & o[n, M
& OP( Ox (g[x,n] O = P[x])
O X (s[x,n & P[x] &0y (wy] &Pyl O <[x,y])) )
O OP ( Ox (<[x,m O =P[x])
Ox (s[x,m & P[x] &0y (wy] &Pyl O <[(x,¥1)) ) )
1129 (O1: 35,128) |
On ( win
O OP ( Ox(<g(x,n O = P[x])
O X (s[x,n & P[x] &0y («y] &Pyl O <[(x,y1)) ) )



I 130 (I nduct: 34,129)
[

0

I 73. The Well-Ordering Principle: any predicate satisfied by
a natural nunber is satisfied by a | east natural nunber. i

FOP ( X (wx] & P[x])
O X (x] & P[x] &0y (afy]l & Pyl O €[x,y1)) ) i

P 11 (Prem i
X (wx] & P[x]) 1 2 (Pren) i
(X] & P[Xx]) 13 ([E 2) i
W X] & P[X] 14 (OFE 3) i
W X] !5 (& 4) i
P[ x] 16 (& 4) i
( wx]

O OP ( Ox (<[(x,x] O = P[x])
O X (s[x,x] & P[x] &0y («fyl &Pyl O <[x,y])) ) )
! 7 (OE P72) i

o[ X]
O OP( Ox(<(x,x] O = P[x])
O X(<[x,X] & P[x] & Oy(wy] & Pyl O <£[x,¥])) )
8 (OE 7) [

OP ( Ox (<[x,x] O = P[X])
Ok (<s[x,x] & P[x] &0y (wy] &Pyl O <[x,y])) )
.1 9 (OE 5,8) i

( Ox (g[x,x] O = P[x])
O X (s[x,X] & P[x] & 0Oy (wy] &Pyl O <[x,¥1)) )
,1 10 (OE 9) [

Ox (<[x,x] O = P[X])
O x (s[x,x] & P[x] & Oy (wy] & Pryl O <[x,y]))

111 (()E 10) i
Ox (<[x,x] O = P[X]) , 112 (Prem i
( wx] O <£[x,X] ) , 1 13 (OE P23) i
W x] O <X, X] 114 (OE 13) i
<[ X, X] ,1 15 (OE 5, 14) i

(s[x,x] O = P[x]) ,1 16 (OE 12) i



<[X,x] O = P[X] 117 (OE 16)

- PIX] ,! 18 (OE 15,17)
- X (wx] & P(x] & Oy (wly] & Pyl O <[Xx,y]))
, 119 (Prem

F 1 20 (FI: 6,18)

- X ([x] & P[X] & Oy (wyl & Plyl] O <[x,y])) O &F
121 (O1: 19, 20)

-~ X (wx] & P[x] &0y (w[y] &Pyl O <[x,y]))
122 (Al 21)

(X ([x] & P[x] & Oy (wy] & Ply] O <[x,y]))
1 23 (=E 22)

Ox (<[x,x] O = P[x])
O X (ofx] & P[x] & Oy (wy] & Pyl O <[x,y]))
124 (O1: 12, 23)

x (s[x,x] & P[x] & Oy (w{y] & Ply] O <[x,y]))

,1 25 (Prem
(sin,x] & PNl & Oy (wfy] & Plyl O <[n,y]))

, 126 (CE 25)
s(n,x] & Prn] & Oy (w(y]l & Ply] O <[n,y])

127 (()E 26)
<[ n, X] .1 28 (& 27)
Pinl & Oy (wy] & Plyl O <[n,y]) 129 (& 27)
( <[n,x] O wn] ) ,! 30 (OE P6)
<[n,x] O wn] , 1 31 (()E 30)
o[ N ! 32 (OE 28,31)

wn &P &0y (oy] & PLyl] O <[n,y])
1 33 (&: 29,32)

(wn] & PN & Oy(wly] & Ply] O <[n,y]))
134 ()1 33)

(X ([Xx] & P[x] & Oy (w{y] & Ply] O <[x,y]))
,1 35 (0O: 34)

X (<[x,X] & P[x] & Oy (wy] & Pyl O <[x,Y]))

O x (0fx] & P[x] & 0Oy (wy] &Pyl O <[x,Y¥1))
.1 36 (O1: 25, 35)



X (w[X] & P[x] & Oy (wy] & Ply] O <[x,Yy1))
! 37 (CE: 11, 24, 36)
i
X (w[x] & P[x]) O X (wx] & P[x] & Oy (wfyl & Ply] O <[x,yl))
, 138 (O1: 2,37) i

( X (w[x] & P[x])
O X («fx] & P[x] & 0Oy (wy] &Pyl O <[x,¥1)) )
, 139 (()I: 38) i
OP ( X (wIx] & P[x])

O X (x] & P[x] & 0Oy (afyl & Plyl O <[x,y1)) )
I 40 (O0: 1, 39) i

0

I I'n counterpoint to the Well-Ordering Principle, which speaks of
the least finite nunber, P74 and P75 are an introduction to the
greatest finite nunber. A predicate is satisfied by a greatest
finite nunber if it is satisfied by a finite nunber and by only a
finite nunmber of finite nunbers. i

I 74. i

FOnOP ( win & N[N, (wn P)] &= (wn P) =¢
0 x (wx] & P[x] &0y (w{y] & Pyl O <[y, x])) ) i

I W prove first

On ( on]
O OP ( Mn,(wn P)] &=~ (wn P) =0
O X (x] & P[x]
& Oy oyl & Plyl O <[y,x1)) ) )

by induction, taking ¢ to be

OP ( Tin,(wn P)] &= (wn P) =0
O X (w[x] & P[x] & 0Oy (wy] &Pyl O <[y, x])) )

It nust be shown that

OP ( N[O, (wn P)] &= (wn P) =0
0 XK (wx] & P[x] &0y (wy] & Pyl O <y,x])) )

and

OnOm ( N & o[n,m
&OP ( N[n(wn P &= (wnP) =0
O X (x] & P[x] & Oy (ofy] & Plyl] O <[y,x])) )
O0OP( Nm(wnP] &~ (wnP) =¢
O X (0x] & P[x]
& Oy (wyl & Pyl O <y,x1)) ) ) i



I To prove:
OP ( N[O, (wn Pl &= (wn P) =0

O X (x] &P[x] &0y (ay] &Pyl O <[y, Xx])) ) i
P , 11 (Pren [
N[O, (wn P)] &= (wn P) =0 , ' 2 (Prem i
T[O0, (w0 n P)] I3 (& 2) i
- (wn P) =0 14 (& 2) i
( N[O, (wn P] O (wnP) =09) .1 5 (0OE 1V3.1) i
MTIO,(wn P O (wn P) =0 16 (OE 5 i
(wn P) =0 17 (OE 3,6) i
- X ([Xx] & P[x] &0y (o{y] & Pyl O <[y, X]))
,1 8 (Pren i
F L9 (FI: 4,7) i
- X (wx] & P[x] &0y (wy]l &Pyl O €y,x])) O &F
;110 (O1: 8,9) i
o= X ([x] & P[x] & Oy (wfy] & Pyl O <[y, x]))
, 111 (=1: 10) i
X (0[X] & P[x] & Oy (wy] & Ply] O <y,Xx]))
112 (-E 11) i
TN[O, (0w n P] &= (wn P) =0
0 X (ofx] & P[x] & Oy (wy] & Pyl O <[y, X]))
13 (01 2,12)
( N[O, (wn P] &= (wn P) =0
O X (ofx] & P[x] & Oy (wfy] & Pyl O <[y, x])) )
14 ((O)1: 13) i
OP ( N[O, (wn Pl &= (wn P) =0
O X (ofX] & P[x] & Oy (ofy] & Ply] O <[y,x])) )
115 (O 1, 14) i
I To prove:
OnOm ( [N & o[n, M
& OP ( M[n,(wn P)] &= (wn P) =90
0 X (x] & P[x] &0y (ofy] & Ply] O <[y,x])) )
O 0OP( (m(wn Pl &= (wn P =9
O X (x] & P[x]
& Oy (wfy] & Pyl O <[y, x])) ) ) i

n, m , |

16 (Prem



wn &o[nm
& OP ( Tn,(wn P] &= (wn P) =09
&

0 Ok (ofx] & P[x] & Oy (ofyl & Ply] O <[y, x])) )
, 1 17 (Prem
wn &o[nmM ,1 18 (& 17)
OP ( Nn,(wn P)] &= (wn P) =0
0 x (0x] & P[x] & Oy (aly] & Pry] O <[y,x])) )
1 19 (&E: 17)
( wn &onm O m=(n+ 1) ) , 1 20 (OE CC2.48)
wn &onmO m=(n + 1) 121 ((O)E 20)
m=(n + 1) )1 22 (OE 18,21)
P ,1 23 (Prem
MTIm(wn P] &~ (wn P) =0 , 1 24 (Prem
Tm(w n P)] .1 25 (&E: 24)
- (wnP) =09 , 1 26 (& 24)
(" (wnP) =00 X (0 n P[xX] )
1 27 (OE 115.16)
S (wnP) =000 X (0 n P)[X] 128 (OE 27)
X (0 n P)[X] .1 29 (OE 26,28)
(wn P)[a] , 1 30 (CE 29)
( (wn P[a O wa & Pa ) ! 31 (OE 113.3)
(wn P[a] O wa & Pla] , 132 (OE 31)
wal & Pla] ! 33 (OE 30,32)
o a] ! 34 (& 33)
wn &onm & (wn P)a] 1 35 (& 18,30)
wn &o[nm & (wn Pla] & N[m(w n P)]
1 36 (&: 25, 35)
( wn &aonm & (wn Pla] & [Mm(w n P)]
O Tn, ((wn P\ (a%))] )
1 37 (OE 1V2.11)
wn &olnm & (wn Pla & N[m(w n P)]



O T[n, ((wn P) \ (a%))]
1 38 (()E 37) i

MUWin, ((wn P\ (a%))] ,! 39 (OE 36,38) j

((wn (PV (a%))) =l (wn (P\ (a%))) =09)

1 40 (OE: 111.48)

(0 n (P (a%))) =el-(wn (P\ (a%))) =0

141 (()E 40) i
| Case 1. i
(wn (P\ (a%))) =9 .1 42 (Prem i
y .1 43 (Pren) i
Wyl & Ply] ! 44 (Prenm i
Wyl | 45 (&E: 44) i
PLY] | 46 (&E 44) i
Wyl & (wn (P\ (a%))) =0
1 47 (Prem i

( Wyl &(wn (P\ (a%))) =0 -~ (P\ (a%))Iyl )
1 48 (OE 115.23)

Wyl & (wn (P\ (a%))) =0 = (P\ (a%))[y]

1 49 (()E 48) i
= (P\ (a*))[y] ! 50 (OE 47,49) |
Ply] & = (P \ (a%))[y] ,! 51 (&: 46,50)

( Plyl &= (P\ (a%))[lyl O (a*)lyl )
152 (OB 117.9) i

Plyl & - (P\ (a%))[yl O (a%)[y]
|

1 53 (()E 52) i
(a*) 1yl ,! 54 (OE 51,53) j
( (a*)[y] Oy =a) 1 55 (OE 118.3) |
(a®)[yl Oy = a 156 (()E 55) i
y = a ! 57 (JE 54,56) |
( oyl O <y,yl ) , ! 58 (UE P23) i

Wyl O <[y,y] ! 59 (()E 58) i



<[y, yl
<[y, a]
Wyl & Pyl O <[y, a]
(wlyl & Pyl O <y, a])
Oy (wy] & Pryl O <[y, al)

wal & Pla] & Oy (wy] & Ply] O

1 60 (OE:
161 (=E:
162 (01
163 (()1:
164 (O

<[y, a])
,1 65 (&l:

(ofa] & Pla] & Oy (wy] & Ply] O <[y,a]))

166 (()1:

45, 59)
57, 60)
44, 61)
62)

43, 63)

33, 64)

65)

X (w[x] & P[x] & 0Oy (wy] &Pyl O <[y,Xx]))

(wn (P\ (a%))) =0
O X (ofx] & P[x] & Oy (wy] & Ply] O <[y,Xx]))

I Case 2.

~(wn (PV (%)) =0

167 (O

(wn (P\ (a%))) = ((wn P\ (a%))

Nen, ((w n P) A (a@%))]

& (wn (P (a%))) = ((wn P\ (a%))

W nj

wn & N[n, ((w n P) \ (a%))]

& (wn (P (a%))) = ((wn P\ (a%))

(@n & hN[n, ((w n P)\ (a%))]

& (wn (P (a%))) = ((wn P\ (a%))

O Nrn, (@ n (P (2%)))]1 )

wn & Nn, ((wn P) \ (a%))]

& (wn (P\ (a%))) = ((wn P\ (a%))

O T[n, (0w n (P\ (a%)))]

Nen, (w n (P (@%)))]

66)

, ! 68 (OI: 42,67)
,1 69 (Prem

,1 70 (OE: 117.84)
071 (&l 39,70)
P72 (& 17)
V73 (& 71,72)
, 1 74 (OE 1VA4.6)
175 (OE 74)
076 (O1: 73,75)



Nin, (wn (P\ (a%)))] &~ (wn (P\ (a%))) =0
177 (& 69,76) i

I Applying the induction hypothesis... i

( N[n, (w0 n (P\ (2°)))] &=~ (wn (P\ (a°%)))
0 X (&fx] & (P\ (a%))[x]
& Oy (wy]l & (P\ (a%))[yl O <y,x1)) )

]l
S

! 78 (OE: 19) i
Nin, (w n (P\ (a%)))] &= (wn (P\ (a%))) =0
0 X (0[x] & (P\ (a%))[x]
& Oy (wfyl & (P\ (a*))[yl U <y,x]))
179 (()E 78) i

X (w[x] & (P\ (a%))[x]

& Oy (wy] & (P\ (a%))[yl O <y,x]))
! 80 (OE 77,79) i

(x] & (P\ (a%))[x] & Oy ((P\ (a%))[y] O <[y,x]) )

,! 81 (CE 80) [
Wx] & (P\ (a%))[x] & Oy ((P\ (a%))ryl O <[y, x])

1 82 (()E 81) i
o X] ,1 83 (& 82) i
(P\ (a*))[x] ,1 84 (& 82) i
Oy ((P\ (a%))lyl O <[y,x]) 1 85 (& 82) i
wa & wx] ,! 86 (& : 34,83 i
( wal & wx] O <a,x] O<x,a] )

1 87 (OE P64) i
wa & wx] O <fa,x] O<x, al ,1 88 (()E 87) i
<[a, Xx] O <[x, a] ,1 89 (UE 86,88) |
Pl a] ,1 90 (& 33) i

( Plal] O Ox ( P[x] =« (P\ (a*))[(x1 Ox =a) )
,1 91 (OE 118.58) |

Pla] O Ox ( P[x] = (P\ (a*))[x] Ox =a)
192 ((OE 91) i

Ox ( P[x] =« (P\ (a*))[x] Ox =a)
,! 93 (OE 90,92)

I Case 2a. i



<[ a, X] ,' 94 (Prem i

( (P\ (a*))[x) O PIx1) ,1.95 (OE 117.5) i
(P\ (a%))[ix1 O Prx] 196 (()E 995) i
PIX] ! 97 (OE 84,96) |
W X] & PIX] 1 98 (&: 83,97)
y , 199 (Prem i
Wyl & Py] , ! 100 (Prem i
PLY] ! 101 (&E: 100) i

( Plyl = (P\ (a%))[y] Oy = a)
1 102 (DE 93) i

Plyl = (P\ (a%))[yl Oy = a

I 103 (()E 102) |

a
1 104 (=E 103) |

Plyl O (P\ (a*))[yl Oy

(P\ (a))[y] Oy = a 1 105 (OE 101, 104)
i

((P\ (a*))[yl] O <y,x]) ,! 106 (OE: 85) i

(P\ (a®))[yl O <€y, X] ,1 107 (()E 106) i
y = a ,!1 108 (Prem i
<[y, X] ,1 109 (=E 94, 108) |

y = al €y,Xx] , ! 110 (O1: 108, 109)

[

<[y, X] ,! 111 (CE: 105, 107, 110)

[

wyl & Pyl O €y, X] , 1112 (O1: 100, 111)

[

(oXyl & Ply] O <[y,x]) 0113 ()1 112)
Oy (wy] & Pyl O €y, Xx]) ;0114 (0. 113) i

W X] & P[x] & Oy (wyl &Pyl O <[y, x])
1 115 (& 98,114)

(x] & P[x] & 0Oy (wy] & Pyl O <[y,x]))
1116 (()1: 115)



Case 2b.

X (x] & P[x] & Oy (w(yl & PLy]

<[ a, X]

<[ X, a] |
y !
Wyl & Ply] !
PLy] ) !
( Pyl = (P\ (a%))[ly] Oy
I
Plyl] « (P\ (a*))[y] Oy =
|
Plyl O (P\ (a*))[y] Oy =
!
(P\ (a%))[ly] Oy = a !
(P\ (a*))Ly] !
((P\ (a*))ly1 O <y,x1)
I
(P\ (a®))[yr O <[y, x] ,!
<[y, X] , !
<[y, X] & £[Xx, a] , !
( <[y, x] & <[x,a] O <y, a]
|
<[y, X] & £[x,a] O gy, a]
|
<[y, a] , |
(P\ (a%))ryr O <[y, a] , |

O x (wx] & P[x] & Oy (wy] & Ply]

y = a

O <[y, x]))

117

(O: 116) i

O <[y, x]))

1118 (O1: 94, 117)

119
120

121

122

:a)
123

a
124

a
125

126

127

128
129

130

131

)
132

133

134

135

136

i

i
(Prem i
(Prem i
(Prem i
(&E: 121) i

(OE: 93) i
(OE 123)

(-E 124) i

(OE 122, 125)
i

(Prenm i

(OE: 85) i
(OE 128) |

(OE 127, 129)
i

(& : 119, 130)

i
(OE P20) i

(OE 132) |

(OE 131, 133)
i

(Or: 127, 134)

(Prem i



( wa O <a, a ) , 1 137 (OE P23) i

wa] O €a,a] ,1 138 (()E 137) i
<[ a, a] ,! 139 (OE: 34,138)
i
<y, aj .1 140 (=E: 136, 139)
i
y =a 0 gy, a] 1 141 (DO1: 136, 140)
i
<[y, a ! 142 (CE: 126, 135, 141)
i
oyl & Ply] O <€y, a] 1143 (O1: 121, 142)
i
(y] & Pyl O <y, a]) V144 ()1 143)
Oy (wfy] & Ply] O <y, a]) ;1 145 (0O1: 120, 144)

wfa] & Pla] & Oy (wyl & Pyl O <[y, a])
1 146 (& : 33,145) |

(wa] & Pla] & Oy (wy] & Ply] O <[y,a]))
1147 ((O)1: 146)

(X ({x] & P[x] & 0Oy (wy] & Ply] O <[y, Xx]))
1148 (0O : 147) i

<[x,a] O X (wx] & Px] &0y (ofy] & Pyl O <[y, x]))
1 149 (DO1: 119, 148)
i

X (w[x] & P[x] & Oy (wy] &Pyl O <[y,Xx]))
,! 150 (LCE: 89, 118, 149)
i

- (wn (P\ (a%))) =0
O X (wx] & P[x] & 0Oy (wy] & Ply] O <[y, Xx]))
,! 151 (O1: 69, 150)
[

X (w[x] & P[x] & Oy (wy] & Ply] O <[y, x]))
! 152 (LCE: 41, 68, 151)
i

TMm(wn P)] &=~ (wn P) =09
0 X ([x] & P[x] & 0Oy (ofy] & Pyl O <[y, x]))
,1 153 (OI1: 24,152)
i



( Mim(wn P] &~ (wnP) =9

O X ([x] & P[x] & Oy (wy] & Pry] 0O <[y,x])) )
1 154 (()1: 153)

OP ( Mim(wn P)] &= (wn P) =¢

0 X (ofx] & P[x] & Oy (wly] & Ply] O <[y, x])) )
1155 (O1: 23, 154) i

wn & o[nm
& OP ( MIn,(wn P)] &= (wn P) =0
0 Ix (x] & P[X] &0y (ofyl & Ply] O <[y,x])) )
O 0OP( Nim(wn Pl &= (wn P) =¢
O x (x] & P[x] &0y (ofy] & Pryl] O <[y, x]1)) )
! 156 (O1: 17, 155)
i
( wn &o[nmM
& OP ( Mn,(wn P)] &= (wn P) =0
O X (x] &P[x] &0y («ofy] &Pyl O <[y,x])) )
O 0OP( Nm(wn Pl &= (wn P) =0

O X (fx] & Px] & Oy (wy] &Pyl O <[y,x]1)) ) )
1157 (()1: 156) |

OnOm ( «w[n] & o[n, M
& OP ( Nin,(wn Pl &= (wnP) =0
O X (x] & P(x] & Oy (wyl & Pyl O <[y, x1)) )
O 0OP( Nfm(wnP] &= (wn P) =¢

O X (x] & Px] &0y (ofy] & Plyl] O <[y,x]1)) ) )
! 158 (0OI: 16,157) |

On ( wn]
O 0OP( Mn,(wn P] &= (wn P) =0

0 Ix (x] & P[x] &0y (wfyl & Ply] O <[y,x])) ) )
,1 159 (Induct: 15, 158)
i

I Now to prove the proposition proper. i

n, P ,1 160 (Prem i
wn & Min,(wnP] &-(wnP) =¢,' 161 (Pren i
o[ N] ! 162 (&E 161) i

NN (0w n P)] &~ (0 n P) 163 (&E: 161) i

n
S

( wn]
O 0OP( Nn(wn Pl &= (wn P =0
O x (x] & P[x] &0y (ofy] & Pyl O <[y,x]1)) ) )
! 164 (DE 159) i



W n]

O OP( Nin,(wnP] &= (wnP) =¢
O X (fx] & Px] & Oy (wy] & PLy]

OP ( n,(wn P)] &~ (wn P) =

0 <[y.,x])) )

165 (()E: 164)

@
O X (fx] & Px] & Oy (wy]l &Pyl U €y,x])) )
166 (OE 162, 165)

( [n,(wn Pl &= (wn P =0
O X (wx] & P[x] & 0Oy (wyl & Ply]

T'in,(wn Pl &= (wn P) =0
O X (o[x] &Px] &0y (wy] & Ply] O

O

<[y, x1)) )

167 (OE: 166)

<[y, x]))
168 (()E: 167)

X ([X] & P[x] & Oy (wy] & Ply] O <[y, x]))
,! 169 (OE 163, 168)

wn & Min,(wnP] &= (wn P) =0
0 X (fx] & P[x] &0y («yl & Ply] O

( wn & N[n,(wnP)] &=~ (wn P) =09
O X (fx] & P[x] & 0Oy (afy] & Ply] O

<[y, X]))

)1 170 (O1: 161, 169)

<[y, X]))
1 ((

17

OnOP ( wnl & N[n,(wn P] &= (wn P =0

0 <y, x1)) )
! 172 (O1: 160, 171)

O X (wx] & PIx] &0y (wy] & Ply]

1
I 75.

FOP( - (wnP) =¢0&f (wn P
O X (x] & P[x] &0y (0y] & Py]

P
~(wnP) =0&f (wn P
~(@nP) =g
f (wn P)

(h ( wn & TN, (wn P )

)
l:

)yI: 170)

O <y, x1)) )
1 (Pren

2 (Prenm

3 (&E
4 (&E
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