I CHAPTER 5
SUBTRACTI ON;
I This chapter introduces and devel ops subtraction. Pl
reformul ates the Subtr Axiom and is then foll owed by sone
corollaries (P2 through P4). P5 and P6 prepare the introduction
of the subtraction termin P7. Sinple consequences fill out the
rest of the chapter. i

1. i

F OnOnDkOADB ( win] & win & ok] & T[n, Al & .imB] & AO B
O ( @mn,kl « N[k, (B\ A1) ) .

n, mk, A B 11 (Prem i

wn & oM & okl & N[n,Al & N.imB] & A B
, 12 (Pren i

wn & wn & k] & N[n,Al & N.imB] ,! 3 (& 2) i

o K] 14 (&E: 2) i
A OB !5 (& 2) i
Ox (Alx] O B[x]) 16 (%5E 111.1,5)

Wn & oM & wk] & N[n, Al & N.imB] & Ox (AIX] O B[x])
IV 7 (& 3,6) [

(wn &wnm &kl & Tin, Al & T.imB] & UOx (Ax] O B[x])
O (emn,kl = [k, {x : Bx] &= AX]}1) )
,' 8 (LOE: Subtr) i

N & M & k] & T[N, Al & N.imB] & Ox (AIX] O B[X])
O (®[mn, Kkl = N[k, {x : Bx] & = A[X]}])
19 (0OE 8) i

(8tmn, kI = N[k, {x : Bx] & = A[X]}])
,1 10 (ODE 7,9) i

@[mn, k] = [k, {x : Bx] & - A/x1}] ,! 11 (()E 10) i

I To show (B\ A = {x : B[x] & = A x]} i

X , 112 (Prem i
( (B\ A[X] = B[x] & - AX] ) 113 (OE 117.2) i
(B\ A[X] = B[Xx] & = AX] 114 (OE 13) i

Ox ( {a: Bla] & - Ala]}[X] = B[x] & = A X] )
,! 15 (Pred) i

( {a: Bla] & - Ala]}(x] = B[x] & - Alx] )



1 16 (OE 15) i

{a: Bla] & -~ Ala]}[xX] <= B[Xx] & = AX]

117 (()E 16) i
(B\ AI[x] ,! 18 (Prem i
(B\ A[x] O B[x] & = AX] 119 (=E 14) i
B[x] & = A[X] , ! 20 (UE 18,19) |

B[x] & = Alx] O {a: Bla] & -~ Alal}[X]
121 (=E 17) i

{a : Bla] & = Ala]}[Xx] , 1 22 (OE 20,21) |

(B\ A[x] O {a: Ba &- Aa}[x],! 23 (0I: 18,22) i

{a : Bla] & = Ala]}[X] 124 (Prem i
{a: Bla] & - Alal}[x] O B[x] & = AlX]

1 25 (=«E 17) i
B[Xx] & = AlX] , 1 26 (OE 24,25) |
B[x] & - AlIx] O (B\ AI[X] 127 (=E 14) i
(B\ A)I[X] 1 28 (OE 26,27) |

{a: Bla] & - Alaj}[x] O (B\ A[x],! 29 (Ol: 24,28)
(B\ A[x] = {a: Ba] & - Alaj}[(x],! 30 (=I: 23,29)

( (BN Ax] = {a: Ba &~ Aal}[x] )
131 (()1: 30) i

Ox ( (B\ A[x] « {a: Bal & -~ Alal}[x] )
;132 (0O 12, 31) i

(B\ A ={a: Ba & - Aa]} , 1 33 (%E: 111.7,32)

[

(B\ A ={x: Bx] &- AX]} ,! 34 (Exch: 33) i

okl &(B\ A ={x: Bx] &- Ax]} ,! 35 (&: 4,34) i

B[ m n, K] ,1 36 (Prem i
@rmn, k] O NIk, {x : B[x] & = A[X]}]

1 37 (=E 11) i

TIk,{x : B[Xx] & = AIX]}] ,! 38 (OE 36,37) |

Wkl & NIk, {x : B[Xx] & = AIX]}]



& (B\ A ={x : B[x] & - AX]}

,! 39 (& : 35, 38)
( okl & T[k,{x : B[X] & = A[X]}]
& (B\ A ={x: Bx] & - AXx]}
O Nk, (B\ A1)
,! 40 (OE 1VA4.6)
okl & NIk, {x : B[Xx] & = AIX]}]
& (B\ A ={x : B[x] & - AX]}
O N[k, (B\ A]
141 (()E 40)
NIk, (B\ A)] ! 42 (OE 39, 41)
@[mn, k] O N[k,(B\ A] , ! 43 (O1: 36,42)
N[k, (B \ A] , ! 44 (Pren)
okl & Nk, (B\ A] &(B\ A ={x: Bx] & - AX]}
.1 45 (&l : 4,44)

( okl & Nk, (B\ A] &(B\ A ={x: Bx] & - AXx]}

O Nk, {x : B[x] & -~ AxX]}] )
.1 46

(OE: | V4. 5)

okl & N[k, (B\ A] &(B\ A ={x: Bx] & - AX]}

O N[k,{x : B[x] & = A[X]}]

47

Tk, {x : B[x] & = A X]}] .1 48
Nk, {x : B[x] & =~ Alx]}] O @[mn,K]

149

S[m n, k] ,! 50

Nik, (BN A] O @[mn,Kk] ,1 51

DImn,kl] = Tk, (B\ A] ,!1 52

( @mn,kl < T[k,(B\ A] ) ,! 53

wn & oM & okl & T[n, Al & I.\fimB & A OB
O ( @mn, k] =« N[k, (B\ A] )
, ! 54

( Wn & WM & okl & M[n, Al & N[imB] & A O
O ( @mn,kl <« N[k, (B\ A1) )
,! 55

(OE
(OE

(~E
(OE:
(O1:
(=1
(O1:

(alt:

B

(O1:

46)

45, 47)

11)

48, 49)
44, 50)
43, 51)

52)

2, 53)

54)

OnOnmidkOAOB ( ofn] & wim & k] & T[n, Al & I.imB] & AT B



O ( ©mn,kl - N[k, (B\ A1) )
| 56 (OI: 1,55) i

a
I 2. i
F OnOmIKOAOB ( w(n] & wim & wk] & N[n,Al & N.imB] & A O B
& @[m n, K]
O N[k, (B\ A7) i
n,mk, A B 01 (Prem i
wn & wmnm & okl & T[n,Al & N.imB] & A O B & @[mn, k]
12 (Prem i
wn & oM & okl & T[n,Al & N.\imB] & A OB
13 (& 2) [
2[m n, K] 14 (& 2) i

( n & wm & Wkl & N[n, Al & N.fmB & A OB
O ( @mn, kKl =« Nk, (B\ Al ) )
.1 5 (OE P1) i

wn & oM & okl & M[n,Al & N.imB] & A OB
O ( @mn,kl < N[k, (B\ A] )

16 (OE 3) i
( @mn, k] < N[k, (B\ A] ) 1 7 (OE 3,6) i
O[mn, k] < N[k, (B\ A)] 18 (O)E 7) [
Gmn, k] O N[k, (B\ A)] 1 9 (<E 8) i
Nk, (B\ A] 1 10 (OE 4,9) i

wn & owm & ofk] & N[n,Al & TI.imB] & A0 B & @[mn, K]
O Nk, (B\ A]
V11 (O1: 2,10) i

(N &M & k] & T[n,Al & N.imB] & A O B & @[mn, K]

O Nk, (B\ A ) 112 ()1 11)
! : i

OnOmJkOAOB ( win] & wim & wk] & N.[n,Al & .imB] & A OB
& 9[m n, K]
O N[k, (B\ A1)
I 13 (O1: 1,12) i

I
3. i

F OnOnkOAOB ( win] & ofnm & wik] & N[n, Al & NimB] & A OB



& N[k, (B\ A]
O @[mn, k] ) i

A B, n, mk 11 (Prem i

wn & wnm & okl & T[n, Al & N.imB] & A O B
& Nk, (B\ A]

, 12 (Pren) i
wn & M & okl & N[n,Al & I.imB] & A B

1 3 (& 2) [
Tk, (B\ A] 14 (& 2) i

(N & M & okl & N[N, A & N[mB &A 0B
O ( ®@mnkl = TNk, (B\ A1) )
! 5 (OE P1) i

wn & wm & k] & N[n, Al & N.[mB & A OB
O ( @mn,kl = [k, (B\ A1)

16 (OE 3) i
( @mn, k] = T[k,(B\ A1 ) ,!' 7 (OE 3,6) i
@[mn, k] < N[k, (B\ A)] ' 8 (O)E 7) i
NIk, (BN A] O @[mn,Kk] , ' 9 (=E 8) i
2[m n, K] ,1 10 (OE 4,9 i

wn & wnm & Wkl & N[N, Al & N.imB] & A OB & N[k, (B\ A]
O @[mn, K]
011 (O1: 2,10) i

(0N & oM & k] & N[n,Al & N.imB] & A 0O B
& T.[k,(B\ A]
O @[mn, k] )
1012 ()1 11) i

OnOnOkOAOB ( o(n] & «n & k] & M[n, Al & I.imB] & A OB
& N[k, (B\ A]
O @[mn, k] )
I 13 (O 1,12) i

I
I 4. i

F OnOnik ( (k] & <[n,mM & @[mn, k]
O DAB (N[n, Al & I.fmB] & A OB & [k, (B\ A1) )
i

n, mk 11 (Prem [



W k] & <[n, M & @[mn, K] , 12 (Pren i

o k] 1 3 (& 2) i
<[n, m 14 (& 2) i
S[m n, k] ! 5 (& 2) i
( gfnm O wn & wm) ,1 6 (OE C3.5) i
<n,m O wn] & wm A7 ((O)E 6) i
wn & wm , ' 8 (OE 4,7) i
wn & wn & k] 19 (&: 3,8) i

( gfn,m O CAB (N[n,Al & N.[imB] & A 0OB) )
,1 10 (OE C3.13) i

Sn,mM O OAB (N[n, Al & .imB] & A O B

111 (()E 10) i
DACB (T.[n, Al & .[imB] & A O B) 112 (OE 4,11)
B (N[n,AA & N.imB] & A O B) 113 (B 12) i
(N[N, Al & NLimB] & A O B) 114 ([E 13) i
Nin, Al & .[mB] & A O B 115 (OE 14) i

wn & oM & okl & N[N, Al & I.imB] & A B
116 (&: 9,15) i

wn & wm & okl & T[n,Al & N.imB] & A O B & @[mn, k]
,1 17 (& : 5,16) i

( Wn & wmM & k] & N[N, Al & N.imB] & A0 B & @[mn, K]
O N[k, (B\ A1)
, 118 (OE P2) i

wn & oM & k] & N[n,Al & I.\imB] & A OB & @[mn, k]
O N[k, (B\ A]
119 (OE 18) i

Mk, (B\ A] 1 20 (OE 17,19) |

NN, A & ILimB] & A0 B & N[k, (B\ A]
121 (&: 15,20) |

(T[N, Al & N[mB] & A OB & N[k, (B\ A)])
122 (01 21) i

B (N[N, A & I.imB] & AOB & [k, (B\ A1)
, 123 (O: 22) [



DAB ([n, Al & N.[mB] & A DB & N[k, (B\ A])
124 (O: 23)

Wkl & g[n,mM & @[m n, k]
O DAB (T[n,Al & .fmB & AO B & N[k, (B\ A1l)
125 (0O1: 2,24)

( k] & g[n, M & @[mn, K]

O DAB (N[n, A & .[mB & A DB & N[k, (B\ A]) )
1 26 (()1: 25)

OnOmidk ( k] & SIn,mM & @[mn, K]
O CAB (N[n, Al & N.imB] & A B & N[k, (B\ A]) )
I 27 (OI: 1, 26)

0
I 5.

F OnOm( s(n,m O [a («fal & @[mn,a]) )

n, m 11 (Prem
<[n, M , 1 2 (Pren)
( sn,m 0O wn & wn ) ,!' 3 (OE C3.5)
<In,m O wn & wm 14 (OE 3)
wn & wm ! 5 (OE 2, 4)
[ M , 1 6 (& 5)

( gn,m O OAB (N[n,A & N.imB] & A O B) )
,! 7 (OE C3.13)

<(n,m O CAB (N[n,A & N\imB] & A O B)

8 (OE 7)
DACB (.[n, Al & I.[imB] & A 0 B) ! 9 (OE 2,8)
B (N[n, Al & N.\imB] & A O B) ,!1 10 (E 9)
(Nin, Al & N[mB] & A O B) ! 11 (CE 10)
NN, A & N[mB &A OB 112 (OE 11)
TN.[m B ! 13 (&E 12)
wm & N[mB] ! 14 (& : 6,13)

(B\ A OB 115 (OE: 117.13)



Wwnm & N[mB] & (B\ A OB 116 (& 14,15)

(Wm & N[mB &(B\ A OBDO f (B\ A )
117 (OB 1V5.11) |

WM & T[mB &(B\ A OBO f (B\ A

118 (OB 17) i

f (B\ A )1 19 (OE 16,18) i
h ( winl & NL[n,(B\ A7) 1 20 (BE 1V5.1,19)
[

( wa & N[a,(B\ A1) ! 21 (CE 20) i
wal & N[a, (B\ A)] 122 (OE 21) i
Wn & wnm & wal & N[a, (B\ A)] 1 23 (&: 5,22) i

wn & oM & wa & N[n,Al & N.imB] & A 0O B
& Nia, (B\ A] 124 (& 12,23)

(0N & WM & wa & N[n, Al & N.imB & AOB
& T.[a, (B \ A]
O @[mn,a] )
,1 25 (OE P3) i

wn & oM & wa & N[n,Al & N.imB] & A 0O B
& N[a,(B\ A]

O @[mn, aq]
, 126 (OE 25 i
=[m n, a] 1 27 (OE 24,26) |
o a] , 1 28 (& 22) i
wa & @[mn, a] , 129 (&l: 27, 28) i
(wa] & @[mn,aj]) 130 (()1: 29) i
(A (wa] & @[mn,a]) ,1 31 (0O: 30) i
Sn,m O A (wa & @[mn,a)) , 132 (O1: 2,31) i
( stnnm O [a (wa] & B[mn,a]) ) P33 ()1 32) i
OnOm ( g(n,m 0O [ (wa] & @[mn,a]) ) I 34 (0O: 1,33 i

O

I 6. [

F OnOm( <sn,m O Oadb ((wfa] & @[mn,a]) & (bl & @[mn, by)
O a=0b)) [



n, m , 11 (Pren i

<[n, m 12 (Prem i
( <stn,m O wn & wm) , ! 3 (0OE C3.5) i
<n,m O wn] & wn A4 (OE 3) i
wn & wm ' 5 (0O0E 2,4) i
a,b , ! 6 (Prem i
(ofa] & @[mn,a]) & (wWb] & B[mn, b])
17 (Prem i
(wa] & @[mn,a]) I8 (& 7) i
(wb] & @[mn, b]) 19 (& 7) i
wa & @[mn, a] , 110 (OE 8) i
wiaj 111 (&E 10) i
wb] & @[mn, b] 1012 (OE 9) i
wf b] 1 13 (&E 12) i
wal & b 114 (& 11,13)
wal & <[n,mM & @[mn, a] , 115 (OE 2,10) i

( wal & <[n,nM & BO[mn, a]
0 DACB (N[n, A & NimB & AOB& N[a (B\ A]) )
1 16 (OE: P4) i

wa & <[n,mM & @[mn, a]
O DAB (M[n, Al & N.\imB &A 0OB& N[a (B\ A])
117 (()E 16) i

ACB (N[n, Al & NimB] & A OB & T.[a, (B\ A])
! 18 (OE 15,17)

B (N[N A & NU[mB &ADB& N[a (B\ A])
)1 19 (CE 18) i

(MN[n, Al & N.[mB] & A0OB& IN[a (B\ A])
, 120 (= 19) [

TMin, Al & .imB] & A0 B & T.[a,(B\ A)]
121 (()E 20) i

Tin, Al & N.imB] & AOB 122 (& 21) i



Tra, (B \ Al 1 23 (& 21) i
wa & wb] & N[a, (B\ A] 124 (&l: 14, 23) i
wn & wn & Wb & @[mn, b] , 125 (&l: 5,12) i

wn &wm & wbl & N[N, A & N.imB] & A OB
& @[mn, b]
126 (&l: 22,25) i

(0N & WM & Wb & N[N, Al & .imB] & AOB
& @[ m n, b]
O N[b,(B\ A1)
127 (OE P2) i

wn & oM & Wbl & N[n,Al & N.fimB] & AU B
& @[mn, b]
O 9.[b,(B\ A]
128 (OE 27) i

MNib, (B\ A)] 1 29 (OE 26,28) |

wa & wb] & N[a,(B\ A] & N[b,(B\ A)]
,1 30 (&: 24,29) i

( wa & wb] & Nja,(B\ A] & N[b,(B\ A] O a=>b)
.1 31 (OE 1V2.10)

wa & wbl & N[a,(B\ A] & N[b,(B\ A] O a=>b
,1 32 (OE 31) i

az=>b ,! 33 (OE 30,32) |

(wfa] & @[mn,a]) & (wfb] & @[mn,b]) O a=>b
! 34 (O1: 7,33)

((ofa] & @[mn,a]) & (wb] & @mn,b]) U a = b)
135 (()I: 34) i

Oaldb ((wfa] & @[mn,a]) & (bl & @mn,b]) O a = b)
,! 36 (O: 6,35) i

s[n, m
O Oalb ((wa] & @[mn,a]) & (wb] & @[mn,b]) O a =h)
137 (O1: 2,36)

( <(n,m
O Oalb ((wa] & @mn,a]) & (bl & @mn,b]) O a =Dhb) )
138 ((O)I: 37) i

OnOm ( £(n,m 0O Oalb ((wfa] & @[mn,a]) & (wb] & @[mn, b])
O a=0>b))
I 39 (O: 1,38) i



I_

8.
OnOm ( <(n,m O wf(mn)] )
n, m
s[n, m
(0 (mn)] & B[mn, (mn)])
W (mn)] & B[mn, (mn)]
ol (M n)]

stn,m O w(mn)]

( stn,m O «of(mn)] )

OnOm ( <(n,m O o (mn)] )

0

F OnOnOk ( (mn) = k O k] )

9.

n, mk
(mn) =Kk
s[n, m
( stnnm 0O wi(mn)] )
stn,m 0O o« (mn)]
W (M n)]
ol K]
(mn) =k O wk]

( (mn) =k 0O wk] )

OnOmidk ( (mn) = k O k] )

0

10.

; (m-n) ; <nmMm ; (a] & @[mn,a])
i!

(TD. P&, P7)

1 (Pren
2 (Pren

3 (TI: P7,2)
4 (OE 3)
5 (&€ 4)

6 (O1: 2,5)
7 (()1: 6)

8 (O: 1,7)

1 (Prem

2 (Prem

3 (TE: P7,2)
4 (OE: P8)
S (OE 4)
6 (OE 3,5)
7 (=E: 2, 6)
8 (O1: 2,7)
9 ((O)1: 8)

10 (O1: 1,9)



F OnOm( gin,m O ©[mn,(mn)] ) i

n, m 11 (Prem i
<[n, 1 2 (Prem i
(W (mn)] & &[mn, (mn)]) 13 (Tl P7,2) i
W (mn)] & @[mn, (mn)] 14 (0O 3) i
G[mn, (mn)] 15 (& 4) i

<n,m O &[mn, (mn)] 16 (01 2,5) i
( <nm O O[mn,(mn)] ) L7 ()1 6) i

OnOm ( <(n,m O S[mn, (mn)] ) 1 8 (Ol: 1,7) i

O

111, i

F OnOniOk ( (k] & n,m & @mn, k] O k = (mn) ) i

n, mk 11 (Prem i
W k] & <[n,n & @[mn, K] 12 (Pren i
of K] 13 (& 2) i
<[n,mM 14 (& 2) i
=[m n, K] 15 (& 2) i
W k] & @[m n, K] ,1 6 (&: 3,5 i
(k] & ©[mn, k]) L7 ()1 6) i
(W (mn)] & @[mn,(mn)]) , 1 8 (TI: P7,4) i
(k] & @[mn,k]) & (of(mn)] & @[mn,(mn)])

19 (&l: 7,8) i
( s[n,m
O Oalb ((wa] & @mn,a]l) & (wb] & @mn,b]) O a =Db) )
,! 10 (OE P6) i
<[n, m
O Oalb ((wa] & @mn,a]l) & (wb] & @mn,b]) O a = b)
111 (OE 10) i

Oalb ((wfa] & @mn,a]) & (wb] & @mn,b]) O a = b)
112 (OE 4, 11) i

((0fk] & B[mn,K]) & (W(mn)] & @[(mn, (mn)])
O k = (mn))



, 113 (OE 12

(mn): P7,4)
(k] & @[mn,k]) & (&f(mn)] & S[mn,(mn)]) O k =
114 (OE 13)
k = (mn) , 115 (OE 9, 14)
WKl &<[nMm & @mn, k]l O k= (mn) ,! 16 (OI: 2,15)
( Wkl &<[nm & @mn, k] O k = (mn) )
U017 ()1 16)
OnOmidk (k] & g(n,m & @ mn, k] O k = (mn) )
18 (O1: 1,17)
a
I 12.

F OnOniOk ( (k] & n,m & @mn, k] O (mn) = k)
n, mk ,1' 1 (Prem
W k] & <[n,nM & @[mn, K] , 1 2 (Pren)

( Wkl &<fnm & @[mn,k] O k = (mn) )

1 3 (OB P11)

wkl] & ffn,m & @[mn, k] O k =(mn),! 4 (()E 3)

k = (mn) , ' 5 (0OE 2,4)
k = k 16 (=1)
(mn) =Kk , ' 7 (=E 5, 6)
WKl &<nym & @mn, k] O (mn) =k ,! 8 (0OI: 2,7)
( k] & gn,MmM & @[mn, k] O (mn) = k)
19 ((O)1: 8)
OnOmidk (k] & <g(n,m & @mn, k] O (mn) =k )
10 (O1: 1,9)

0
I 13.

F OnOnDAOB ( win] & wim & T[n, Al & NimB & AOB
O TN[(mn),(B\ A] )

n,mA, B 1" 1 (Prem

wn & wn & N[n, A & N.fimB] & AOB
, 12 (Pren)

(mn)
i



wn & wmnM & N[n,Al & N.imB] & A OB O

( wn & oM & N[N, A & N.imB & A 0OBIUO <[n,n )

1 3 (OE C3.9)
wn &owm & N[N, Al & .\fmB] & AOBUO g[nmM

14 (0O 3)
<[n, m ! 5 (0OE 2, 4)
(0 (mn)] & ©[mn,(mn)]) 16 (TI: P7,5)
w(mn)] & @[mn,(mn)] A7 ((O)E 6)
«f (mn)] ! 8 (& 7)
S[mn, (mn)] 19 (& 7)

wn &M &w(mn)] & Nin, Al & N.\fimB] & A B
110 (&l: 2,8)

wn &wn & o(mn)] & N[n, Al & I.imB] & AOB
& @[mn, (mn)]
011 (& 9,10)

(0n &wmM & w(mn)] & NL[n,Al & l.imB] & AOB
& @[mn, (mn)]
O N[(mn),(B\ A1 )
112 (OE P2
(mn): P7,5)

wnl & oM & o(mn)] & NL[n, Al & I.imB] & A0 B
& O[mn, (mn)]
O Tf(mn),(B\ A]

1 13 (()E 12)

Ni(mn), (B A ! 14 (OE 11,13)

015 (O1: 2, 14)

( on & wn & Nn A & N[mB &A OB

O N(mn),(B\ A ) | 16 (()1: 15)

OnOnJADB ( o[n] & wm & T[n, Al & T.imB] & AOB

0

F OnOnOkOACB ( win] & oM & wik] & 9[n, Al & T.[imB] & A OB

0 Tp(mn), (B\ A )
I 17 (OI: 1, 16)

14.

& N[k, (B\ A)]

Np(mn), (B Al



Ok =(mn)) i
n,mk, A B 11 (Prem i

wn & oM & okl & N[n,Al & N.imB] & A 0O B
& N[k, (B\ A)]

, 12 (Prenm i
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