I CHAPTER 6
BASI C LAWS OF SUBTRACTI ON;j

I This chapter establishes nost of the basic | aws of subtraction.
It has the foll ow ng organization:

P1-P2: Substitution of equals for equals

P3-P4: Fundanental Laws of Subtraction, which show that
subtraction is the inverse of addition

P5-17: Sinpl e consequences of the Fundanental Laws

P18- P24: Nunerical subtractions, up to (4 - 2) =2

P25- P32: Subtractions and O

P33-P34: Subtractions and (n-n)

P35-P37: O her equalities with 2 variabl es

P38-P63: Equalities with 3 variables

P64-P71: Equalities with 4 variables

P72-P73: Cancellation Laws of Subtraction

P74: Inequality with 2 variabl es

P75-P87: Inequalities with 3 vari abl es

P88: Inequality with 4 variabl es

P89- P93: Further equalities, whose proofs rely on propositions
P74- P88

P94-P99: Strict inequalities

No proof is over 50 lines, and only the Fundanental Law P3 has a
proof |onger than 40 |ines. i

I P1-P2 substitute equals for equals in a subtraction term i

F OnOnidk ( g(n,m &n =k O (m-n) = (m- k) ) i

n, mk 11 (Prem i
n,m &n =k 1 2 (Prem i
<[n, m 13 (& 2) i
n =Kk 14 (& 2) i
(m-n) =(m- n) 105 (=l

(m- n)y: C.7,3 i

(m- n) (m- k) , 1 6 (=E 4,5) i

(m- k) U7 (01 2,6) i

SnmM &n =k 0O (m- n)
( Stn,m &n =k 0O (m-n =(m- k) ),!" 8 (0O)I: 7 i

OnOmidk ( gfn,m &n =k 0O (m-n) =(m- k) )
9 (0Or: 1,8) i

O
I 2. i
F OnOnidk ( g(n,m &m=k O (m-n) = (k- n) ) i
n, mk 11 (Prem i
<n,mM & m= K , 12 (Prem i



<[n, M 13 (& 2) i

m = k 14 (& 2) i
(m-n) =(m- n) ' 5 (=I;

(m- n): C5.7,3) i

(m-n) =(k - n) , 1 6 (=E 4,5) i

SInmM &m=k 0O (m-n) = (k - n) U7 (01 2,6) i

( Stn,m &m=k O (m-n) =(k-n ), 8(0O)I: 7 i

OnOmidk ( gfn,m &m=k O (m- n) =(k - n) )
9 (O 1,8) i

0

I P3-P4 are the Fundanmental Laws of Subtraction. i

I 3. Al subsequent propositions in this chapter rely on P3 and,
except for appeals to C5.7 and C5.8, do not use chapter 5. i

F OnOm( stn,m O ((m-n) +n) =m) i

n, m 11 (Prem i
<[n, m 12 (Prem i
( <tn,m O «f(mn)] ) ! 3 (0B C5.8) i
<(n,m O w(mn)] A4 (OB 3) i
W (mn)] !5 (0B 2,4) i
( stnm 0O wn &awnm ) ! 6 (DB G.5) i
<n,m 0O wn] & wn L7 (()E 6) i
Wn & wmn 1 8 (OE 2,7) i
] 19 (& 8) i
W m 1 10 (&E: 8) i
W (mn)] & wn ! 11 (& 5,9) i
(w(mn)] &awn O o((mn)+n); ) ,! 12 (OE Cl.8;

(mn): C5.7,2) i
W (mn)] & wn O «f((mn)+n)] 13 (OE 12) i
W ((mn) +n) ] 14 (DOE 11,13)
W ((mn)+n)] & wfm 115 (& 10,14)

( <[n,m



O OAB (M[n, Al & I.imB & AOB& N[(mn),(B\ A]) )
,! 16 (OE: C5.15)
s[n, M
O CAB (M[n, Al & N.imB & AOB& N[(mn),(B\ AI)
117 (()E 16) i

CAB (M[n,Al & N.imB] & AOB& N[(mn),(B\ A1)
1 18 (OE 2,17)

B (N[N, Al & N.fmB & AOB& TN[(mn),(B\ A])
1 19 (CE: 18) i

(MNIn, Al & N.[imB] & A0OB&TN[(mn),(B\ A])

, 120 (CE 19) i
TMUWin, Al & I.mB] & A0OB& N[(mn),(B\ A]

121 (()E 20) i
NN, Al 122 (&E: 21) i
T.[ m B] . 23 (& 21) i
AOB 124 (&E 21) i
Ti(mn),(B\ A] , 1 25 (& 21) i
w(mn)] & wn & ML(mn),(B\ A] ,1 26 (& : 11,25)

o(mn] & wn & N[(mn),(B\ A] & .[n, A
V127 (&l 22,26)

((B\V A n A =90 , 1 28 (OE 117.81)

w(mn)] & wn & Ni(mn),(B\ A] & N[n, A
& ((B\ A nA =90
129 (&: 27, 28) i

(w(mn)] & wn & N[(mn), (BN A & I[n, A
&((B\ A nA =g¢
O Ni((mn)+n),((B\ A O A] )

,! 30 (OE Cl.16;
(mn): C5.7,2) i

o(mn)] & wn & Ni(mn),(B\ A] & N[n, A
& ((B\ A nA =90
O Mr((mn)+n), ((B\ A 0O A)]
1 31 (OE 30) i

NI((mn)+n), ((B\ A O A] ,1 32 (OE 29,31)

W ((mn)+n)] & wm & NU{((mn)+n), ((B\ A U A)]
1 33 (&: 15,32)



W ((mn)+n)] & oM & T[((mn)+n), ((B\ A 0OA] & N.[m B
1 34 (& 23,33)

(AOBDO ((B\ A OA =B) ,! 35 (OE: 117.65) j
AOBO ((B\ A OA =8B ,! 36 (()E: 35) i
((B\ A OA =B , 1 37 (OE 24,36) |
( ((B\VA OA =BO0 ((B\ A OA ~B)

;! 38 (OE: 11113.2)
((B\A OA =B0O ((B\ A OA ~B

! 39 (()E 38) i
((B\' A OA ~B , ! 40 (OE 37,39) i

of((mn)+n)] & oM & N{((mn)+n),((B\ A O A] & N[m B
&((B\ A OA ~B
141 (&l 34,40)

(W((mn)+n)] & om & NU[((mn)+n), ((B\ A O A]
& N.\imB & ((B\ A OA ~B
O ((mn)+n) = m)
142 (OE V4.7,
((mn)+n): Cl.7,11) j

W ((mn)+n)] & om & N((mn)+n), ((B\ A 0O A] & TL.[m B
& ((B\ A OA ~B
O ((mn)+n) = m

143 (OE 42 i
((mn)+n) = m ! 44 (OE 41,43) |
n,m O ((m-n) +n) =m 1045 (0O1: 2,44) i
( stnnm O ((m- n) +n) =m) 146 (()1: 45) i
OnOm ( <fn,m O ((m-n) +n) =m) | 47 (O1: 1, 46) i
0
I 4. P4 is the commutation of P3. i
FOnOm( sfn,m O (n+ (m- n)) =m) i
n, m 11 (Prem i
<[n, m 12 (Prem i
( stn,m O ((m- n) +n) =m) ! 3 (OE: P3) i
ssn,m O ((m- n) +n) =m 4 (OB 3) i

((m- n) +n) =m I 5 (0OE 2,4) i



( (m-mn) +n) =md (n+ (m-n)) =m)
, ! 6 (IE C2.6;
(m- n): C5.7,2) i

(m-n) +n) =md (n+ (m- n)) =m

L7 (OB 6) i

(n+(m- n)) =m ! 8 (OE 5,7) i
<sn,m O (n+ (m-n)) =m 19 (0O1: 2,8) i
( <tn,m O (n+ (m-n)) =m) 110 ()1 9) i
OnOm ( <(n,m O (n + (m- n)) =m) | 11 (O: 1,10)

0

I P5 through P14 express the connection between a sinple addition
and a sinple subtraction equation. i

I 5. i

F OnOnik ( (m- n) =k O (n +k) =m) i

n, mk 11 (Prem i
(m- n) =k 12 (Prem i
<[n, m ! 3(TE C5.7,2)
( sth,m O (n+(m- n)) =m) 14 (OB P4) i
( stn,m 0O (n + k) =m) 15 (=B 2,4) i
<sn,m O (n+k) =m 1 6 (()E 5) i
(n+k) =m 1 7 (OE 3,6) i

(m-n) =k 0O (n+k) =m L8 (Ol 2,7) i

( (m-n) =kd(n+k) =m) 9 (01 8) i

OnOnik ( (m-n) =k O (n+ k) =m) | 10 (O1: 1,9) i
O
I 6. i

F OnOnidk ( (m-n) =k O (k +n) =m) i
n, mk 11 (Prem i
(m-n) =k 12 (Prem i

((m-n) =k O (n+k) =m) , 1 3 (LOE P5) i



(m-n) =k0O (n+Kk) =m 14 (O)E 3)

(n +k) =m I 5 (0OE 2,4)
((n+k) =m0 (k+n) =m) 1 6 (OE C2.6)
(n+k) =m0 (k +n) =m 17 (O)E 6)
(k +n) =m ! 8 (OE 5,7)
(m-n) =k O (k+n)=m 19 (0O1: 2,8)
((m-n) =k0O(k+mn =m) 110 (O 9)
OnOnidk ( (m- n) =k O (k +n) =m) I 11 (0O 1, 10)
0
17,
F OnOnidk ( (n + k) =m0O (m- n) =k )
n, m k 11 (Prem
(n +Kk) =m 12 (Prem
[k (n + k) =m 13(0: 2)
(k (n+k) =m0 <n, ) ! 4 (OE: C3.17)
[k (n + k) = mO <[n,n 5 (()E 4)
<[n, m ! 6 (OE 3,5)
( stn,m O (n+ (m-n)) =m) 17 (OB P4)
sn,m O (n+(m-n)) =m 8 (OB 7)
(n + (m-n)) =m 1 9 (OE 6,8)
(n+(m- n)) = (n + k) 110 (=E: 2,9)

( (n+(m-n)) =(n+k) O (m-n) =k)
111 (OE Q2.63;
(mn): C5.7,6)

(n+(m-n)) =(n+k) O (m-n) =Kk

112 ((OE 11)
(m-n) =k ,!1 13 (OE 10,12)
(n+ k) =md (m- n) =Kk 114 (O1: 2,13)

((n+k) =m0 (m-n) =k) 015 ()1 14)



OnOnik ( (n +k) =mO (m- n) =k) 1 16 (O1: 1,15)
O
I 8.

F OnOnidk ( (kK + n) = m0O (m-n) =k )

n, m k 11 (Prem
(k +n =m 1 2 (Prem
((k+n =m0 (n+k) =m) 1 3 (OE C2.6)
(k +n) =mO (n+k) =m 4 (OE 3)
(n +Kk) =m 1 5 (OE 2,4)
((n+k) =m0 (m-n) =k) ! 6 (OE: P7)
(n+k)y =md (m- n) =Kk 7 (OE 6)
(m- n) =k ! 8 (OE 5,7)
(k +n =mOd (m- n) =k 19 (0O1: 2,8)
((k+n =m0bO (m-n) =k) 10 (O 9)
OnOnidk ( (k +n) =mO (m- n) =k ) I 11 (O 1, 10)
O
19,
F OnOnidk ( (M- n) =k = (n+k) =m)
n, m k 11 (Prem
((m-n) =k 0O (n+k) =m) 1 2 (OE P5)
(m-n) =k O (n+k)=m L3 (0B 2)
((n+k) =m0O (m-n) =k) ! 4 (OE: P7)
(n+k)y =m0O (m-n) =k 5 (OB 4)
(M- n =k « (n+k) =m 16 (=1: 3,5)
((m-n) =k = (n+k) =m) A7 ()1 6)
OnOnik ( (m-n) =k « (n+k) =m) 1 g (O: 1,7)

0

I 10.



F OnOnridk ( (m- n) =k « (k+n) =m)

n, mk

—~
—~
3
1
=]
~

1

kO (k+n) =m)
(m-n) =k O (k+n) =m

( (k+n =md (m-n) =k)
(k+n) =md (m- n) =k
(m-n) =k = (k+n) =m

( (m-n =k < (k+n) =m)
OnOnk ( (m-n) =k < (k +n) =m)
O

11,

F OnOnidk ( k = (m- n) O m=(n + k) )

n, mk
k = (m- n)
k = k
(m- n) =Kk
((m-n) =k 0O (n+ k) =m)
(m-n) =k O (n+ k) =m

(n + k) =m
m=m
m= (n + k)
k=(m-n O m=(n + k)
(k=(m-n 0 m=(n+k))
OnOnik (( k = (m-n) O m=(n + k) )
O
1 12.
F OnOnidk ( k = (m- n) O m=(k +n) )
n, m k
k = (m- n)

1 (Prem

2 (OE: P6)
3 (OE 2
4 (OE: P8)
5(0OE 4
6 (=1: 3,5)
7 (01 8)
8 (O1: 1,7)
1 (Pren

2 (Prem

3 (=1)

4 (=E 2,3)
5 (OE: P5)
6 (OE 5)
7 (OE 4,6)
8 (=)

9 (=E 7,8)
10 (O1: 2,9)
11 (()1: 10)

12 (O: 1,11)

1
2

(Prenm
(Pren



OnOnidk ( k = (m -

0

F OnOnidk ( m=(n +k) O k=(m-n))

OnOmidk ( m=(n + k) O k =(m-

0

F OnOnik ( m=(k +n) O k =(m- n) )

(m- n) =Kk
( (m-n) =
(m-n) =k
(k +n) =m
m=m

m= (k + n)
k = (m- n) O

( k=(m- n)

13.

n, m kK
m=(n + k)
m=m
(n + k) =m

((n+k =

(n + k) =m

(n + k) O

( m=(n+ k)

14.

n, mk

m= (k + n)

k O (k+n) =m)

O (k+n =m

m= (k + n)
O m=(k +n) )

n) O m=(k +n) )

m@O (m- n) = k)
O (m- n) =K
k = (m- n)

O k=(m-n) )

n) )

3 (=1)

4 (=E: 2,3)
5 (OE: P6)
6 (OE 5)

7 (OE 4,6)
8 (=1)

9 (=E: 7, 8)
10 (O1: 2,9)
11 (()1: 10)
12 (0O1: 1,11)
1 (Prem

2 (Prem

3 (=)

4 (=E 2,3)
5 (OE: P7)
6 (OE 5)

7 (OE 4,6)
8 (=I)

9 (=E: 7,8)
10 (O1: 2,9)
11 (()1: 10)
12 (0O1: 1,11)
1 (Prem

2 (Prem



m= m 03 (=) i
(k + n) =m 4 (=E 2,3) i
((k+n =m0 (m-n) =k) ,! 5 (OE P8) i
(k +n) =m0 (m- n) =k 1 6 ((OE 5) i
(m- n) =k 1 7 (OE 4,6) i

k = k 18 (=) i

k = (m- n) 1 9 (=E 7,8) i
m=(k +n) O k= (m- n) 110 (O1: 2,9) i
(m=(k+n 0Ok=(m-n)) 111 ()1 10) i
OnOntk ( m=(k +n) O k =(m- n)) I 12 (0O 1,11) i

0

I 15. P15 shows that one can switch the differencing nunber and
the result in a subtraction equation. i

F OnOnrik ( (m-n) =k O (m- k) =n) i

n, mk , ! 1 (Prem i
(m- n) =k 12 (Prem i
((m-n =k0O (n+k =m) 1 3 (OE P5) i
(m-n) =k0O(n+k =m !4 (OB 3) i
(n + k) =m 1 5 (OE 2,4) i
( (n+k)y =m0 (m- k) =n) ,! 6 (0E P8) i
(n+k)y =m0 (m- k) =n 7 (OB 6) i
(m- k) =n ! 8 (OE 5,7) i

(m-n =k 0O (m- k) =n 1 9 (O1: 2,8) i

( (m-n =kd (m-k) =n) 110 (012 9) i

OnOnidk ( (m-n) =k O (m- k) =n) I 11 (O1: 1,10) i

0

I P16 and P17 are corollaries of P15. P16 uses the techni que of
concl uding an inequality based on C5.7 and the appearance of a
particul ar subtraction term which will be repeated in the proofs
of P74 through P39.

P16 is here (out-of-place) because it is used in the proof of
P17. i



I 16.

F OnOnidk ( (m- n) =k O <k, m )

n, mk 1 1 (Prem
(m- n) =k 1 2 (Prem
((m-mn) =k O (m- k) =n) | 3 (OE P15)
(m-n) =k0O (m- k) =n 4 (OB 3)
(m- k) =n 15 (OE 2,4)
<[k, 1 6 (TE C5.7,5)

(m- n) =k O <[k, n L7 (01 2,6)

( (m- n) =k O sk, m ) 8 (01 7)

OnOnidk ( (m- n) = k O <(k,n ) I 9 (Ol: 1,8)
O
1 17,

F OnOndk ( (m-n) =k &=-k=00 -m=20)

n, mk 11 (Prem
(m-n) =k &=k =0 , 12 (Prem
(m-n) =k '3 (& 2)
-k =0 | 4 (&E 2)

( (m-n =k 0O <k, m ) .1 5 (OE: P16)
(m- n) =k O gk, m ,1' 6 (()E 5)
<[k, m 1 7 (OE 3,6)
<k,m & -k =0 18 (&: 4,7)
( Sfk,m &-k=00 =m=0) .1 9 (OE: C3.26)
<k, &-k =00 = m=0 110 (OE 9)
- m=0 )1 11 (OE 8,10)
(m-n =k &-k=00 -m=20 1012 (O1: 2,11)
((m-n =k &=-k=00 -m=20) I 13 ()1 12)

OnOmdk ( (m- n) =k &=k =00 = m=20)
14 (0d: 1,13)



0

I P18 through P24 are nunerical subtractions, whose proofs rely
of course on their additive (or, for two equalities, their
subtraction) counterparts. i

I 18. i
F((0o-0 =0 i
((0+0) =00 (0-20) =0) 11 (OE P7) i
(0+0) =00 (0-0) =0 1 2 (OE 1) i
(0-0 =0 ! 3 (0E C2.65,2) i
O

I 19. i
F(2-1) =1 i
((1+1) =20 (2-1) =1) 11 (OB P7) i
(1+1) =20 (2-1) =1 12 (OB 1) i
(2-1) =1 ! 3 (0E C2.69,2) i
O

1 20. i
F(3-1) =2 i
((2+1) =30 (3-1) =2) 1 1 (OE: P8) i
(2+1) =30 (3-1) =2 1 2 (OE 1) i
(3-1) =2 | 3 (0OE Q.70,2) j
O

1 21, i
F((3-2 =1 i
((3-1) =20(3-2) =1) ! 1 (OE: P15) i
(3-1) =20 (3-2) =1 1 2 (OE 1) i
(3-2) =1 ! 3 (0E P20,2) i
O

I 22. i



F(4-1 =3

((3+1) =4
(3+1) =40
(4-1) =3
0

I 23,

F(4-3) =1

((4-1) =3
(4-1) =30
(4-3) =1
O

1 24,

F(4-2) =2

((2+2) =4
(2+2) =40
(4 -2) =2
O

U

(4 -

(4- 1)

O

(4 -

(4 - 3)

O

(4 -

(4 - 2)

1)

3)

2)

3)

1)

2)

H

N

N

w

N

(OE: P8)

(OE 1

(0E C2.72,2) i

(OE: P15)

(OE 1)

(OE P22, 2)

(OE: P7)

(OE 1)

(OE C2.74,2) |

I 25. The result of subtracting O is the original nunber.

FOn( wn O (n-20) =n)

n

W n]

(np O (n+0) =n)

wn O (n+0) =n

(n+0) =
( (n +0)
(n+0) =

(n-0) =

n

nO (n- 0)

2

3

4

o

(0]

11 (Prem

(Prem

(OE C2.32)
(OE 3)
(0E 2,4)
(OE: P8)
(OE 6)
(0E 5,7)

(O1: 2,8)



( wn O (n-0) =n)
n ( wn O (n-0) =n)
O

110 (O1: 9)

I 11 (O 1,10)

I 26. Subtracting a nunber fromitself yields O.

FOn( wn O (n-n) =0)

(n-n =0

wn O (n-n) =0
(wn O (n-n) =0)
On ( wnp O (n-n) =0)
O

I 27. P27 is a corollary of P26.

FOnOm( n=m&awn O (n-mnm =0)

n, m
n=m=~& wnj
n=m
wf n]

(wn O (n-n) =0)
wn O (n-n) =0
(n-n =0

(n-m=0
n=mé&awn O (n-m =0

, 11 (Prem
, 12 (Prem

w

(OE C2.25)
4 (0OE 3)
1 5 (OE 2.4)
! 6 (OE P15)
L7 (OB 6)
! 8 (OE 5,7)
19 (0O1: 2,8)
110 ()1 9)

| 11 (O 1,10)

, 11 (Prem

(Prem
(& 2)

N

w

14 (&E 2)

1 5 (OE: P26)

(0]

(OE 3)

1 7 (OE 4,6)

oo

(=E: 3,7)

19 (O1: 2,8)



(n=m&wn O (n -

m

OnOm( n =mé& wn O (n -

0

m =0)

110 ()1 9)

I 11 (O 1,10)

I 28. Only 0 can result froma subtraction fromO

FOnOm(n=(0-mM On=0)

n, m
n=(0-m
<[m 0]

( £fmO0] O m=0)

<ImMmO] O m=20

m=0

n=(0- 0

n=2=~0
n=(0-mM1DdOn=20

(n=(0-mM 0On=0)

OnOm( n=(0-mM O n=20)

0

I 29. Only 0 does not change a nunber upon

F OnOm( (m- n) =mO n=20)

mn

(m- n =m

((m-n) =mQ0d (mMm+n) =m)

(m- n)
(m+n) =m

((m+n) =m0

>
I

I
o

(m+n) =m0 n

mO (m+n) =m

0)

N

I

\l

, 1 8

19

(Prem
(Prem
(TE C5.7,2)

(OE: C3.25)
(OE 4)
(OE 3,5)
(=E: 2, 6)
(=E P18)

(or: 2,8)

110 ()1 9)

I 11 (Ol 1,10)

subtracti on.

, 18

19

(Prem
(Prem

(OE: P6)
(OE 3)
(0E 2,4)
(OE C2.38)
(OE 6)
(0E 5,7)

(g1: 2,8)

110 ()1 9)



OnOm( (m- n) =md n=20) 11 (O 1,10)
O
I 30. P30 is a corollary of P25.

FOnOm( n=(m-0) O n=m)

n, m 1 1 (Pren
n=(m- 0) 1 2 (Prem
<0, ! 3 (TE C5,7,2)
( <0,m O wm) ! 4 (0E: C3.7)
<(0,m O wm 5 (OE 4)
ol ! 6 (OE: 3,5)
(wm O (m- 0) =m) 1 7 (OE: P25)
wm O (m-0) =m 8 (OE 7)
(m- 0) = m ! 9 (OE 6,8)
n=m 110 (=E 2,9)
n=(m-0) 0n=m 111 (O1: 2,10)
(n=(m-0) 0 n=m) 12 ()1 11)
OnOm ( n = (m- 0) O n=m) | 13 (Ol: 1,12)

0

I P31 and P32 establish that when a subtraction result is O,
nunber subtracted nust equal the original nunber.

I 31.

F OnOm( (m-n) =00 n=m)

n, m 1 1 (Pren
(m-n) =0 1 2 (Pren
((m-n) =00 (n+0) =m) 1 3 (DOE: P5)
(m-n =00 (n+0) =m 4 (OB 3)
(n+0) =m 1 5 (OE 2,4)
((n+0) =m0 n=m) 1 6 (DE: C2.34)

(n+0 =m0 n=m 17 (0O)E 6)



n=m

(m-n) =00 n=m

((m-n) =00 n=m)
OnOm ( (m-n) =00 n=m)
O
I 32.

FOnOm( (m-n =00 m=n)

n,

3
2

I
o
]
>

I
3

n=m
n=n
m=n

(m-n) =00 m=n

(m-n) =00 m=n)

nOm( (m- n) =00 m=n)

0

I P33 and P34 are conmutative pernutations.

I 33.

FOnOm( wn & wm O (m+ (n-n)) =m)

n,

m

wnl & wn

wf n]

Wi n

(m O (m+0) =m)
wnm O (m+0) =m

(m+ 0) =m

8 (OE 5,7)
9 (OI: 2,8)
10 (()1: 9)

11 (O 1, 10)

[EEN

(Prem
(Prem
(OE P31)

N

w

4 (()E 3)

ol

(OE 2,4)

(=1)
(=E: 5, 6)

N O

8 (O1: 2,7)

9 (()I: 8)

10 (O: 1,9)

[EEN

(Prem
(Prem

(&E: 2)

N

w

4 (&E: 2)

ol

(OE: C2.32)
6 (O)E 5)

7 (OE 4,6)



( on O (n-n) =0)
wn O (n-n) =0
(n-n) =0
(m+ (n-n)) =m
wn & wm O (m+ (n-n)) =m
( Wn &owm O (m+ (n-n)) =m)
OnOm ( «fn] & wm O (m+ (n-n)) =m)
O
I 34.
F OnOm ( wn] & om O ((n-n) +m =m)
n, m
wnl & wn
wl nj
@ m
(wmd (0+m =m)
wnm O (0+n =m
(0 +n =m
( on O (n-n) =0)
wn O (n-n) =0
(n-n) =0
((n-n) +mM =m
wn &wm O ((n-n) +m =m
(wn &awm O ((n-n) +mM =m)
OnOm ( «fn] & wm O ((n-n) +m =m)
O

I P35 and P36 are conmutative pernuations.

I 35.

FOnOm( win &wm O ((n+m) - M =n)

8 (OE: P26)

9 (OE 8)

10 (OE 3,9)
11 (=E: 7, 10)
12 (O1: 2,11)
13 (()1: 12)

14 (0O1: 1,13)

[ERN

(Premnm
(Prem

(& 2)

N

w

N

(& 2)

ol

(OE: C2.33)

(o2}

(OE 5)

7 (OE 4,6)
8 (OE: P26)
9 (OE 8)

10 (OE 3,9)
11 (=E: 7, 10)
12 (O1: 2,11)
13 (()1: 12)

14 (O 1,13)



n, m 11 (Prem

wn & wm 12 (Prem
(n+mM = (n+tm 3 (=l
(n+m: CL.7,2)

((n+m = (n+tm O ((n+tmM - M =n)
! 4 (OE P8;
(ntm: Cl.7,2)

(n+m =(ntm O ((n*+m - m =n I 5 (OE 4)

((n+mM - mM =n ,! 6 (OE 3,5)
Wn &awm O ((n+m -m =n 17 (01 2,6)
(wn &wmO ((n+m -m =n) 1 8():7)

OnOm (- win] & «ofm O ((n+m) - m) =n) 19 (O 1,8)
O
I 36.

FOnOm( on & om O ((n+mM - n) = m)

n, m 11 (Prem
wn & wm , 12 (Prem
(n+m = (n+tm 3 (=1

(n+mM: CL.7,2)

( (n+m = (ntm O ((n+tm) - n) =m)
! 4 (OE PT;
(n+tm: CL1.7,2)

(n+m = (n+tm O ((n+M - n) =m

5 (OE 4)
((n+mM - n) =m ! 6 (OE 3,5)
wn &wm O ((ntm - n) =m 7 (dl: 2,6)
(on &owm O ((ntmM - n) = m) 8 (01 7)
Onm ( win] & wim O ((ntm) - n) = m) 9 (0r: 1,8)
O
I 37.
F OnOm ( sfn,m O (m- (mn)) =n)
n, m ! 1 (Pren



<[n, M , 12 (Prem i

(m- n) = (mn) 13 (=I;
(m- n): C5.7,2) i

n)
, I 4 (OE P15;
(mn): C5.7,2) i

( (m-n) =(mn) O (m- (mn))

(m-n =(m-n) 0O (m- (mn)) =n
5 (OB 4) i
(m- (mn)) =n 1 6 (OE 3,5) i
ssnm O (m- (mn)) =n 7 (01 2,6) i
( sfn,m O (m- (mn)) =n) 8 (01 7) i
OnOm ( <(n,m O (m- (mn)) =n) | 9 (Ol: 1,8) i

0

' P38 through P63 establish various permutations of subtraction
equalities innvolving three vari abl es. .

I 38. i

F OnOnik ( s(n,m & okl O ((mtk) - n) = ((mn) + k) ) i

n, m k 11 (Prem i
<(n, M & wik] 12 (Prem i
<[n, n 1 3 (& 2) i
o K] 4 (& 2) i
( <stn,m O wm ) 1 5 (OE C3.7) i
n,m 0O wm 16 (O)E 5) i
W M 1 7 (OE 3,6) i
WmM & ok 18 (&8l 4,7) i

(m+ k) = (m+ k)

(m $<) ClL.7,8) i

( stn,m O ((mn) +n) =m) 110 (OE P3) i
stn,m 0O ((mn) +n) =m 111 (O E 10) i
((mn) +n) =m 112 (OE 3,11) |
(((mn) +n) +k) = (m+ k) 113 (=E: 9,12)

( (((mn) +n) +k) = (m+ k)



O (((mn) +k) +n) = (m+ k) ) , ! 14 (OE C2.20;
(mn): C5.7,3;
(m+ k): Cl1.7,8) i

(((mn) + n) + k)

(m+ k) O (((mn) + k) +n) = (m+ k)

115 ((OE 14) i
(((mn) +k) +n) = (m+ k) ! 16 (OE 13,15) |
( stn,m 0O o(mn)] ) 117 (OE C5.8) i
stn,m 0O o (mn)] 118 ((OE 17) i
W (M n)] 119 (OE 3,18)
W (mn)] & wk] 120 (&l 4,19)
( (((mn) + k) +n) =(m+ k)

O ((m+ k) - n = ((mn) + k) )
! 21 (OE: Ps;

((mn) + k): C1.7, 20;
(m+ k): C1.7,8) i

(((mn) +k)y +n) =(m+k)y 0 ((m+k) - n) =((mn) + k)
122 (OE 21) i

((mtk) - n) = ((mn) + k) , 1 23 (OE 16,22) |

tn,m & okl O ((mk) - n) = ((mn) + k)
124 (O1: 2,23) i

( stn,m & wk] O ((mtk) - n) = ((mn) + k) )
1025 ((O)1: 24) i

OnOnik ( <(n,m & oik] O ((m+k) - n) = ((mn) + k) )
| 26 (O1: 1,25) i

I
I 39. i

F OnOnidk ( <(n, k] & o(m O ((mk) - n) = (m+ (k-n)) ) i

n, mk 11 (Prem i
<(n, k] & wm 12 (Prem i
< n, k] 3 (& 2) i
W[ m 14 (& 2) i
( stn k] & wm O ((ktm - n) = ((k-n) + m )

,' 5 (0OE P38) i

<[n, kI & wfm O ((k+m - n) = ((k-n) + m
16 (OB 3) i



((k+m - n) = ((k-n) + m
( stn, kI O okl )

<(n, k] O w[k]

o K]

W & k]

(om & okl O (mrk) = (k+m ) o

wn &kl O (mk) = (k+m
(mk) = (k+m)

((mtk) - n) = ((k-n) + m
W (k-n)] & wm

( w(k-n)] & wnm O ((k-n) +m

7 (OE: 2,6) i
8 (OE: C3.7) i
9 (OE 8) i
10 (OE 3,9) i
11 (&: 4,10) |
12 (OE C2.5) |
13 (OE 12) i

14 (OE 11,13)
15 (=E 7, 14) i

16 (TE: Cl.7,15) |

= (m+ (k-n)) )

17 (OE C2.5;

(k-n): C5.7,3) i

W (k-n] & «m O ((k-n) +m = (m+ (k-n))

(m+ (k-n))

((k-n) +m
((mtk) - n)

(m+ (k-n))

<[n, k] & om O ((mk) - n) = (m+ (k-n))

18 (OE 17) i
19 (OE 16,18)

20 (=E: 15,19) i

21 (O1: 2,20) i

( <[n k] & wm O ((mk) - n) = (m+ (k-n)) )

OnOnik ( <[n, k] & wim O ((mk) -

0

I 40.

22 ((O)1: 21) i

n) = (m+ (k-n)) )

23 (0O1: 1,22) i

F OnOnik ( <[n, k] & sn,m O ((mn) + k) = (m+ (k-n)) ) i

n, mk
<[n,k] & <[n, M
<[ n, k]
<[n, m

( sfn, kI O (k] )

1 (Prem i
2 (Prenm i
3 (& 2) i
4 (& 2) i

5 (OE C3.7) i



<[n, k] O k]

o K]

( stn,m 0O owm )
stn,m 0O wm
Wi n

<[n,K] & «w[m

( s(nkl & wm O ((mk) -

<(n, k] & ofm O ((mk) -

((mtk) - n) = (m+ (k-n))
<[n,n & k]

( stn,m & wik] O ((mkk) -

<n,m & ofk] O ((mrk) - n)

((mek) - n) = ((mn) + k)

((mn) + k) (m+ (k-n))

[N, k] & <fn,m O ((mn) + k)

1 6 ()E 5)
1 7 (OE 4,6)
! 8 (OE C3.7)
9 (OE 8)
! 10 (OE 4,9)

111 (& 3, 10)

n) = (m+ (k-n)) )

1 12 (OE P39)

n = (m+ (k-n))

113 (OE 12)
1 14 (OE 11,13)

115 (& 4,7)

n) = ((mn) +k))

1 16 (OE P38)

((mn) + k)
117 (O)E 16)

1 18 (OE 15,17)
1 19 (=E 14, 18)

(m+ (k-n))

, 120 (O1: 2,19)

( <(n, k] & <(n,m O ((mn) + k) = (m+ (k-n)) )

121 ()1 20)

OnOnidk ( <[n, k] & <n,m O ((mn) + k) = (m+ (k-n)) )

0
I 41,

F OnOnik ( win] & wm & okl O (((n+m)+k) -

n, mk
Wwn & wm & wKk]
wn & wm

[ K]

1 22 (O: 1,21)

k) = (n+m) )
11 (Prem
, 12 (Prem
, 1 3 (& 2)

4 (&E 2)



(wn &awnm O o(n+m] ) .1 5 (OE CL.8)

wn & wnm O of(n+m] ! 86 ()E 5)
W (n+m ] 17 (OE 3,6)
W (n+m] & k] 18 (& 4,7)
( of(ntm] & afk] O (((n+tm+k) - k) = (n+m )

1 9 (OE: P35;

(n+tm: CL1.7,3)

of(n+mM] & ofk] O (((n+m+k) - k) = (n+m
110 (OE 9)

(((n+m +k) - k) = (n+m ,! 11 (OE 8,10)

win &own &awkl O (((ntm+k) - k) = (n+m
12 (01 2,11)

(on & wnmM & okl O (((n+tm)+k) - k) = (n+m) )
113 ()1 12)

OnOnidk ( «In] & wim & k] O (((n+tm)+k) - k) = (n+n) )
14 (0O 1,13)

0

I 42.

F OnOnOk ( win] & olm & k] O (((n+m+k) - m) = (n+k) )

n, mk 1 1 (Pren
Wn & wn & ok 12 (Prem
wn & wm 13 (8 2)
Wl K] 14 (8 2)
Wn & k] & wm 15 (& 3,4)
(wn & okl &awm O (((ntk)+m - m = (n+k) )

! 6 (OE: P41)
wnl & okl &wn O (((ntk)+m - m =I (7n+(k())E N
(((n+k)+m) - m = (n+k) 1 8 (OE 5,7)

(wn &awnm &kl O ((n+tm)+k) = ((n+k)+m) )
19 (OB C2.19)

wn & wn & wkl O ((n+tm+k) = ((n+k)+m



((n+m +k) = ((n+k)+m
(((n+m +k) - m = (n+k)
wn & o & okl O (((n+m+k) -

(wn &wm & wkl O (((n+m)+k) -

10 (O)E 9)

11 (OE 2, 10)

112 (=E 8, 11)
m = (n+k)

113 (01 2,12)
m = (n+k) )

114 (()1: 13)

OnOnmidk (win] & (M & k] O (((ntm+k) - m = (n+k) )

0

I 43.

F OnOnik ( wn] & ofm & ofk] O (((n+m)+k) -

n, mk
wn & wn & wk]
Wi n]
Wi n
wn & wk]

wn & wn & ok

(WM &on & wkl O (((mn)+k) - n)

WM & wn & wkl O (((mn)+k) -

(((mtn) +k) - n) = (mrk)
Wm & wfn
(wmM &awn O (mn) = (n+m )
wn &awn O (mn) = (n+m
(mtn) = (n+m)
(((n+m +k) - n) = (mtk)

Wnl & wm & k] O (((n+m+k) -

(wn & wn &kl O (((n+m+k) -

15 (0O: 1, 14)

n) = (mk) )

11 (Prem
1 2 (Pren
13 (& 2)
14 (8 2)
I 5 (& 2)
1 6 (&: 3,5)

= (mtk) )
1 7 (DE: P42)

n) = (mkk)
8 (OE 7)
1 9 (OE 6,8)
110 (&l: 3,4)
| 11 (OE: C2.5)
12 (()E 11)
! 13 (OE 10,12)
I 14 (=E: 9, 13)
n) = (mkk)
115 (O1: 2, 14)
n) = (mk) )



116 (()1: 15)

OnOnOk ( «in] & o{m & okl O (((n+m)+k) - n) = (mk) )
| 17 (O1: 1, 16)

0
I 44,

F OnOnik ( w{n] & ofm & okl O ((n+m) + (k-
n, mk N
wn & wn & Wk , |
wnl & wim !
o) K] !
(wn &wm O of(n+m] ) !
Wn & wm O w(n+m] !
o (n+m ] !

Wkl & w(n+m] !

k)) = (n+m) )

1

2

3

4

(62}

6

7

8

(Prem
(Prem
(&E: 2)
(&E: 2)
(OE: C3.5)
(OE 5)
(OE 3,6)

(&: 4,7)

( k]l &w(n+tm] O ((n+m + (k-k)) = (n+m )
1 9 (OE P33;
(n+m: CL.7,3)

Wkl & w(ntm] O ((ntm + (k-k)) = (n+m

110 (OE 9)

((n+m) + (k-k)) = (n+m 111 (OE 8, 10)

Wn & wn & wkl O ((n+tm + (k-k)) = (n+m

112 (O1: 2,11)

(wn & wn &awkl O ((n+tm + (k-k)) = (n+tm) )
113 ()1 12)

OnOnik ( win] & oM & k] O ((n+n) + (k-k)) = (n+nm) )
14 (0O 1,13)

0

I 45,

F OnOnk ( win] & oim & wik] O ((k-k) + (n+m) = (n+m )

n, mk 11 (Prem

wn & nmM & wk] , 12 (Pren

wn & wm 13 (& 2)



(wn &a&nm &wkl O ((n+tm + (k-k)) = (n+m )

| 4 (OB Pa4)
wn & wm &kl O ((ntm + (k-Kk)) =| (5n+(rT())E: "
((n+m) + (k-k)) = (n+m 1 6 (OE 2,5)
W (n+m] & of (k-K)] ! 7 (TE: Cl1.7,6)
W (K-K)] 18 (& 7)

<k, K] 1 9 (TE C5.7,8)

( ((ntm + (k-k)) = (n+tm O ((k-k) + (n+tm) = (n+m) )
,1 10 (OE C2.6;
(ntm: CL.7,3;
(k-k): C5.7,9)

(n+tm O ((k-k) + (n+tm) = (n+m
111 (()E 10)

((n+m + (k-k))

((k-k) + (n+m) = (n+m , 112 (OE 6, 11)

wn &own &wkl O ((k-k) + (n+tm) = (n+m
113 (O1: 2,12)

(0n & wnm & wkl O ((k-k) + (n+m)) = (n+m) )
114 (O1: 13)

OnOnk ( ofnl & &ofm & okl O ((k-k) + (n+m)) = (n+m )
| 15 (O 1, 14)

0
I 46.

F OnOnik ( g(n,m & wk] O ((mn) + (k-k)) = (mn) )

n, mk 1 1 (Pren)
<in, M & wk] 1 2 (Pren
<[n, m 13 (&E: 2)
Wl K] 14 (&E: 2)

( sth,m O w(mn)] ) 15 (0E C5.8)
stn,m 0O o (mn)] 16 ((O)E 5)
o (mn)] 7 (OB 3,6)

Wkl & W(mn)] 1 8 (&l: 4,7)



( wkl & w(mn)] O ((mn) + (k-k)) = (mn) )
.1 9 (LE P33;
(mn): C5.7,3)

k] & of(mn)] O ((mn) + (k-k)) = (mn)
110 (OE 9)

((mn) + (k-k)) = (mn) , 111 (OE 8,10)

Sn,mM & okl O ((mn) + (k-k)) = (mn)
12 (O1: 2, 11)

( stn,m & k] O ((mn) + (k-k)) = (mn) )
113 ()1 12)

OnOmidk ( g(n,m & okl O ((mn) + (k-k)) = (mn) )
14 (0O1: 1,13)

I
I 47.

F OnOnidk ( <(n,m & wik] O ((k-k) + (mn)) = (mn) )

n, mk 11 (Prem

<[n, N & k] , 12 (Pren
<[n, m 1 3 (& 2)
( <stn,m & k] O ((mn) + (k-k)) = (mn) )

1 4 (OE P46)
n,mM & okl O ((mn) + (k-k)) = (mn)

5 (OE 4)
((mn) + (k-k)) = (mn) , ' 6 (OE 3,5)
w(mn)] & of(k-k)] ,1 7 (TE C1.7,6)
ol (k-Kk)] ,1 8 (& 7)
<K, K] 1 9 (TE: C5.7,8)

( ((mn) + (k-k)) = (mn) O ((k-k) + (mn)) = (mn) )
1 10 (OE C2.6;

(mn): C5.7,8;
(k-k): C5.7,9)

((mn) + (k-k))

(mn) O ((k-k) + (mn)) = (mn)
111 (OE 10)

((k-k) + (mn))

(m n) 1 12 (OE 6, 11)

n,m & okl O ((k-k) + (mn)) = (mn)



113 (O1: 2,12) i

( stn,m & okl O ((k-k) + (mn)) = (mn) )
014 (()1: 13) i

OnOnidk ( g[n,mM & k] O ((k-k) + (mn)) = (mn) )
15 (0O1: 1, 14) i

I
I 48, i

F OnOnik ( <(n,m & k] O ((mn) + (k+n)) = (mk) ) i

n, m k 11 (Prem i
<[n, N & K] ,1 2 (Prem i
<[n, m 1 3 (& 2) i
W K] 4 (&E 2) i
( €tn,m O ((mn) +n) =m) , ! 5 (OB P3) i
<tn,m O ((mn) +n) =m 16 ((O)E 5) i
((mn) +n) =m 17 (OE 3,6) i
Wkl & ((mn) +n) =m 8 (& 4,7) i

( Wkl & ((mn) +n) =m0 (((mn) +n) + k) = (mk) )
19 (OB C_2.3;
(mn): C5.7,3) i

Wkl & ((mn) +n) =m0 (((mn) +n) + k) = (mk)

110 (OE 9 i
(((mn) +n) + k) = (mtk) , ! 11 (OE 8,10) i
W & wk] ! 12 (TE C1.7,11)

( (((mn) +n) + k) = (mk) O (((mn) + k) +n) = (mk) )
, 113 (OE C3.23;

(mn): C5.7,3;
(mrk): Cl.7,12) i

(((mn) + n) + k)

(mk) O (((mn) + k) + n) = (mk)
114 (()E 13) i

(((mn) + k) +n)

( m+k) 115 (OE 11,14)

( (((mn) + k) +n) = (mk) O ((mn) + (k+n)) = (mtk) )
, 116 (OE C3.16;

(mn): C5.7,3;
(mtk): Cl1.7,12) i



(((mn) + k) +n) = (mk) O ((mn) + (k+tn)) = (mtk)

!
((mn) + (k+n)) = (mk) , |

Sn,m & okl O ((mn) + (k+n)) = (mtk)
!

( <[n,m & wfk] O ((mn) + (k+n)) = (mrk)

17 (()E 16)

18 (OE 15,17)

19 (O1: 2,18)

)
20 (()1: 19)

OnOmidk ( <(n,mM & okl O ((mn) + (k+n)) = (mtk) )

0

I 49,

21 (Ol: 1, 20)

F OnOnk ( <(n,m & wik] O ((mn) + (n+k)) = (mrk) )

n, mKk !

<[n,mM & wkj , !

1 (Prem

2 (Prem

( <stn,m & k] O ((mn) + (k+n)) = (mrk) )

snm & okl O ((mn) + (k+n)) = (mtk)
I

((mn) + (k+n)) = (mk) !
W (mn)] & o (k+n)] !
o[ (k+n)] !
Wkl & afn] !
( okl & wn] O (k+n) = (n+k) ) !
Wkl & wn] O (k+n) = (n+k) N
(k+n) = (n+k) !
((mn) + (nt+k)) = (mrk) !

SIn,m & k] O ((mn) + (n+k)) = (mrk)
|

( <[n,m & wfk] O ((mn) + (n+k)) = (mrk)
!

3 (OB P48)

4 (OE 3)

5 (OE 2, 4)

6 (TE: Cl.7,5)
7 (&E: 6)

8 (TE: Cl.7,7)
9 (OE C2.5)
10 (OE 9)

11 (OE 8,10)

12 (=E: 5, 11)

13 (O1: 2,12)

)
14 (()1: 13)

OnOmidk ( g(n,mM & okl O ((mn) + (ntk)) = (mtk) )

15 (O 1, 14)



0
I 50. i
F OnOnik ( <(n,m & okl O ((k+n) + (mn)) = (k+m) ) i
n, mk ! 1 (Prem i
<[n,n & k] , 12 (Prem i

( <stn,m & k] O ((mn) + (k+tn)) = (mtk) )

1 3 (OE P48) i
snm & okl O ((mn) + (k+n)) = (mtk)

14 (0B 3) i
((mn) + (k+n)) = (mk) ' 5 (0OE 2,4) i
o(mn)] & o (k+n)] , ! 6 (TE C1L.7,5) j

( ((mn) + (k+n)) = (mtk) O ((mn) + (k+n)) = (k+m )
17 (OB C2.7;
((mn) + (k+n)): Cl1.7,6)
i

((mn) + (k+n)) (mk) O ((mn) + (k+n)) = (k+m

8 (0OE 7) i
((mn) + (k+n)) = (k+m 19 (UE 5,8) i
<[n, m 110 (&E: 2) i
W (k+n)] 1 11 (&E: 6) i
W k] & wn] ! 12 (TE: Cl.7,11)

((mn)] & o (k+n)]
O ((mn) + (k+n)) = ((k+n) + (mn)) )
1 13 (OE C2.5;

(mn): C5.7,10;
(k+n): C1.7,12) i

W (mn)] & «f(k+n)] O ((mn) + (k+n)) = ((k+n) + (mn))

114 (OE 13) i
((mn) + (k+n)) = ((k+n) + (mn)) 1 15 (OE 6,14) |
((k+n) + (mn)) = (k+m 1 16 (=E 9, 15) i

s(n,m & wk] O ((k+n) + (mn)) = (k+m
117 (O1: 2,16)

( stn,m & k] O ((k+n) + (mn)) = (k+m )
118 ()1 17) i

OnOnidk ( <[n, M & wik] O ((k+n) + (mn)) = (k+m) )



I 19 (O1: 1,18)
O
I 51,
F OnOnik ( <[n,m & wik] O ((n+k) + (mn)) = (k+m) )
n, mk 11 (Prem

n,mM & wk] 12 (Prem

( <stn,m & k] O ((k+n) + (mn)) = (k+m )

! 3 (OE: P50)
stn,m & wfk] O ((k+n) + (mn)) = (k+m

4 (OE 3)
((k+n) + (mn)) = (k+m I 5 (OE 2,4)
W (k+n)] & of (mn)] ! 6 (TE Cl.7,5)
W (k+n)] 1 7 (& 6)
W k] & wfn] ! 8 (TE CL.7,7)
(k] & wn O (k+n) = (n+k) ) 1 9 (OE: C2.5)
Wkl & wn] O (k+n) = (n+k) 110 (()E: 9)
(k+n) = (n+k) ! 11 (OE 8,10)
((n+k) + (mn)) = (k+m 1 12 (=E: 5, 11)

<(n,m & k] O ((n+k) + (mn)) = (k+m
113 (01 2,12)

( stn,m & &kl O ((n+k) + (mn)) = (k+m )
14 ()1 13)

OnOnk ( <(n,mM & k] O ((n+k) + (mn)) = (k+m )
I 15 (O1: 1, 14)

I
I 52.

F OnOnidk ( <(n,m & <(k,n] O ((mn) + (n-k)) = (mk) )

n, mk 11 (Prem
<[n,mM & <[k, n] 12 (Prem
<[n, m 1 3 (& 2)

<[k, n] 14 (& 2)



( sn,m O of(mn)] ) ,! 6 (OE: C5.8)

stn,m O o (mn)] L7 (OE 6)
W (mn)] , ' 8 (OE 3,7)
<[k,n] & w(mn)] 19 (&: 4,8)

( stk,nl & o (mn)] O (((mn)+n) - k) = ((mn) + (n-k))
, 110 (OE P39;
(mn): C5.7,3)

stkonl & of(mn)] O (((mn)+n) - k) = ((mn) + (n-k))
!

111 (()E: 10)
(((mn)+n) - k) = ((mn) + (n-k)) 112 (OE 9,11)
( <tn,m O ((mn)+n) = m) ! 13 (OE: P3)
sin,m O ((mn)+n) =m 14 (OE 13)
((mn)+n) = m ! 15 (OE 3,14)
(mk) = ((mn) + (n-k)) 1 16 (=E: 12, 15)
(mk) = (mk) 1 17 (=E: 16, 16)
((mn) + (n-k)) = (mKk) | 18 (=E: 16,17)

<n,m & <[k,n] O ((mn) + (n-k)) = (mk)
, 119 (O1: 2,18)

( sfnm & <fk,n] O ((mn) + (n-k)) = (mk) )
120 (O)1: 19)

OnOmidk ( £(n,m & <g[k,n O ((mn) + (n-k)) = (mk) )
121 (O1: 1,20)

[
I 53.
F OnOnidk ( g(n,m & <(k,n] O ((n-k) + (mn)) = (mKk) )
n, mk 11 (Prem
<[n,mM & <[k, n] 12 (Prem

( slnm & <(k,n] O ((mn) + (n-k)) = (mk) )
1 3 (OE: P52)

n,mM & <(k,n O ((mn) + (n-k)) = (mKk)
4 (OB 3)

((mn) + (n-k)) = (mk) ' 5 (0E 2,4)



W (mn)] & of(n-K)] 1 6 (TE: Cl.7,5)

o (M n)] 1 7 (& 6)

o (Nn-Kk)] , 1 8 (& 6)

<[n, m 1 9 (TE C5.7,7)
<k, n] ,! 10 (TE C5.7,8) |

( @W(mn)] & w(n-k)]
O ((mn) + (n-k)) = ((n-k) + (mn)) )
1 11 (OE: Q2. 5;

(mn): C5.7,9;
(n-k): C5.7,10)

W(mn)l &w(n-k)] O ((mn) + (n-k)) = ((n-k) + (mn))

112 (OE 11)
((mn) + (n-k)) = ((n-k) + (mn)) 1 13 (OE 6,12)
((n-k) + (mn)) = (mk) 1 14 (=E 5, 13)

<n,m & <(k,n O ((n-k) + (mn)) = (mk)
, 115 (O1: 2, 14)

( stn,m & <(k,n] O ((n-k) + (mn)) = (mKk) )
116 (()1: 15)

OnOnidk ( g(n,m & <(k,nl O ((n-k) + (mn)) = (mk) )
17 (O1: 1, 16)

[
I 54.
F OnOnk ( <(n,mM & okl O ((mk) - (n+k)) = (mn) )
n, mk , 11 (Pren
n,mM & wk] 12 (Prem

( <stn,m & k] O ((mn) + (n+k)) = (mrk) )

1 3 (LE P49)
<n,m & okl O ((mn) + (n+k)) = (mkk)

4 (OB 3)
((mn) + (n+k)) = (mk) 1 5 (OE 2,4)
W (mn)] & & (n+k)] ! 6 (TE: ClL.7,5)
Wn & wkj 1 7 (TE: C1.7,5)
o (n+K) ] ! 8 (& 6)



Wn & wik] .1 9 (TE Cl.7,8)
<[(n, m 110 (&E 2)

( ((mn) + (n+k)) = (mek) O ((mrk) - (n+k)) = (mn) )
, 1 11 (OE PS;
(mn): C5.7,10;
(ntk): C1.7,09;
(mtk): CL.7,7)

((mn) + (n+k))

(mtk) O ((mtk) - (n+k)) = (mn)
112 (OE 11)

((m+k) - (n+k))

(m n) 1 13 (OE 5,12)

SIn,m & k] O ((mk) - (n+k)) = (mn)
114 (O1: 2,13)

( stn,m & okl O ((mtk) - (n+k)) = (mn) )
115 ()1 14)

OnOmidk ( g(n,m & okl O ((mtk) - (ntk)) = (mn) )
16 (0O1: 1,15)

0
I 55,
F OnOnik (- <(n,m & wik] O ((mrk) - (k+n)) = (mn) )
n, mk 11 (Prem
<[n, N & k] , 12 (Pren

( <(n,m & k] O ((mtk) - (n+k)) = (mn) )

1 3 (OE P54)
in,m & k] O ((mtk) - (n+k)) = (mn)

4 (OE 3)
((mk) - (n+k)) = (mn) 1 5 (0E 2,4)
<[ (n+k) , (mrk) ] 1 6 (TE: C5.7,5)
wnl & wkj 1 7 (TE Cl.7,6)
( on & wk] O (n+k) = (k+n) ) ! 8 (OE Q.5,7)
wn & okl O (n+k) = (k+n) 9 (OB 8)
(n+k) = (k+n) 1 10 (OE 7,9)
((mrk) - (k+n)) = (mn) 1 11 (=E: 5, 10)

Sn,m & okl O ((mtk) - (k+n)) = (mn)



112 (O1: 2,11)

( stn,m & okl O ((mtk) - (k+n)) = (mn) )
13 ()1 12)

OnOnidk ( g[n,mM & k] O ((mtk) - (k+n)) = (mn) )
14 (0O1: 1,13)

I
| 56.

F OnOnik ( s(n,m & k] O ((k+m) - (n+k)) = (mn) )

n, mk 11 (Prem

<n, M & wk] 1 2 (Prem
( stn,m & wfk] O ((mtk) - (n+k)) = (mn) )

! 3 (OE: P54)
stn,mM & wfk] O ((mtk) - (n+k)) = (mn)

4 (0OE 3)
((mtk) - (n+k)) = (mn) 5 (OB 2,4)
< (n+k), (mHk) ] ! 6 (TE C5.7,5)
WM & Wkl ! 7 (TE Cl.7,6)
(om & wk] O (mk) = (k+m) ) 1 8 (OE C2.5,7)
wnm &k O (mk) = (k+m 9 (OE 8)
(mrk) = (k+m) ! 10 (OE 7,9)
((k+m) - (n+k)) = (mn) ! 11 (=E: 5, 10)

s(n,m & okl O ((k+m) - (n+k)) = (mn)
12 (O1: 2,11)

( stn,m & k] O ((k+m) - (n+k)) = (mn) )
113 ()1 12)

OnOnik ( <(n,m & ofk] O ((k+m - (n+k)) = (mn) )
| 14 (O 1,13)

[

I 57.

F OnOnik ( <(n,mM & Wkl O ((k+m) - (k+n)) = (mn) )
n, mk , 11 (Pren

n,mM & wk] 12 (Prem



( <stn,m & k] O ((k+m - (n+k)) = (mn) )

stn,m & okl O ((k+m - (n+k)) = (mn)
!

((k+m - (n+k)) = (mn) !
<[ (n+k), (k+m] !
wn] & wK] N
(wn & okl O (n+tk) = (k+n) ) !
Wn & wkl O (n+k) = (k+n) !
(n+k) = (k+n) !

((k+m - (k+n)) = (mn) , |

<(n, M & k] O ((k+m - (k+n)) = (mn)
!

( stn,m & okl O ((k+tm - (k+n)) = (mn)

3 (OB P56)

4 (OE 3)

5 (OE 2, 4)

6 (TE: C5.7,5)
7 (TE: Cl.7,6)
8 (OE C2.5,7)
9 (OE 8)

10 (OE 7,9)

11 (=E 5, 10)

12 (O1: 2,11)

)
13 (()1: 12)

OnOnidk ( g[(n,mM & k] O ((k+tm - (k+n)) = (mn) )

I
| 58.

14 (O 1,13)

F OnOnidk ( s(n,m & (k] O ((mtk) - (mn)) = (k+n) )

n, mKk !

<[n,mM & wkj !

1 (Prem

2 (Prenm

( <stn,m & k] O ((mtk) - (k+n)) = (mn) )

<[n,m & k] O ((mtk) - (k+n)) = (mn)
!

3 (OE: P55)

!4 (OB 3)

((mk) - (k+n)) = (mn) !
<[ (k+n), (mrk)] , !
W K] & win] %
wm & k] X
<[n, m !

5 (OE 2,4)
6 (TE C5.7,5)
7 (TE Cl.7,6)

8 (TE: Cl.7,6)

©

(&E: 2)



( ((mk) - (k+n)) = (mn) O ((mtk) - (mn)) = (k+n) )
,! 10 (OE P15;
(mrk): CL1.7,8;
(k+n): CL.7,7,
(mn): C5.7,9)

((mk) - (k+n)) = (mn) O ((mtk) - (mn)) = (k+n)
111 ()E 10)

((mk) - (mn)) = (k+n) 1 12 (OE 5,11)

SIn,m & k] O ((mk) - (mn)) = (k+n)
113 (01 2,12)

( stn,m & k] O ((mtk) - (mn)) = (k+n) )
14 ()1 13)

OnOmidk ( g(n,m & okl O ((mtk) - (mn)) = (k+n) )
15 (0O 1, 14)

0
I 59.
F OnOnidk (- <(n,m & wik] O ((k+m) - (mn)) = (k+n) )
n, mk 11 (Prem
<[n, N & k] , 12 (Pren

( <tn,m & k] O ((mtk) - (mn)) = (k+n) )

! 3 (DE: P58)
sin,m & k] O ((mtk) - (mn)) = (k+n)

A4 (OB 3)
((mtk) - (mn)) = (k+n) 5 (OB 2,4)
<[ (mn), (mk) ] ! 6 (TE: C5.7,5)
WM & k] 1 7 (TE: Cl.7,6)
(WM & okl O (mk) = (k+m ) ! 8 (OE C2.5)
oM & okl O (mtk) = (k+m 9 (0OE 8
(mrk) = (k+m 110 (OE 7,9)
((k+m) - (mn)) = (k+n) 1 11 (=E: 5, 10)

s(n,m & k] O ((k+m - (mn))

(k+n)
12 (01 2,11)

( stn,m & k] O ((k+rm) - (mn)) = (k+n) )
13 (O1: 12)



OnOnik ( <(n, m & oxk] O ((k+m) -

0

I 60.

F OnOnik ( s(n,m & <(mkl O ((k-n) -

n, mk
<[n,mM &
s[n, m
<[ m K]

< mk] &

<[ m K]

s[n,

(mn)) = (k+n) )

| 14 (O: 1,13)

(k-m) = (mn) )

11 (Prem
, 12 (Prem
1 3 (& 2)
14 (&E: 2)
15 (&: 3,4)

( stmk] & <(n,m O ((mn) + (k-m) = (k-n) )

1 6 (OE: P53)

SIMmkKk] & <fn,m O ((mn) + (k-m) = (k-n)

((mn) + (k-m) = (k-n)

<[ n, k]

( ((mn) + (k-m) = (k-n) O ((k-n) -

((mn) +

((k-n) -

s(n,m & <sfmk] O ((k-n)-(k-m) = (mn)

(k-m)

(k-m)

(k-n) O ((k-n) -

U7 (OE 6)
1 8 (OE 5,7)
1 9 (TE C5.7,8)

(k-m) = (mn) )
.1 10 (OE P8;

1 12 (OE 8, 11)

113 (01 2,12)

( <stn,m & <[mk] O ((k-n)-(k-m) = (mn) )

114 (O1: 13)

OnOmidk ( <(n,m & <fmk] O ((k-n) - (k-m) = (mn) )

0
I 61,

F OnOnik ( g(k,n] & <(n,m O ((mk) -

n, mk

| 15 (O 1, 14)

(n-k)) = (mn) )

, 11 (Pren



<[k,n] & <[n,mM , 12 (Prem i

<[k, n] 1 3 (& 2) i
<[n, m 14 (& 2) i
<(n,m & <k, n] 15 (&: 3,4) i
( s(n,m & <tk,n] O ((mn) + (n-k)) = (mk) )

,! 6 (OE P52) i
Sn,mM & <(k,n O ((mn) + (n-k)) = (mKk)

17 (OE 6) i
((mn) + (n-k)) = (mk) ,1 8 (OE 5,7) i
<[k, m , ' 9 (TE C5.7,8) |

( ((mn) + (n-k)) = (mk) O ((mk) - (n-k)) = (mn) )
, ! 10 (OE P8;
(mn): C5.7,4;
(n-k): C5.7,3;
(mk): C5.7,9) i
((mn) + (n-k)) = (mk) O ((mk) - (n-k)) = (mn)
111 (()E 10) i

(m n) 112 (OE 8,11) |

((mk) - (n-k))

<[k,n] & <(n,m O ((mk) - (n-k)) = (mn)
113 (01 2,12) i

( stk,nl & <[n,m O ((mk) - (n-k)) = (mn) )
14 ()1 13) i

OnOmidk ( <(k,n] & <fn,m O ((mk) - (n-k)) = (mn) )
| 15 (0O: 1,14) i

0

I 62. P62 appears here (instead of after P40) because it appeal s
to P52. i

F OnOnk ( <(m (k+n)] & <(n,m O (k - (mn)) = ((k+n) - m) )

n, mk , 11 (Prem i
<[m (k+n)] & £[n, M , 12 (Pren i
<[m (k+n)] 13 (& 2) i
W K] & w[n] ' 4 (TE CL.7,3) |

( stm (k+n)] & <[n, m
O (((k+n)-m + (mn)) = ((k+n)-n) )
, ! 5 (0OE P52;
(k+n): Cl1.7,4) i



stm (k+n)] & <(n,m O (((k+n)-m + (mn)) = ((k+n)-n)

16 (OE 5)
(((k+n)-m + (mn)) = ((k+n)-n) 7 (OB 2,6)
( k] & wnl O ((k+n)-n) = k) ! 8 (LE: P35)
Wkl & wn O ((k+n)-n) = K 9 (OB 8)
((k+n)-n) = k ,1 10 (OE 4,9)
(((ktn)-m + (mn)) =Kk 1 11 (=E 7, 10)
<[n, m 112 (&E: 2)
( (((ktn)-m + (mn)) =k O (k- (mn)) = ((k+tn)-m )
1 13 (OE PS;

((k+n)-m: C5.7, 3;
(mn): C5.7,12)

(((k+n)-m + (mn)) =k O (k - (mn)) = ((k+tn)-m
114 (OE 13)

(k - (mn)) = ((k+n)-m 115 (OE 11, 14)

stm (k+n)] & s(n,m O (k - (mn)) = ((k+tn) - m
116 (O1: 2,15)

( stm (k+n)] & <[(n,m O (k - (mn)) = ((k+n) - m )
117 (O1: 16)

OnOnidk ( <ffm (k+n)] & g(n,m O (k - (mn)) = ((k+tn) - m )
18 (0O1: 1,17)

O
I 63. P63 appears here because it appeals to P48.

F OnOniOk ( stk, (mn)] O ((mn) - k) = (m- (n+k)) )

n, mk , 11 (Prem
<[k, (mn)] , 12 (Pren
<[n, m 1 3 (TE C5.7,2)
( s(nm 0O wn] ) , ' 4 (OE C3.6)
<n,m O wn] PS5 (0OE 4)
[ n] , 1 6 (OE 3,5)
<[k,(mn)] & wn] U7 (& 2,6)

( sk, (mn)] & «fn] O (((mn)-k) + (n+k)) = ((mn)+n) )



, ! 8 (UE: P48;

(mn): C5.7,3)
SIk,((mn)] &wn O (((mn)-k) + (n+k)) = ((mn)+n)

9 (OE 8)
(((mn)-k) + (n+k)) = ((mn)+n) , 110 (OE 7,9)
( stn,m O ((Mn)+n) = m) , 111 (OE P3)
Sn,m O ((mn)+n) = m 112 (OE 11)
((mn)+n) = m , 113 (OE 3,12)
(((mn)-k) + (n+k)) = m , ! 14 (=E 10, 13)
W((mn)-k)] & w(n+k)] , ! 15 (TE Cl1.7,14)
of (n+k) ] .1 16 (&E: 15)
wn & wk] , 1 17 (TE CL1.7,16) i
( (((mn)-k) + (n+k)) = m0d (m- (n+k)) = ((mn)-k) )

,! 18 (OE P8;

((mn)-k): C5.7,2;

(n+k): C1.7,17)
(((mn)-k) + (n+tk)) = m0O (m- (n+tk)) = ((mMmn)-k)

119 (()E 18)
(m- (n+k)) = ((mn)-k) , 1 20 (OE 14,19)
(m- (n+tk)) = (m- (n+k)) , 1 21 (=E 20, 20)

((mn)-k) = (m- (n+k))

122 (=E 20, 21)

sk,(mn)] O ((mn)-k) = (m- (n+k)) ,! 23 (OI: 2,22)

( stk,(mn)] O ((mn)-k) = (m- (n+k)) )

124 (()1: 23)

OnOmidk ( <k, (mn)] O ((mn) - k) = (m- (n+k)) )
125 (0OI: 1,24)

0

I P64 through P71 are various equalities involving subtraction

and four vari abl es.

I 64.

F DaObOcOd ( <[d,c] & wa] & w[b]

0 ((a+h)+(c-d)) = (((atb)+c) - d) )

a,b,c,d , 11 (Pren

<[d,c] & wa] & wb] 12 (Prem



<[ d, c] 13 (& 2) i

wa & wb] 14 (& 2) i
( wa] & bl O w(ath)] ) ,! 5 (0OE Cl.8) i
wal & wib] O w(a+b)] 16 ((O)E 5) i
ol (a+b)] 1 7 (OE 4,6) i
<[d,c] & w(atb)] 18 (&: 3,7) i

( =fd,c] & wi(a+b)] O (((atb)+c) - d) = ((a+b) + (c-d)) )
.1 9 (OE P39;
(atb): C1.7,4) i

<[d,c] & wi(atb)] O (((atb)+c) - d) = ((a+b) + (c-d))

, 110 (O)E 9) i
(((atb)+c) - d) = ((a+b)+(c-d)) , 111 (OE 8,10) i
((at+b) +(c-d)) = ((a+b)+(c-d)) 112 (=E 11, 11) i
((atb)+(c-d)) = (((atb)+c) - d) , 113 (=E 11, 12) i

<[d,c] & wa] & wb] O ((a+tb)+(c-d)) = (((a+b)+c) - d)
114 (O1: 2,13) i

( <[d,c] & wa] & wfb] O ((atb)+(c-d)) = (((atb)+c) - d) )
115 ()1 14) i

OaObOcOd ( <[d,c] & wa] & wb]
O ((atb)+(c-d)) = (((atb)+c) - d) )
I 16 (0O1: 1,15) i

0
I 65. i

F DaObOcOd ( <[d,c] & wia] & wb]
O ((c-d)+(atb)) = (((c+a)+b) - d) ) i

a,b,c,d 11 (Prem i
<[d,c] & wa] & wb] , 12 (Prem i
<[d, c] 13 (& 2) i
wal & wb] 14 (&E 2) i

( €[(d,c] & wa] & wby O ((a+tb)+(c-d)) = (((atb)+c) - d) )
, 1 5 (OE P64) i

<(d,c] & wfa] & wb] O ((atb)+(c-d)) = ((((a(+)b)+0)) - d)
, 1 6 E 5 i



((a+b) +(c-d)) = (((a+b)+c) - d) 17 (OE 2,6)

o (a+b)] & wi(c-d)]

! 8 (TE: CL.7,7)

( w(a+h)] & wi(c-d)] O ((a+b)+(c-d)) = ((c-d)+(a+b)) )
1 9 (OE: C2.5)

o (a+tb)] & wi(c-d)] O ((atb)+(c-d)) = (
|

, 110

((a+b) +(c-d)) = ((c-d)+(a+h)) !

((c-d)+(a+b))

(((a+b)+c) - d) !
( sfd,c] O wic] ) !
<[(d,c] O wc] , !
W C] , !

wa] & Wbl & wc] |

11

12

13

14

15

16

(c-d)+(a+b))

(OE 9)

(OE 8,10)
(=E 7, 11)
(OE: CL.8)
(OE 13)
(OE 3,14)

(& : 4,15)

(wa] & wb] & wc] O ((atb)+c) = ((atc)+h) )

wal & wfb] & wc] O ((atb)+c) = ((a+c)
|

17

+b)

, 118

((a+b) +c) = ((a+c) +b) |
W a] X
wa] & wc] %
( wal & wc] O (a+c) = (c+a) ) )|
wa] & wic] O (a+c) = (c+a) !
(a+c) = (c+a) !

((a+b) +c) = ((c+a) +h) !
((c-d)+(a+b)) = (((c+a)+b) - d) !

19

20

21

22

23

24

25
26

(DE: C2.19)

(OE 17)
(OE 16, 18)
(&E: 2)
(&: 15, 20)
(OE: C2.5)
(OE 22)
(0E 21,23)

(=E: 19, 24)
(=E: 12, 25)

<[d,c] & wa] & wb] O ((c-d)+(atb)) = (((c+a)+b) - d)
127 (O1: 2,26)

( <[d,c] & wa] & wfb] O ((c-d)+(at+b)) = (((c+a)+b) - d) )
128 (O)1: 27)

OaObOcOd ( <[d,c] & wa] & wb]

0 ((c-d)+(a+b)) = (((c+a)+b) - d) )

| 29 (O1: 1,28)



0
I 66. i

F DaObOcOd ( <[d,c] & <[d,a] & w[b]
0 ((atb)+(c-d)) = ((a-d)+(b+c)) ) i

a, b, c,d 11 (Prem i
<[d,c] & <[d,a] & w[b] 1 2 (Prem i
<[d, c] 13 (& 2) i
<[d, a] 4 (&E 2) i
) b] !5 (& 2) i
<[d,c] & wb] 16 (&: 3,5) i
( <id,a] O wfa] ) 1 7 (OB C3.7) i
<[d,a] O wa] 18 (OE 7) i
w aj 1 9 (OE 4,8) i
<[d,c] & wa] & wfb] 1 10 (&: 6,9) i
( <[d,c] & wfa] & wib]

O ((atb)+(c-d)) = (((atb)+c) - d) )
1 11 (DE: P64) i
<(d,c] & wa] & wfb] O ((atb)+(c-d)) = (((atb)+c) - d)
112 (OE 11) i
((a+b)+(c-d)) = (((a+b)+c) - d) 1 13 (OE 10,12) |
<[d,a] & wb] 1 14 (&l: 4,5) i
( <td,c] O wfc] ) 115 (OE C3.7)
<(d,c] O wc] 116 (O E 15) i
W C] 117 (OE 3,16)
<[d,a] & wb] & wic] 118 (& 14,17)
( <(d,a] & wb] & wic] O ((a-d)+(b+c)) = (((ath)+c) - d) )
1 19 (OE P65) i
<[d,al & wfb] & wic] O ((a-d)+(b+c)) = (((atb)+c) - d)
120 (OE 19) i
((a-d)+(b+c)) = (((a+tb)+c) - d) 1 21 (OE 18,20) i
((a+b)+(c-d)) = ((a-d)+(b+c)) 1 22 (=E: 13,21)



<[d,c] & <[d,a] & wb] O ((atb)+(c-d)) = ((a-d)+(b+c))
123 (O1: 2,22) i

( €[d,c] & <g[d,a] & wb] O ((atb)+(c-d)) = ((a-d)+(b+c)) )
1024 ((O)1: 23) i

OaObOcOd ( <[d,c] & <€[d,a] & wb]
O ((atb)+(c-d)) = ((a-d)+(b+c)) )
| 25 (O0: 1,24) i

0
I 67. i

F DaObOcOd ( <[d,c] & <[d,b] & fa]
O ((atb)+(c-d)) = ((b-d)+(a+c)) ) i

a,b,c,d 1 1 (Pren i
<[(d,c] & <[d,b] & w[a] 1 2 (Prem i
( <(d,c] & <[d,b] & wa] O ((b+a)+(c-d)) = ((b-d)+(a+c)) )

! 3 (OE: P66) i
<(d,c] & <[d,b] & wa] O ((b+a)+(c-d)) = ((b-d)+(a+c))

4 (0OE 3) i
((b+a)+(c-d)) = ((b-d)+(a+c)) I 5 (OE 2,4) i
W[ (b+a)] & of (c-d)] ! 6 (TE CL.7,5) |
w{ (b+a)] 1 7 (& 6) i
wb] & wfal I 8 (TE CL.7,7) i
( wb] & wja] O (b+a) = (a+b) ) 1 9 (OE: C2.5) i
wb] & wfa] O (b+a) = (a+b) 110 (()E: 9) i
(b+a) = (a+h) ! 11 (OE 8,10) |
((a+b)+(c-d)) = ((b-d)+(a+c)) 112 (=E 5,11) |

<[d,c] & <[d,b] & wfa] O ((atb)+(c-d)) = ((b-d)+(a+c))
113 (O1: 2,12) i

( <{d,c] & <[d,b] & wfa] U ((atb)+(c-d)) = ((b-d)+(a+c)) )
014 (()1: 13) i

OalbOcOd ( <[d,c] & <[d,b] & w[a]
O ((atb)+(c-d)) = ((b-d)+(a+c)) )
15 (0O: 1, 14) i



0
I 68. i

F DaObOcOd ( <[b,a] & <(d,c] O ((a-b)+(c-d)) = ((a+c)-(b+d)) )
i

a,b,c,d , 11 (Prem i
<[b,a] & <[d, c] 1 2 (Prem i
<[ b, a] 13 (& 2) i
<[d, c] 14 (& 2) i
( s(b,a] O wi(a-b)] ) ,!' 5 (OE C5.8) i
<[b,a] O wi(a-b)] 16 (OE 5) i
o[ (a-b)] 17 (OE 3,6) i
( s(d,c] O w(c-d)] ) ,! 8 (OE C5.8) i
<(d,c] O w(c-d)] 19 (O)E 8) i
o (c-d)] , 110 (OE 4,9) i
w(a-b)] & w(c-d)] 111 (& 7,10) i
( <(b,a] O wib] ) 1 12 (OE C3.6)
<[b,a] O w[b] 113 (OE 12) i
W bj 1 14 (OE 3,13)
w(a-b)] & wi(c-d)] & wb] 115 (& 11,14)
( <[(d,c] O wd ) ,! 16 (OE C3.6) i
<[(d,c] O w[d] 1017 (()E 16) i
o d] 1 18 (OE 4,17)
W (a-b)] & wi(c-d)] & wib] & wd] 119 (& 15,18)

( w(a-b)] & wi(c-d)] & wib] & wd]
O (((a-b) + (c-d)) + (b+d))
= (((a-b) + b) + ((c-d) +d)) )
, 120 (OE 2. 29;
(a-b): C5.7,3;
(c-d): C5.7,4) i

w(a-b)] & wi(c-d)] & wb] & wd]
0 (((a-b) + (c-d)) + (b+d)) = (((a-b) + b) + ((c-d) + d))
121 (()E 20) i



(((a-b) + (c-d)) + (b+d)) = (((a-b) + b) + ((c-d) + d))
1 22 (OE 19,21) i

( <[b,a] O ((a-b) + b) =a) , 1 23 (OE P3) i
<[b,a] O ((a-b) + b) = a 124 (OE 23) i
((a-b) + b) = a , 125 (OE 3, 24)

(((a-b) + (c-d)) + (b+d)) = (a + ((c-d) + d))
126 (2B 22,25)

( <(d,c] O ((c-d) +d) =c) ! 27 (DE P3) i
sfd,c] O ((c-d) +d) =c 128 (OE 27) i
((c-d) +d) =c 129 (OE 4,28)
(((a-b) + (c-d)) + (btd)) = (atc) 1 30 (=E: 26,29)
wb] & wd] 131 (&: 14,18)
wa] & wc] ! 32 (TE: Cl1.7,30)j

( (((a-b) + (c-d)) + (b+d)) = (a+c)
0O ((atc) - (b+d)) = ((a-b) + (c-d)) )
,! 33 (OE P8;
((a-b) + (c-d)): CL.7,11;
(b+d): C1.7,31;
(atc): Cl.7,32;) i

(((a-b) + (c-d)) + (b+d)) = (a+c)
0 ((a+c) - (b+d)) = ((a-b) + (c-d))

1 34 (OE 33) i
((a+tc) - (b+d)) = ((a-b) + (c-d)) , 1 35 (OE 30,34) |
((a-b) + (c-d)) = ((a-b) + (c-d)) ,!1 36 (=E 35, 35) i
((a-b) + (c-d)) = ((a+c) - (b+d)) ,1 37 (=E 35, 36) i

<[b,a] & <[d,c] O ((a-b) + (c-d)) = ((a+c) - (b+d))
138 (O1: 2,37) i

( <[b,a] & <[d,c] O ((a-b) + (c-d)) = ((a+c) - (b+d)) )
139 (()I: 38) i

DaObOcOd ( <(b,a] & <[(d,c] O ((a-b)+(c-d)) = ((a+c)-(b+d)) )
| 40 (O01: 1,39) |

0
I 69. i

F DaObOcOd ( <[b,a] & <[d,c] & <[d,a] & <[b,c]
O ((a-b)+(c-d)) = ((a-d)+(c-b)) ) i



a,b,c,d 11 (Prem

<[b,a] & <£[d,c] & <[d,a] & <[b,c] , 12 (Prem

<[b,a] & <[d, c] 13 (& 2)

<[d,a] & <[b,c] 14 (&E: 2)

( stb,a] & <(d,c] O ((a-b)+(c-d)) = ((atc)-(b+d)) )
, 1 5 (0OE P68)

<[b,a] & <[d,c] O ((a-b)+(c-d)) = ((a+c)-(b+d))
16 (OE 5)

((a-b)+(c-d)) = ((atc)-(b+d)) 17 (0OE 3,6)

( <{d,a] & <[b,c] O ((a-d)+(c-b)) = ((at+c)-(d+b)) )

,! 8 (LUE P68)
<[d,a] & <[b,c] O ((a-d)+(c-b)) = ((a+c)-(d+b))
19 ((O)E 8)
((a-d)+(c-b)) = ((a+c)-(d+b)) ,! 10 (OE 4,9
<[(d+b), (a+c)] , 111 (TE C5.7,10)
wdl & wb] ,! 12 (TE C1.7,11)
( wd & wby O (d+b) = (b+d) ) ,! 13 (OE C2.5)
wd & «b] O (d+b) = (b+d) 14 (OE 13)
(d+b) = (b+d) 1 15 (OE 12, 14)
((a-d)+(c-b)) = ((a+c)-(b+d)) ,! 16 (=E 10, 15)
((a-b)+(c-d)) = ((a-d)+(c-b)) ' 17 (=E 7, 16)
<[b,a] & €[d,c] & <[d,a] & <[b, c]
O ((a-b)+(c-d)) = ((a-d)+(c-b))
| 18 (O1: 2,17)
( <[b,a] & <g[d,c] & g[d,a] & <[b,c]
O ((a-b)+(c-d)) = ((a-d)+(c-b)) )
019 ()1 18)

OalbOcOd ( <[b,a] & <[d,c] & <[d,a] & <[b,c]
O ((a-b)+(c-d)) = ((a-d)+(c-b)) )
I 20

I
I 70.

(0O

1, 19)

F DaObOcOd ( <[(c-d), (a+b)] O ((a+b)-(c-d)) = (((a+b)+d)-c) )



a,b,c,d ,11 (Prem i

<[(c-d), (a+b)] 12 (Prem i
<[d, c] 1 3(TE C5.7,2)
<[(c-d), (a+b)] & <[d, c] 14 (&l 2,3) i
wa] & wb] , ' 5(TE CL.7,4) |

( <lc,((atb)+d)] & <[d, c]
O ((atb) - (c-d)) = (((atb)+d) - c) )
1 6 (DE P62;
(a+b): C1.7,5) i

<[c, ((atb)+d)] & <[d, c]
O ((atb) - (c-d)) = (((atb)+d) - c)

7 (()E 6) i
((atb) - (c-d)) = (((atb)+d) - c) ' 8 (OE 4,7) i

<[(c-d), (a+b)] O ((a+b) - (c-d)) = (((a+b)+d) - c)
19 (O1: 2,8) i

( sf(c-d),(a+b)] O ((a+b) - (c-d)) = (((a+b)+d) - c) )
110 ((O)1: 9) i

DaObOcOd ( <[(c-d), (a+b)] O ((a+b)-(c-d)) = (((a+b)+d)-c) )
| 11 (O: 1,10)

0
I 71, i

F DalbOcOd ( <[(c+d), (a-b)] O ((a-b)-(c+d)) = (a-((b+c)+d)) )
i

a,b,c,d , 11 (Pren i
<[(c+d), (a-b)] 12 (Prem i
wc] & wd] ' 3(TE CL1.7,2)

( <((c+d), (a-b)] O ((a-b) - (c+d)) = (a - (b+(c+d)) )
! 4 (OE P63;
(c+d): C1.7,3) i

s[(c+d), (a-b)] O ((a-b) - (c+d)) = (a - (b+(c+d))
15 (OB 4) i

((a-b) - (c+d)) = (a - (b+(c+d)) , 1 6 (OE 2,5) i

s[(c+d), (a-b)] O ((a-b) - (c+d)) = (a - (b+(c+d))
17 (0O1: 2,6) i



( sf(c+d),(a-b)1 O ((a-b) - (c+d)) = (a - (b+(c+d)) )

I8 (01 7)
DaObOcOd ( <[(c+d), (a-b)] O ((a-b)-(c+d)) = (a-((b+c)+d)) )
1 9 (OI: 1,8) i

O
I P72 and P73 are the Cancell ation Laws of Subtraction.

b 72.

F OnOnidk ( (mn) = (k-n) O m= k)

n, mk 11 (Prem
(mn) = (k-n) 12 (Prem
<[n, m ! 3(TE C5.7,2)
<[ n, K] ! 4 (TE C5.7,2)
( stn,m O ((mn) +n) =m) 15 (OB P3)
s(n,m O ((mn) +n) =m 1 6 (OE 5)
((mn) +n) =m 1 7 (0OE 3,6)
((k-n) +n) =m 1 8 (=E 2,7)
( <tn,k] O ((k-n) +n) =k) 19 (OE P3)
<(n,k] O ((k-n) +n) =k 110 (OE 9)
((k-n) +n) =k 1 11 (OE 4,10)
m = k 112 (=E 8, 11)
(mn) = (k-n) O m=k 113 (O1: 2,12)
( (mn) = (k-n) O m=k) 14 ()1 13)
OnOnik ( (mn) = (k-n) O m=k ) 1 15 (O1: 1,14)
[
1 73.
F OnOnOk ( (mn) = (mk) O n=k)
n, mk 1 1 (Prem
(mn) = (mk) 12 (Prem
<[n, m ! 3 (TE C5.7,2)

<[k, m 1 4 (TE ©5.7,2)



( Sfnm O (m- (mn)) =n) , ' 5 (OE P37) i

stinnm O (m- (mn)) =n 16 (OE 5) i
(m- (mn)) =n 1 7 (OE 3,6) i

( <tk,m O (m- (mk)) = k) | 8 (OE P37) i
stk,m O (m- (mk)) =Kk 9 (OE 8) i
(m- (mk)) =k 1 10 (OE 4,9) i
(m- (mn)) =k 111 (=E: 2,10) |

n =k 112 (=B 7,11) |
(mn) = (mk) O n =k 113 (O1: 2,12)
( (mn) = (mk) O n=k) 114 ()1 13) i
OnOnk( (mn) = (mk) O n =Kk ) | 15 (O1: 1,14)

0

I P74 through P89 are inequalities involving subtraction.

Whenever possible, we appeal to C5.7 with the appearance of an
appropriate term(e.g. see P76). i
I 74. i

F OnOm( <(n,m O <[(mn),m ) i

n, m 11 (Prem i
<[n, m 12 (Prem i
(mn) = (mn) 3 (=1t 66.7,2)
( (mn) = (mn) O <(mn),m) ! 4 (OB P16,

(mn): C5.7,2) i
(mn) = (mn) O <((mn), m 15 (OB 4) i
st(mn), m 16 (OE 3,5) i
stn,m O <[((mn), m 7 (01 2,6) i
( <tn,m O <(mn),m ) 8 (01T i
OnOm ( <(n,m O <[(mn),nm ) I 9 (Ol: 1,8) i
O
! 75. i

F OnOnik ( <k, (mn)] O <(k,m ) [
(Prem i

[EEN

n, mKk !



<[k, (mn)] , 12 (Prem

<[n, n | 3 (TE C5.7,2)
( stn,m O <f((mn),m ) 14 (DB P74)
s(n,m O <f(mn), m 5 (OE 4)
< (mn), n 1 6 (OE 3,5)
<[k, (mn)] & <[(mn),m 17 (&: 2,6)

( stk,(mn)] & <(mn),m O <k,m ) ,! 8 (O C3.20;
(mn): C5.7,3)

stk, (mn)] & <sf((mn), m O <(k,m 9 (O)E 8)
<[k, m 110 (OE 7,9)
<k, (mn)] O <k, m 111 (01: 2,10)
( stk, (mn)] O <k, m ) 12 ()1 11)
OnOnik ( <(k, (mn)] O <k, ) 1 13 (Ol 1,12)
O
| 76.

F OnOnk ( simk] & win] O <[(k-m, (k+n)] )

n, mk 11 (Prem
SIMmK] & wn] 12 (Prem
( stmkl & winl O ((k+n) - (k-m) = (n+m )
, 1 3 (OE: P58)
sSimkl & wfn] O ((k+n) - (k-m) = (n+m
4 (OE 3)
((k+n) - (k-m) = (n+tm ' 5 (0OE 2,4)
S[(k-m, (k+n)] , ! 6 (TE C5.7,5)
SImKk] & winl O <[(k-m, (k+n)] U7 (d1: 2,6)
( stmk] & win] O <[(k-m, (k+n)] ) 8 (01 7)
OnOnidk ( sfmk] & win] O <(k-m, (k+n)] )
9 (0O: 1,8)



F OnOnidk ( <(n,m & <[mk] O <((mn), (k-n)] )

n, mk 11 (Prem
<[n, M & <[m K] 1 2 (Prem
( stn,m & <s(mk] O ((k-n) - (mn)) = (k-m )
! 3 (OE: P61)
stn,m & sfmk] O ((k-n) - (mn)) = (k-m
4 (0OE 3)
((k-n) - (mn)) = (k-m 5 (OB 2,4)
<((mn), (k-n)] 1 6 (TE C5.7,5)
Sn,m & <(mk] O <((mn), (k-n)] 7 (Ol 2,6)
( stnnm & <sfmk] O <f(mn),(k-n)7 ) ! 8(()I: 7)
OnOnik ( <[n,m & <(mk] O <[(mn),(k-n)] )
1 9 (Ol: 1,8)
O
1 78.

F OnOnk ( <stn,m & sgmk] O <((k-m, (k-n)] )

n, mk 11 (Prem
<[n,mM & <[m K] ,1 2 (Prem
( stn,m & <(mk] O ((k-n) - (k-m) = (mn) )
! 3 (OE: P60)
stn,m & sfmk] O ((k-n) - (k-m) = (mn)
4 (OB 3)
((k-n) - (k-m) = (mn) 5 (OB 2,4)
<[(k-m), (k-n)] ! 6 (TE: C5.7,5)
<sin,m & <(mk] O <{(k-m), (k-n)] L7 (O1: 2,6)
( stn,m & <s[mk] O <((k-m,(k-n)1 ) ! 8 (0O)I: 7)
OnOnmidk ( sfn,m & s(mk] O <[(k-m), (k-n)] )
1 9 (O: 1,8)
O
I 79.

F OnOnOk ( <((mn),(k-n)] O <(mk] )



n, mk 11 (Prem

s((mn), (k-n)] 12 (Prem
<[n, m ! 3 (TE C5.7,2)
<[n, k] ! 4 (TE C5.7,2)
<[n,m & <[mKk] 15 (& 3,4)
( stn,m &<(mk; O ((k-n) - (mn)) = (k-m )
! 6 (OE: P61)
stn,m & <s(mk] O ((k-n) - (mn)) = (k-m
7T (OE 6)
((k-n) - (mn)) = (k-m ! 8 (OE 57)
<[ m K] 1 9 (TE C5.7,5)
<((mn), (k-n)] O <[mKk] 110 (O1: 2,6)
( st(mn),(k-n)] O <(mk] ) 111 ()10 10)
OnOnidk ( <((mn), (k-n)] O <[mKk] ) 1 12 (O: 1,11)
O
I 80.
F OnOniOk ( <(k, (mn)] O <[(n+k),m )
n, mk 11 (Prem
<[k, (mn)] 1 2 (Prem
( stk,(mn)] O ((mn) - k) = (m- (n+k)) )
! 3 (OE: P63)
stk, (mn)] O ((mn) - k) = (m- (n+k))
4 (OB 3)
((mn) - k) = (m- (n+k)) I 5 (OE 2,4)
<[ (n+k) , n ! 6 (TE: C5.7,5)
<[k, (mn)] O <{(n+k), m 17 (0O1: 2,6)
( stk,(mn)] O <[(n+k), m ) A8 (017
OnOnidk ( <tk, (mn)] O <[(n+k), m ) 1 9 (O: 1,8)

0

I 81.



F OnOnidk ( <(k, (mn)] O <((k+n),m )

n, m k 11 (Prem
<[k, (mn)] 12 (Prem
( stk,(mn)] O <(n+k),n ) , 1 3 (OE: P8O)
sk, (mn)] O <[(n+k), m 14 (0B 3)
<[ (n+k) , 1 5 (0E 2, 4)
Wn & K] .1 6 (TE: Cl.7,5)
( wn & k] O (n+k) = (k+n) ) 1 7 (OE C2.5)
wn & wfk] O (nt+k) = (k+n) 18 (OB 7)
(n+k) = (k+n) ,1 9 (OE 6,8)
<[ (k+n), m ,1 10 (=E: 5,09)
<[k, (mn)] O <(k+n), m 011 (O1: 2,10)
( <tk,(mn)] O <{(k+n),nm ) 112 (01 11)
OnOnik ( <[k, (mn)] O <(k+n),m ) 1 13 (O: 1,12)
0
I 82.

F OnOnidk ( <(m (k+n)] & <(n,m O <((mn), k] )

n, mk 11 (Prem
S m (k+n)] & <[n, M , 12 (Prem
( stm (k+n)] & <(n,m O (k - (mn)) = ((k+n) - m )
! 3 (OE P62)
stm (k+n)] & <sfn,m O (k - (mn)) = ((k+n) - m
4 (OE 3)
(k - (mn)) = ((k+n) - m , ' 5 (0OE 2,4)
<[(mn), K] ,! 6 (TE C5.7,5)
SIm(k+n)] & <[n,m O <[(mn), k] U7 (01: 2,6)
( sim(k+n)] & sfn,m 0O <((mn), k] ) ! 8 (()I: 7)
OnOmdk ( gfm (k+n)] & <[n,m O <[(mn),K] )
9 (0Or: 1,8)



I 83.

F OnOnidk ( <(m(n+k)] & <(n,m O <((mn), k] )

n, mk 1 1 (Pren
<[m (n+k)] & <[n, n 12 (Pren)
<tm (n+k) 1 13 (&E: 2)
wn & k] | 4 (TE Cl.7,3)
(wfn & ok O (n+k) = (k+n) ) ! 5 (OE C2.5)
wn & okl O (n+k) = (k+n) 16 (OE 5)
(n+k) = (k+n) 1 7 (OE: 4,6)
< m (k+n)] & <[n, n 18 (=E: 2,7)

( Sim(k+n)] & <(n,m O <[(mn),k] ) ,! 9 (OE P82)

SIm(k+n)] & <[n,m O <[(mn), K] 110 (OE 9

< (mn), K] 1 11 (OE 8,10)
SIMm(n+k)] & <[n,m O <[(mn), K] 012 (O1: 2,11)
( Sim(n+k)] & <[n,m O <[(mn),Kk] ) 013 ()1 12)

OnOmdk ( <m(n+k)] & <(n,m 0O <[(mn), k] )
14 (O1: 1,13)

I
I 84.

F OnOnik ( <[ (n+k), m O <tk,(mn)] )

n, mk 1.1 (Prem
S[(n+k), m , 12 (Prem
win] & wK] ,!1 3(TE C1.7,2)
( wn & okl O <n,(n+tk)] ) , ! 4 (OE C3.33)
wn & k] O <€[n, (n+k)] I 5 (0O)E 4
<n, (n+k) ] 1 6 (OE 3,5)
<(n, (n+k)] & <[(n+k), m 17 (& 2,6)

( <[n, (n+k)] & <[(n+k), m O <((n+k)-n),(mn)] )
1 8 (OE: P77;
(n+k): Cl.7,3)



<[n,(n+k)]1 & <[(n+k), m O <[((n+k)-n), (mn)]

<[((n+k)-n), (mn)]

(wn & okl O ((ntk)-n) = k)
Wnl & okl O ((n+k)-n) =K
((n+k)-n) = k

<(k, (mn)]

<[(n+k), m O <k, (mn)]

( <t(n+k), m O <(k,(mn)] )
OnOntdk ( <(n+k), m O <k, (mn)] )
O
| 85.

F OnOnik ( <[ (k+n),m O <k, (mn)] )

n, m k

<[ (k+n), m

WKl & wln]

(wkl & win O (k+n) = (n+k) )
WKkl & wn] O (k+n) = (n+k)
(k+n) = (n+k)

<[ (n+k) , m

( <t(n+k),m O <(k,(mn)] )
<[(n+k), m O <k, (mn)]

<[k, (mn)]

<[(k+n), m O <k, (mn)]

( <t(k+n),m O <(k,(mn)] )
OnOnk ( <{(k+n),m O <[k, (mn)] )

0
| 86.

!9 (OB 8)

10 (OE 7,9)
11 (CE: P36)
12 (O)E 11)
13 (OE 3,12)
14 (=E: 10, 13)
15 (O1: 2,14)
16 (()!1: 15)

17 (O1: 1, 16)

[EEN

(Prem
(Prem
(TE C1.7,2)

N

w

4 (OE C2.5)
5 (OE 4

6 (OE 3,5)

\l

(=E: 2, 6)

8 (OE: P84)

9 (OE 8)

10 (OE 7,9)
11 (O1: 2,10)
12 (()1: 11)

13 (O1: 1, 12)



F OnOnidk ( <((mn),k] O <gm(n+k)] )
n, mk
<t (mn), ki

<[n, m

( stn,m 0O own] )
<In,m 0O wn
Wi n]

S[(mn), k] & wn]

[EEN

(Prem
(Prem
3 (TE C5.7,2)

N

4 (DE C3.6)
5 (O)E 4)
6 (UE 3,5)

7 (&: 2,6)

( st(mn),k] & wn] O <((n+(mn)),(n+k)] )

S[(mn), Kkl & wn O <((n+(mn)), (n+k)]
19 (()E 8)

st(n+(mn)), (n+k)]

( stn,m O (n+(mn)) =m)
stn,m 0O (n+t(mn)) =m
(nt(mn)) =m

sIm (n+k) ]

st(mn), kI O <(m (n+k)]

( st(mn), k] O <tm(n+k)] )
OnOnik (- <f(mn), k] O <[m(n+k)] )
0
I 87.

F OnOnidk ( <((mn), k] O <[m(k+n)] )

n, mk
[(mn), K]

( <t(mn),k] O <[m(n+k)] )
<[(mn), k] O <[m (n+k)]
stm (n+k)]

W nl & wik]

,!1 8 (OE C3.29;
(mn): C5.7,3)

10 (OE 7,9)
11 (OE: P4)
12 (()E 11)
13 (OE 3,12)
14 (=E: 10, 13)
15 (O1: 2,14)
16 (()1: 15)

17 (O 1, 16)

[EEN

(Prem
2 (Prem

3 (OE P86)
4 (OE 3)
5 (OE 2,4)

6 (TE Cl.7,5)



(wn & k] O (n+k) = (k+n) ) !
win & okl O (n+k) = (k+n) !
(n+k) = (k+n) !
s[m (k+n)] , !
st(mn), kI O <(m (k+n)] , |
( st(mn),k] O <(m(k+n)] ) !
OnOnik ( <[(mn), k] O <[m(k+n)] ) !
0
I 88.
F OnOnik( <((mk), (mn)] O <[n, k] )

n, mk !
Sf(mk), (mn)] , !

<[k, m !
<[(n, m |
( stk,m O okl ) , |
Ik, M O wk] !
o[ K] |
( stn,m 0O w[n] ) !
<[n,Mm O wn] , !
wl NJ , |
W K] & wln] !
( Wkl & wn O of(k+n)] ) !
Wkl & winl O of(k+n)] |
o (k+n)] , !
St(m k), (mn)] & & (k+n)] ) !

( st(mk),(mn)] & «(k+n)]

O <f((mk) + (k+n)), ((mn) + (k+n))] )

(mk):
(mn):

7 (OE: C2.5)
8 (OE 7)

9 (OE 6,8)
10 (=E: 5,9)
11 (O1: 2,10)
12 (()1: 11)

13 (O 1,12)

[EEN

(Prem
2 (Prem

3 (TE: C5.7,2)
4 (TE C5.7,2)
5 (OE: C3.6)
6 (OE 5)

7 (OE 3,6)

8 (CE: C3.6)
9 (OE 8)

10 (OE 4,9)
11 (&: 7,10)
12 (OE: Cl.8)
13 (()E 12)
14 (OE 11,13)

15 (& : 2,14)

16 (

208
N
2

A m



(k+n): C1.7,11)

I(mk),(mn)] & o (k+n)]
O <f((mk) + (k+n)), ((mn) + (k+n))]

117 (OE 16)
< ((mk) + (k+n)),((mn) + (k+n))] ,! 18 (OE 15,17)
<(k, m & oy n 119 (& 3,10)

( stk,m & wn O ((mk) + (k+tn)) = (mtn) )

1 20 (DE: P49)
Sk,m & wn O ((mk) + (k+n)) = (mtn)

121 (OE 20)
((mk) + (k+n)) = (m#n) , 122 (OE 19, 21)
[(mtn), ((mn) + (k+n))] , I 23 (=E 18, 22)
<[n,n & k] 124 (&: 4,7)

( <stn,m & k] O ((mn) + (k+n)) = (mk) )

1 25 (OE: P48)
sin,m & k] O ((mn) + (k+n)) = (mk)
1 26 (()E: 25)
((mn) + (k+n)) = (mk) 1 27 (OE 24, 26)
<[ (men), (mk) | 1 28 (=E: 23,27)
( <t(men), (mek)] O <(n, k] ) 1 29 (DE: C3.43)
s((mtn), (mek)] O <[n, k] 130 (OE 29)
<[n, k] ! 31 (OE 28, 30)
<((mk),(mn)] O <[(n, k] 132 (O1: 2,31)
( st(mk),(mn)] O <[n k] ) 133 ()1 32)
OnOnik( <[ (m k), (mn)] O <[n, k] ) | 34 (O0: 1,33)
O
I 89.

F OnOnidkOj ( <[n,j] & <[j, k]l & <tk,m O <[(k-j),(mn)] )
n, mKk, | 11 (Prem
<[n,j] & <[j,k] & <[k, m ,1' 2 (Prem
<in,jl] & <[j, k] 13 (& 2)



<[k, m 14 (& 2) i

( €[n,j1 & <[j,kl O <(k-j),(k-n)]1 ) ,!' 5 (OE P78) i

S[(n, j1 & <[j, kI O <[(k-j),(k-n)] 16 (OB 3) i
<[(k-j), (k-n)] ,1 7 (0OE 3,6) i
( g[n,j1 & <),k O <[n,k] ) , 1 8 (OE C3.20) i
<[n,jl1 & <[j,kl O <[n,Kk] 19 (()E 8) i
<[ n, K] , 110 (OE 3,9) i
<(n, k] & <[k, m 111 (& 4, 10) i

( s[n, k] & <sfk,m O <[((k-n),(mn)] ) ,! 12 (OE P77) i

<(n, k] & <k, m O <{(k-n), (mn)] 18 (OE 12) i
<[(k-n), (mn)] 1 14 (OE 11,13)
<[(k-7), (k-n)1 & <[(k-n), (mn)] 115 (& 7, 14) i
<[n, ! 16 (TE C5.7,14) |
<[j, k] 117 (& 3) i

( <t(k-7),(k-n] & <((k-n),(mn)] O <[(k-j),(mn)] )
18 (OE: C3. 20;

|
(k-j): C5.7,17;
(k-n): C5.7,10;
(mn): C5.7,16) i
<[(k-j), (k-n)1 & <[(k-n),(mn)] O <[(k-j),(mn)]
119 (()E 18) i
S[(k-j),(mn)] , 1 20 (OE 15,19) |

<[n,j1 & <[j,kl & <s[k,m O <[(k-j),(mn)]
021 (O1: 2,20) i

( s[nj] &<[j,kl & <fk,m O <{(k-j),(mn)] )
1022 ((O)1: 21) i

OnOnikDj (<[, j] & <[j. Kkl & <k, m O <(k-j), (mn)] )
1 23 (O: 1,22) i

0

I' The equalities P90 through P93 appear here because they appeal
to propositions involving inequalities. i

I 90. i

F OnOnidk ( sf(mn), k] O (k - (mn)) = ((k+n) - m ) i



n, m k 11 (Prem i
<[(mn), K] , 12 (Prem i
( st(mn),k] O <m(k+n)] ) , 1 3 (UE P87) i
<t(mn), k] O <[m(k+n)] 4 (OB 3) i
<[m (k+n)] ' 5 (0OE 2,4) i
<[n, M , 1 6 (TE C5.7,2) |
<[m(k+n)] & £[n, M 107 (&: 5,6) i
( stm (k+n)] & <(n,m O (k - (mn)) = ((k+n) - m )

, 1 8 (UE: P62) i
<tm (k+n)] & s(n,m O (k - (mn)) = ((k+n) - m

L9 (0OE 8) i
(k - (mn)) = ((k+n) - m , ! 10 (OE 7,9) i

SI(mn),kl] O (k- (mn)) = ((k+n) - m,! 11 (OI: 2,10) i

( st(mn),k] O (k- (mn)) = ((k+tn) - m )
U012 ()1 11 i

OnOnidk ( <f(mn), k] O (k - (mn)) = ((k+n) - m )
I 13 (00 1,12) i

0
I 91. i

F DalbOcOd ( <[((b+c)+d),a] O ((a-b)-(c+d)) = (a-((b+c)+d)) )
i

a,b,c,d 11 (Prem i
<[ ((b+c) +d), a] , 12 (Pren i
o (b+c)] & w(d] 1 3(TE C1.7,2) i
W (b+c)] 1 4 (& 3) i
w[ d] ' 5 (& 3) i
W b] & wc] , ' 6 (TE C1L.7,4) |
W[ b] 17 (& 6) i
W c] 1 8 (& 6) i
wc] & w[d] , 19 (&: 5,8) i

wc] & wd & wb] ,1 10 (&l: 7,9) i



(wcl & wd & wbl O ((c+d)+b) = ((b+c)+d) )
1 11 (OB C2.25)

el & ofd] & wb] O ((c+d)+b) = ((b+c)+d)

12 (OE 11) i
((c+d) +b) = ((b+c) +d) 1 13 (OE 10,12) |
<[ ((c+d) +b), a] 1 14 (=E 2, 13) i
( <[((c+d)+b),a] O <[(c+d),(a-b)] ) ,! 15 (UE P85:

(c+d): C1.7,9) i
<[((c+d)+b),a] O <[(c+d), (a-b)] 116 (()E 15) i
<[(c+d), (a-b)] 1 17 (OE 14,16)

( sf(c+d), (a-b)] O ((a-b)-(c+d)) = (a-((b+c)+d)) )

1 18 (OE P71) i
<[(c+d), (a-b)] O ((a-b)-(c+d)) = (a-((b+c)+d))

1 19 (OE 18) i
((a-b)-(c+d)) = (a-((b+c)+d)) 1 20 (OE 17,19)

S[((b+c)+d),a] O ((a-b)-(c+d)) = (a-((b+c)+d))
121 (O1: 2,200

( st((btc)+d),a] O ((a-b)-(c+d)) = (a-((b+c)+d)) )
122 ()1 21) i

DaObOcOd ( <[((b+c)+d),a] O ((a-b)-(c+d)) = (a-((b+c)+d)) )
23 (00 1,22)

I
I 92. i

F DalbOcOd ( <[(c-d), (a-b)] O ((a-b)-(c-d)) = ((a+d)-(b+c)) )
i

a,b,c,d 11 (Prem i
<[(c-d), (a-b)] 1 2 (Prem i
<[d, c] , ' 3(TE C5.7,2) |
<[ b, a] 14 (TE C5.7,2) |
( €[d,c] O <[(c-d),c] ) , 1 5 (OE P74) i
<[d,c] O <[(c-d),c] ! 6 (OE 5) i

<[(c-d), c] 17 (OE 3,6) i



<[(c-d),c] & <[(c-d), (a-b)] I8 (&l: 2,7) i

( <[b,a] O wb] ) , 1 9 (OE C3.6) i
<[b,a] O wb] 110 (OE 9 i
o b 1 11 (OE 4,10)
<[(c-d),c] & <[(c-d),(a-b)] & w[b] 112 (&: 8,11) i

( st(c-d),c] & <[(c-d),(a-b)] & wb]
O (((a-b)+b) + (c-(c-d))) = (((a-b)-(c-d)) + (b+c)) )
, 1 13 (LOE P66;

(c-d): C5.7,3;
(a-b): C5.7,3) i

<[(c-d),c] & <[(c-d),(a-b)] & wb]
O (((a-b)+b) + (c-(c-d))) = (((a-b)-(c-d)) + (b+c))
114 (()E 13) i

(((a-b)+b) + (c-(c-d))) = (((a-b)-(c- d)) + (b+c))
15 (OE 12,14) |

( <(b,a] O ((a-b)+b) = a ) , 1 16 (OE P3) i
<[b,a] O ((a-b)+b) = a 117 (OE 16) i
((a-b)+b) = a ! 18 (OE 4,17)

(ar(e-(c-d))) = (((a-b)-(c-d)) + (bve)) (=& 15,18) |
| =E: ) I

( <(d,c] O (c-(c-d)) =d) 1 20 (OE P37) i
<td,c] O (c-(c-d)) =d 121 (OE 20) i
(c-(c-d)) = d 1 22 (OE 3,21)

(a+d) = (((a-b)-(c-d)) + (b+c)) 123 (=E 19,22) |
W ((a-b)-(c-d))] & wf(b+c)] ! 24 (TE: Cl.7,23)
Wl (b+c)] | 25 (&E: 24) i
wb] & wic] 1 26 (TE: Cl.7,25)]
wa] & wfd] 1 27 (TE: Cl.7,23) |

( (atd) = (((a-b)-(c-d)) + (b+c))
0 ((a-b)-(c-d)) = ((at+d)-(b+c)) )
,1 28 (OE P14;
(a+d): Cl.7,27;
((a-b)-(c-d)): C5.7,2;
(b+c): C1.7,26) i

(a+d) = (((a-b)-(c-d)) + (b+c))



0 ((a-b)-(c-d)) = ((a+d)-(b+c))
129 (()E 28) i

((a-b)-(c-d)) = ((a+d)-(b+c)) ,1 30 (ODE 23,29)

<[(c-d),(a-b)] O ((a-b)-(c-d)) = ((a+d)-(b+c))
131 (O1: 2,300

( <((c-d),(a-b)] O ((a-b)-(c-d)) = ((a+d)-(b+c)) )
132 ()1 31) i

OalObOcld ( <[(c-d),(a-b)] O ((a-b)-(c-d)) = ((a+d)-(b+c)) )
33 (0O0: 1,32 i

0
I 93. i

F DaObOcOd ( <[b,d] & <[d,c] & <[c, a]
0 ((a-b)-(c-d)) = ((a-c)+(d-b)) ) i

a,b,c,d , ! 1 (Prem i
<[b,d] & <[d,c] & <[c, Qq] , 12 (Prem i
( <[b,d] & <[d,c] & <[c,a] O <[(c-d),(a-b)] )

, ' 3 (0OE P89) i
<[b,d] & g[d,c] & g[c,a] O <g[(c-d),(a-b)]

4 (0OE 3) i
<[(c-d), (a-b)] I 5 (0OE 2,4) i

( ={(c-d),(a-b)] O ((a-b)-(c-d)) = ((a+d)-(b+c)) )

, 1 6 (OE P92) i
s((c-d),(a-b)] O ((a-b)-(c-d)) = ((atd)-(b+c))

7 (OE 6) i
((a-b)-(c-d)) = ((atd)-(b+c)) , ' 8 (OE 5,7) i
<[ b, d] 19 (& 2) i
<[c, a] 110 (& 2) i
<[c,a] & <[b,d] 011 (& 9,10) i
( sfc,al & <[b,d] O ((a-c)+(d-b)) = ((atd)-(c+b)) )

1 12 (OE: P68) i
s[c,a] & <[b,d] O ((a-c)+(d-b)) = ((a+d)-(c+b))

113 (OE 12) i
((a-c)+(d-b)) = ((a+d)-(c+b)) 114 (OE 11,13) |

<[ (c+b), (a+d)] 1 15 (TE C5.7,14) |



wc] & wib] 1 16 (TE Cl1.7,15) ]

( wc] & wb] O (c+b) = (b+c) ) 117 (OB @.5) i
wc] & wb] O (c+b) = (b+c) 118 (()E: 17) i
(c+b) = (b+c) ! 19 (OE 16,18) |
((a-c)+(d-b)) = ((a+d)-(b+c)) 120 (=E: 14,19) |
((a-b)-(c-d)) = ((a-c)+(d-b)) 121 (=B 8, 20) i

<[b,d] & <g[d,c] & <[c,a] O ((a-b)-(c-d)) = ((a-c)+(d-b))
122 (O1: 2,21) i

( <[b,d] & <[d,c] & <[c,a] U ((a-b)-(c-d)) = ((a-c)+(d-b)) )
123 ()1 22) i

OalbOclOd ( <[b,d] & <[d,c] & <g[c, a]
O ((a-b)-(c-d)) = ((a-c)+(d-b)) )
24 (0O1: 1,23) i

O
I P94 through P99 involve strict inequalities. i
I 94, i

F OnOm( sfn,m &-n=00 < (mn),m ) i

n, m 11 (Prem i
n,m &-n =0 12 (Prem i
<[n, m 13 (& 2) i
~n=0 14 (& 2) i
( stn,m O <(mn),nm ) 15 (OB P74) i
s(n,m O <((mn),n 16 (OE 5) i
<[(mn), n 07 (OE 3,6) i

(mn) = m 1 8 (Pren) i
( (mn) =md n=0) 19 (OB P29) i
(mn) =m0 n =0 110 (OE 9) i
n=0 111 (OE 8,10)
F 12 (F1:o4,11)

(mn) =m0O F , 113 (O1: 8,12) i



- (mn) =m 114 (=1 13)
SI(mn),mM &= (mMmn) =m 1015 (&l: 7,14)
( st(mn),m &~ (mn) =md < (mn),m )
, 116 (OE 4. 4;
(mn): C5.7,3)
SI(mn),Mm &= (mn) =md <{(mn),m
117 (O E  16)
< (mn), m )1 18 (OE 15,17)
SIn,M &-n =00 <{(mn),m 019 (O1: 2,18)
( SIn,m &-n=00 <(mn),nm ) 120 (()1: 19)
OnOm ( €[n,mM & -n =00 <[(mn),n ) 21 (O1: 1,20)
O
I 95.
F OnOnidk ( g(n,m & <[mk] O <((mn), (k-n)] )
n, mk ,1 1 (Prem
S[n,mM & <[m K] , 12 (Pren
<[n, m 1 3 (& 2)
<[ m k] 14 (& 2)
( <Imkl] O €ffmk] & -~ m=k ) , ' 5 (0OE C4.3)
<Imk] O gffmKk] & - m= Kk 16 (()E 5
SImk] & - m= Kk 17 (OE 4,6)
<[ m kJ 18 (& 7)
Lm= Kk 19 (& 7)
S[n,mM & <[m K] , 110 (&: 3,8)
( gnMm & <mk] O <f(mn),(k-n)] ) ,! 11 (OE P77)
SIn,mM & g(mk] O <(mn), (k-n)] 112 (OE 11)

<[(mn), (k-n)]
(mn)

( (mn)

= (k-n)
= (k-

(mn) = (k-n)

nN 0 m=k)

O m= k

13 (OE 10,12)
14 (Prem

15 (OE: P72)

16 (()E 15)



(mn) = (k-n) O F
o (mn) = (k-n)
SI(mn),(k-n)] & = (mn) = (k-n)

<[ n, kJ

17 (OE 14,16) |
18 (F1: 9,17)
19 (O1: 14,18)
20 (-l: 19) i
21 (&: 13,20) i

22 (TE C5.7,13)

( st(mn),(k-n)] &= (mn) = (k-n) O <((mn),(k-n)] )

1 23 (OE 4.4
(mn): C5.7,3;
(k-n): C5.7,22) i

SI(mn),(k-n)] & = (mn) = (k-n) O <(mn), (k-n)]

<t(mn), (k-n)]
stn,m & <[mk] O <((mn), (k-n)]

( stn.m & <(mk] O <((mn),(k-n)] )

OnOnik ( <(n,m & <(mk] O <((mn),(k-n)] )

0

I 96.

124 (()E 23) i

25 (OE 21,24)
26 (O1: 2,25) i

27 (()1: 26) i

28 (O1: 1,27) i

F OnOnidk ( <(n,m & <[mk] O <[((k-m, (k-n)] ) i

n, mKk
<[n,m & <[m K]
<[n,m
<[ m K]
( <fnm O <[n,mM &-n=m)
<nm O £[n,mM &-n=m

<[nN,NM &= n=m

N =m

S[n,mM & <[m K]

( <s(n,m & <[mk] O <((k-m, (k-n)] ) ,

1 (Prenm i
2 (Prem i
3 (& 2) i
4 (& 2) i
5 (OE 4. 3) i
6 (OE 5) i
7 (OE 3,6) i
8 (& 7) i
9 (& 7) i
10 (&E: 4, 8) i

11 (OE: P78) i



stn,m & s[mKk] O <[(k-m, (k-n)]
<[(k-m, (k-n)]

(k-m = (k-n)

( (k-m = (k-n) O m=n)

(k-m) = (k-n) O m=n

m=n
n=n
n=m
F

(k-m) = (k-n) O F

- (k-m = (k-n)
<t(k-m, (k-n)] & = (k-m = (k-n)
<[ n, K]

( <s((k-m,(k-n)] & -~ (k-m = (k-n) O

112 (OE 11)
1 13 (OE 10,12)
, 1 14 (Prem

1 15 (OE P73)
,1 16 (()E 15)
)1 17 (OE 14, 16)
118 (=)

119 (=E 17, 18)
120 (F1: 9,19)
121 (O1: 14, 20)
122 (A 21)
123 (& 13,22)

1 24 (TE C5.7,13) i

<[(k-m, (k-n)] )
, 1 25 (OE 4.4

(k-m: C5.7, 4,
(k-n): C5.7,24)

<((k-m, (k-n)] & = (k-m = (k-n) O <((k-m, (k-n)]

<[(k-m, (k-n)]
<[(n,m & <[mk] O <[((k-m, (k-n)]
( <(nm & <[mk]l O <[((k-m,(k-n)] )

OnOmidk ( <[n,m & <[mk] O <[(k-m, (k-n)]

O
I 97.
F OnOniOk ( <((mn),(k-n)] O <[mKk] )
n, mk
<{(mn), (k-n)]
s[n, M
<[n, K]

1 26 (()E: 25)
1 27 (OE 23,26)
128 (O1: 2,27)
129 (()1: 28)

)
1 30 (O01: 1,29)

, 11 (Pren
, 12 (Pren
, 1 3 (TE C5.7,2)

1 4 (TE C5.7,2)



( <t(mn),(k-m1 0O <((mn),(k-n)] &~ (mn) = (k-n) )

| 5 (OE C4.3
enys &7 4
<((mn),(k-n); 0 sf(mn),(k-n)] & - (mn) = (k-n)
6 ((OE 5)
t(mn), (k-n)] & = (mn) = (k-n) 7 (OB 2,6)
st(mn), (k-n)] 18 (& 7)
-~ (mn) = (k-n) 19 (& 7)
( <((mn),(k-n)] O <[mKk] ) .1 10 (OE P79)
t(mn), (k-n)1 O <[mKk] 111 (()E 10)
<[ m k] 1 12 (OE 8, 11)
m= k 1 13 (Prem
(mm = (mn) ’(!rn%?:(:cls;.?,s)
(mn) = (k-n) 1 15 (=E 13, 14)
¥ 1 16 (FI: 9,15)
m=k O ¥ 117 (O1: 13, 16)
- m=k 118 (Al: 17)
< mk] & -~ m= k 119 (& 12,18)
( <s(mk] &~ m=k O <{mKk] ) 1 20 (OB C4.4)
<sImk] & - m=k O <[mKk] 121 (()E 20)
<m K] 1 22 (OE 19,21)
<{(mn), (k-n)] O <[mKk] 123 (0O1: 2,22)
( <t(mn),(k-n)] O <(mkj ) 124 (()1: 23)
OnOnk ( <((mn), (k-n)] O <{mKk] ) | 25 (OI: 1,24)
O
| 98.

F OnOnik ( <((mk),(mn)] O <[n, k] )

n, mk , I (Pren)
<[(mk),(mn)] , I (Pren

<[k, m 1 3 (TE C5.7,2)



<[n, m 1 4 (TE C5.7,2)

( <t(mk),(mn)] O <((mk),(mn)] &= (mk) = (mn) )
1 5 (OE: C4.3;

(mk): C.7,3;
(mn): C5.7,4)

<t(mk),(mn)] O <f((mk),(mn)] &= (mk) = (mn)

6 (()E 5)
st(m k), (mn)] & - (mk) = (mn) 7 (OB 2,6)
st(mk), (mn)] 18 (& 7)
- (mk) = (mn) 19 (& 7)
( <((mk),(mn)] O <[n, k] ) ,1 10 (UE: P88)
st(m k), (mn)] O <[n, K] 11 (OB 10)
< n, K ! 12 (OE 8,11)
n =k 1 13 (Prem
(m0 = (o i &
(mk) = (mm 1 15 (=E: 13, 14)
F 116 (F1: 9,15)
n=~k0O &F 117 (O1: 13, 16)
-n =k 118 (Al 17)
<in,k] & = n =k 119 (& 12,18)
( <(n,k] &= n =k O <[n, k] ) 1 20 (OE: CA4.4)
<in,k] & = n =k O <[n,K] 121 (()E 20)
<[n, K] 1 22 (OE 19, 21)
<((mk),(mn)] O <[n,Kk] 123 (0O1: 2,22)
( <t(mk),(mn)] O <(n, k] ) 24 (()1: 23)
OnOnik ( <((mKk), (mn)] O <[/n, k] ) | 25 (O0: 1,24)
0
I 99.
F OnOm ( <(n,m O <[1,(mn)] )

n,

m , 11 (Pren



<[n, m 12 (Prem
( <(n,m O <[(n+l),m ) ! 3 (OE: CA.36)
<(n,m O <[(n+1),n 4 (OB 3)
<[(n+1), m 1 5 (OE 2,4)
( <((n+1),m O <[1,(mn)] ) ! 6 (OE: P84)
<(n,m O <[1,(mn)] 7 (OB 6)
<[1, (mn)] 1 8 (OE 2,7)
<(n,m O <[1,(mn)] 19 (O1: 2,8)
( <tnm O <[1,(mn)] ) 110 (O1: 9)
OnOm ( <(n,m O <[1,(mn)] ) 11 (O 1,10)

0



