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I This chapter introduces and devel ops division. Notable
proposi tions include:

P10: Reflexivity of Division

P23: Antisymretry of D vision

P24: Transitivity of D vision

P29: Division of Additive Linear Conbinations

P30: Division of Subtracting Linear Conbinations

P51- P55: Division and O Remai nders

P57: Lemma for establishing Euclid s theoremthat the prinme
nunbers are infinite '
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I The ZE and &l rules, applied to the definition of division (Pl),

justify passage fromn|mto x (n x xX) = mand vice versa.

Propositions P5 through P7 are useful when the n is on the right-
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I 10. Reflexivity of Division.
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I 15. The only nunber which divides 1 is 1.
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I 22. P22 does not appeal to any proposition, but it belongs to
VI1, since it uses a synbol which is only introduced in this
chapter. There is no good position for it, so it is put here.
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I 23. Antisymmetry of Division.
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I 24. Transitivity of Division.
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n|

(

W a 1 8 (& 6)

n| x & wfa] 1 9 (&: 3,8)

( n|x & wa O n|(axx)) ,1 10 (OE: P28)
n|x & wa] O n|(a x x) 111 (OE 10)

n| (a x x) 112 (OE 9, 11)
n| (a x x) & <[(bxy), (axx)] ,1 13 (&l : 5,12)
W b] 114 (&E )
nly & oibj 115 (&: 4,14)
( nly &bl O n|(bxy)) ,1 16 (OE P28)
nly & wb] O n|(b xy) 117 (OE 16)

n| (b x y) 118 (OE 15, 17)

n| (a x x) &n|(b xvy) & <[(bxy), (axx)]
119 (& 13,18)

( nl(axx) &n|(bxy) &=<[(bxy), (axx)]
O n| ((axx) - (bxy)) )
, 1 20 (OE P26;
(a x x): V7.9, 6;
(b xy): V7.9,7)

n| (a x x) &n|(b xy) & <[(bxy), (axx)]

0 n| ((axx) - (bxy)) 21 (OE 20

n| ((a x x) - (b Xxy)) 1 22 (OE 19,21)

X & n|ly & <[(bxy), (axx)] O n|((a x x) - (b xy))
123 (O1: 2,22)

n|x & nly & <[(bxy), (axx)] O n|[((a x x) - (b xy)) )
124 ()1 23)

OnDabbOxOy ( n| x & n|ly & <[(bxy), (axx)] O n| ((axx) - (bxy)) )

0

both the sum (or difference) and one of the terns inplies divi

| 25 (O1: 1,24)

P31- P46 are various permutations on the thenme that division of

of the other term

31.

si on
i



F OnOnidk ( n|(m+ k) &n|m0O n|k)
n, mk
nf(m+ k) &n|m
n| (m+ k)
X (n x x) = (m+ k)
(n xx) =(m+ k)
wm & k]
(M &kl O sgm(m+ k)] )
wn & okl O <(m(m+ k)]

stm (m + k)]

nf(m+ k) &nlm&<[m(m+ k)]

[EEN

(Prem
(Prem
(& 2)

N

w

4 (SE: P1,3)

5 ([E 4)

(02]

(TE: V1.7, 5)

\l

(OE: V3. 33)
8 (VE 7)
9 (OE 6,8)

10 (& : 2,9)

(nl(m+Kk) &nlm&sim(m+ k1 O nf((m+k - m)

nf(m+ k) &nm&<sm(m+ k)] O n|]((m
!

n|((m+k) - m
(wm & okl O ((m+ k) -m =k)
on &kl O ((m+k) - m =Kk
((m+ k) - m =k
n| k
nf(m+ k) &n|m0O n|k
( nf(m+ k) &nfm0O n|k)
OnOnidk ( nj(m+ k) &n|mO n|k)
0
I 32.
F OnOnidk ( n| (m+ k) & n|k O n|m)
n, mk
n| (m+ k) & n|k

n| (m+ k)

, 111 (OB P26;
(m+ Kk): V1.7,6)

+ k) - m
12 () E 11)

13 (OE 10, 12)
14 (OE: V6. 36)
15 (()E: 14)

16 (OE 6, 15)
17 (=E: 13, 16)
18 (O1: 2,17)
19 (()1: 18)

20 (O0: 1,19)

1 (Prenm
2 (Prem

3 (&€ 2)



n| k N
x (n x x) = (m+ k) ;!
(n x x) = (m+ k) |
wm & k] !
(wm & okl O (m+ k) =(k+m) ,!
Wom & okl O (m+ k) = (k +m |
(m+ k) = (k +m !
n| (k + m !
n|(k + m & n|k N
( nf(k+m &nlk O nlm) , |
nf(k +mM &n|lk O nlm N
n| m N

nf(m+ k) &n|lk O n|m |

( n[(m+ k) &n[k O nfm) ) |

OnOnk ( n[ (m+ k) &n|k O n|m) !

O

I 33,

F OnOnidk ( n] (m- k) &n|lk O n|m)

n, m k !
n| (m- k) & n|k |
n| (m- k) !
x (n x x) =(m- k) !
(n xx) = (m- k) !
<[k, m !

( nf(m- k) &nlk O n|((m- k) + k) )
!

N

ol

\l

10

11

12

13

14

15

16

17

18

7

(m -

nf(m- k) &nlk O nl((m- k) + k) ,!

n| ((m- k) + k) !

8

9

(&E: 2)

(BE: P1,3)
(LE: 5)

(TE: VI1.7,6)
(OE: V2.5)
(OE 8)
(0E 7,9)
(=E: 3, 10)
(&: 4,11)
(OE: P31)
(OE 13)
(0E 12, 14)
(O1: 2,15)
(O)1: 16)

(Ol: 1,17)

(Pren
(Prem
(&E: 2)

(%E P1, 3)
(CE: 4)

(TE: V5.7,5)
(OE P25;
K): V5.7,5)
(OE 7)

(OE 2,8)



( stk,m O ((m- k) +k) =m)
<tk,m O ((m- k) + k) =m
((m- k) +k) =m
n| m
nf(m- k) &n|lk O n|m
( nf(m- k) &n[k O n|m)
OnOnik ( n|(m- k) &nlk O n|m)
[
I 34,
F OnOnidk ( n] (m- k) &n|mO n|k)
n, mk
nf(m- k) &n|m
n| (m- k)
n| m
X (n x x) = (m- k)
(nxa) = (m- k)
<[k, m
( stk,m O (m- (m- k)) =k)
stk,m O (m- (m- k)) =K

(m- (m- k) =k

10 (OE: V6.3) |
11 ((O)E 10) i
12 (OE 6,11) |
13 (=E: 9,12) |
14 (O1: 2,13)
15 ((O)1: 14) i

16 (OI: 1,15) |

[EEN

(Prem i
(Prem i
3 (& 2) i

N

4 (&E: 2) i
5 (BE P1,3) i
6 ((E: 5) i
7 (TE V5.7,6) |
8 (UE: V6.37) |
9 (OE 8) i

10 (OE 7,9) i

(nNfmé&n|(m- k) &<[(m- k),m O n|(m- (m- k)) )

nfm&n|(m- k) &<[(m- k)y,m O n|](m-
!

nfmé&n| (m- k)

St(m - k), m

nfmé&n|(m- k) & <[(m- k), m
n[(m- (m- k))

n| k

! 11 (OE: P26;
(m- k): V5.7,7) i

(m- k))
12 (OE 11) i

13 (&l: 3,4) i
14 (TE V5.7, 10) |
15 (&l: 13,14) |
16 (OE 11,15) |

17 (=E 10,16) |



nf(m- k) &n|m0O n|k 118 (O1: 2,17) i

(nf(m- k) &nlm0O n|k) 019 (()1: 18) i
OnOnidk ( n|(m- k) &nm0O n|k) 120 (OI: 1,19) i
0
I 35. i
F DalObOcOn ( a = (b +c) &nlb &njc O nja) i

a,b,c,n 11 (Prem i

a=(b+c) &n|b &n|c 1 2 (Prem i
a=(b+c) 13 (8B 2) i
nlb & n|c 4 (& 2) i
( nfb &n|lc O n|(b +c)) .1 5 (OE P25) i
nlb &njc O n|(b + ¢c) ' 6 (OE 5) i
n| (b + c) 1 7 (OE 4,6) i
n| a 18 (=E: 3,7) i
a=(b+c) &nlb&n|c O nla L9 (O1: 2,8) i
(a=(b+c) &n|b &nlc O nla) 110 ((O)1: 9) i

OalbOcOn ( a = (b +c¢) &n|b &n|c O njla)
1 11 (O 1,10)

0

I 36. P36 is proved here inplicitly as a corollary of P41. The
present organi zati on has been chosen in order to group |ike-
| ooki ng propositions. i

F DalObOcOn ( a = (b +c) &nla &n|b O njc) i

a,b,c,n 11 (Prem i
a=(b+c) &nlaé&n|b 12 (Prem i
a=(b+c) 13 (& 2) i
nja &n|b 4 (& 2) i
(a=(b+c) 0c=(a-Db) , ! 5 (OE V6.13) i
a=(b+c) Oc=(a- b 1 6 (()E 5) i

c =(a- b 7 (0OE 3,6) i



<[ b, a]

nfla & n|b & <[b, a
( nfaé&n|lb &<b,a] O n|(a- b))

nfa &n|b & <[b,a] O n|(a - b)

n| (a - b)

n| c

a=(b+c) &nla&n|b O n|c

(a=(b+c) &nla &n|b O njc)

OalbOcOn ( a =

0

I 37.

F ODaObOcOn ( a = (b +c¢c) &nja &n|c O

a, b, c,

a =

n| b

n

(b +c) &nla &n|c

(b + c)
&nl|c
=(b+c¢) O a
(b +c¢c) O a-=

(c + b)

= (c +Db) )

(c + b)

(c +b) &nla &n|c

=(c +b) &nla &nlc O n|lb)

(c +b) &nla &n|lc O n|b

a=(b+c) &nlaé&n|cOn|b

(a=(b+c) &nla &n|lc O n|b)

OalbOcOn ( a = (b +c¢c) &nla &n|c O n|lb)

(b+c) &nla &n|b O njc)

8 (TE V5.7,7)

9 (&: 7,8)
10 (OE: P26)
11 (()E 10)

12 (OE 9,11)
13 (=E 7,12)
14 (O1: 2,13)

15 (()1: 14)

16 (O1: 1, 15)

[EEN

(Pren

(Prem
(& 2)

A W DN

(&E: 2)

(62}

(OE: V2.7)

(o]

(OE 5)

7 (OE 3,6)
8 (&: 4,7)
9 (OE: P36)
10 (OE 9)

11 (OE 8, 10)

12 (O1: 2,11)
13 (()1: 12)
14 (0O1: 1,13)



I 38.

F DalObOcOn ( (b +c¢c) =a&n|lb&njc O nja)

a,b,c,n 11 (Prem
(b+c) =a&n|b &n|c ,1 2 (Prem

(b +c¢c) = a 13 (& 2)
nfb &n|c 14 (8B 2)

a = a 5 (=1)

a = (b +c) , 1 6 (=E 3,5)
a=(b+c) &n|b &n|c 17 (&: 4,6)
(a=(b+c) &n|lb &nlc O nla) ,! 8 (OE P35)
a=(b+c) &n|lb&n|c O n|la 19 (OE 8)
n| a ,1 10 (OE 7,9)
(b+c) =aé&n|lb&n|/c O n|la ,1 11 (O1: 2,10)
( (b+c) =aé&n|b&nlc O nla) 112 ((O)1: 11)

OalbOcOn ( (b +c) =a &n|b &n|c O n|la

N—r

I 13 (O 1,12)

O

I 39.

F DalObOcOn ( (b +c¢c) =a &nlaé&n|b O njc)

a,b,c,n 11 (Prem

(b+c) =a&n|laé&n|b ,1 2 (Prem
(b +c) =a 13 (& 2)
nfa &n|b L4 (& 2)
a = a 15 (=1)
a= (b +c) ,1 6 (=E 3,5)
a=(b+c) &nlaé&n|b 17 (&8: 4,6)
(a=(b+c) &nla&n|b 0 nlc) ,!' 8 (OE P36)
a=(b+c) &nla&n|b O n|c 19 (OE 8)
n| c ,1 10 (OE 7,9

(b+c) =aé&nla&n|b O n|c ,1 11 (O1: 2,10)



((b+c)=aé&nla&n|bd njc) )l

DabbOcOn ( (b +c¢c) =a &nlaé&n|b O njlc)

0

I 40.

F DalObOcOn ( (b +c¢c) =a &nlaé&n|c O n|b

n| b :

a,b,c,n
(b+c) =a&n|laé&n|c
(b +c) =a
nfa &n|c
a=a
a= (b +c)
a=(b+c) &nla&n|c
(a=(b+c) &nla&n|lc O nlb)
a=(b+c) &nla&n|c O
n| b

(b+c) =aé&nla&n|c O n|lb :

( (b+c)=aé&nla&nlcOnlb) )l

OalbOcOn ( (b +c) =a &nlaé&n|c O n|lb)

0
I 41,

F DaObOcOn ( a = (b - ¢c) &n|b

a,b,c,n
a=(b-c) &n|lb &n|c
a=(b- 0
nfb & n|c
<[c, b]
nfb & n|lc & <[c, by

&nlc O n|a

( nlb &n|c & <[c,b] O n|(b - c) )

12 (()1: 11)

13 (O 1,12)

N

(Prem
(Prem
(&E: 2)
(& 2)
(=1)

(=E: 3,5)

~N~ o o b~ w N

(=E: 4, 6)

(o]

(OE: P37)

9 (OE 8)

10 (OE 7,9)
11 (O1: 2,10)

12 (()1: 11)

13 (O 1,12)

)

1 (Pren

2 (Prem

3 (&€ 2)

4 (&E: 2)

5 (TE: V5.7, 3)
6 (&: 4,5)

7 (OE: P26)



nfb &n|c & <[c,b] O n|(b - c) 18 (O)E 7)

n| (b - ¢) ! 9 (OE 6,8)
n| a 110 (=E 3,9)
a=(b-1c) &nlb&n|c O n|la 111 (O1: 2,10)
(a=(b-2c¢) &n|b &n|lc O nla) 112 ((O)1: 11)

DalbOcOn ( a=(b - c¢) &n|lb &n|c O nla)
1 13 (01: 1,12)

I
I 42,

F ODaObOcOn ( a = (b - c) &nla &n|b O n|c

N—r

a,b,c,n 1 1 (Prem
a=(b-c) &n|la&n|b 12 (Prem
a=(b- c) 1 3 (& 2)

n| a | 4 (&E 2)

n| b 1 5 (& 2)
(a=(b-c¢) Ob=(c+a)) ! 6 (OE: V6.11)
a=(b-c) 0b-=(c+a) 7 (O)E 6)
b=(c+ a) ! 8 (OE 3,7)
b=(c+a) &n|b 1 9 (&: 5,8)
b=(c+a) &n|b &n|a ,1 10 (&: 4,9)
( b=(c+a &n|lb&nlad nc) ,!' 11 (OE P37)
b=(c+a) &n|b &n|lal n|lc 112 (OE 11)
n| c 1 13 (OE 10, 12)
a=(b-c) &nla&n|bO n|c 114 (O1: 2,13)
(a=(b-=c¢) &nla&n|b O njc) 115 (()1: 14)

OalbOcOn ( a =(b - c) &nla &n|b O njc)
I 16 (OI: 1,15)



F DaObOcOn ( a=(b - c) &nla&n|jc O n|lb)

a, b, c,

a =
a =
n| a

n| c

(a-=

OalbOcOn ( a = (b - c) &nla &n|c O n|lb)

0

I 44,

F DaObOcOn ( (b - ¢) =a &n|lb &n|jc O n|a

n
(b
(b

(b -

(b -

(c
(c

(c +

(c +

=+

+

(c

c) &nla &n|c
c)

¢) O b= (c+a))

c) O b= (c+ a)

a)

a) &n|c

a) &n|lc &nl|a

+a) &n|lc &nla O n|lb)

a) &n|lc &nla O n|b

-c) &nla &n|c O n|lb

(b -

c) &nla &n|c O n|lb)

a,b,c,n
(b-c) =aé&n|bé&n|c
(b-c¢c) =a
nfb &n|c
a=a
a=(b- ¢
a=(b-=c¢) &n|lb &n|c
(a=(b-=c¢) &n|b &n|lc O nla)
a=(b-1c) &n|lb&n|c O n|la

1

2
3
4

10
11
12
13

14

16

p

N~ o o B~ o w N

(Prem
(Prem

(&E:
(&E:

(&E:

(OE:

2)
2)
2)

V6. 11)

(OE 6)

(OE 3,7)

(& :

(&l:

5, 8)

4, 9)

(OE: P35)

(OE 11)

(OE 10, 12)

(ol

2, 13)

(O)1: 14)

(0O

1, 15)

(Prem
(Pren

(&E:
(&E:

(=)

(=E:

2)
2)

3, 5)

(=E: 4, 6)

(OE:

P41)

(OE 8)



n| a ,1 10 (OE 7,9
(b-c) =a&n|b&n|c O n|la ,1 11 (O1: 2,10)
( (b-c¢c) =aé&n|b&n|cO nla) 112 ((O)1: 11)

OalbOcOn ( (b - ¢c) =a &n|b &n|c O njla)
1 13 (01 1,12)

0
I 45,

F OaObOcOn ( (b - ¢c) =a &n|la&n|b O n|c

N—r

a,b,c,n , 1" 1 (Prem
(b-c¢) =a&n|laé&n|b 1 2 (Prem
(b-c¢c) =a 13 (& 2)
nfa & n|b 14 (&E 2)
a=a 5 (=1)
a=(b- 0 , 1 6 (=E 3,5)
a=(b-c¢) &nlaé&n|b 17 (&: 4,6)
(a=(b-=c¢) &nla&n|b O nlc) ,!' 8 (OE P42
a=(b-=c) &nla&n|b O n|c 19 (OE 8)
n| c ,1 10 (OE 7,9
(b-c) =aé&nla&n|b O n|c 111 (O1: 2,10)
( (b-c¢) =a&nla&n|bO njlc) 112 ((O)1: 11)

DabbOcOn ( (b - ¢c) =a &nlaé&n|b O njlc)
1 13 (O1: 1,12)

I
| 46.

F ODaObOcOn ( (b - ¢c) =a &n|la&n|jcOn|b

N—r

a,b,c,n , 11 (Prem
(b-c¢c) =a&n|laé&n|c .1 2 (Prem
(b-c¢c) =a I3 (& 2)
nfa &n|c 14 (&E 2)

a = a 15 (=)



a=(b- c) , I 6 (=E 3,5)

a=(b-oc) &nla&n|c 17 (& 4,6)
(a=(b-c) &nla&n|c O nlb) ,! 8 (JE P4a3)
a=(b-c) &nla&nlcOn|b 19 (OE 8)
n| b 110 (OE 7,9)
(b-c) =a&n|la&n|cO n|b 111 (O1: 2,10)
((b-c)=a&nla&n|cdn|b) 12 ()1 11)

Oa0bOcOn ( (b - ¢c) =a &nla&n|c O n|lb)
1 13 (01 1,12)

0
I 47.

F OnOm( nfm&-m=0 0 <[n,m )

n, m 11 (Prem
nfmé&-m=20 1 2 (Prem
n| m 1 3 (& 2)
- m=0 14 (&E 2)
X (n X X) = m , ' 5 (% P1,3)
(n X X) =m 1 6 (E 5)
(nXX) =m&-m=20 17 (&: 4,6)

((nxx)y =mé&-m=00 -x=0) ,! 8 (OE V8.9)

(nXX)y =m&-m=00 =-x =20 19 ((OE 8)
-x =0 1 10 (OE 7,9)
wn & oX] 1 11 (TE V7.9, 6)

|
o

Wn & WX] & = X = 112 (&l 10, 11)

( wn & Wx] &=~ x =00 <£[n,(n x x)] )
, ! 13 (OE V8. 53)

o

wn & WX] & = x = O <(n,(n xx)],! 14 (OE 13)
<(n,(n X x)] ! 15 (OE 12, 14)

<[n, m 1 16 (=E: 6, 15)



nNfm&-m=00 <nm

(nfm&-m=00 <nm)

OnOm( nfm&-m=0 0 <[(n,m )

O

I 48. Only 1 and 2 divide 2.

FOn(n20On=10n-=2)

n
n| 2
nf2&-2=0
(n2&=-2=00 <n2] )
n2&-2=00 <n,2]
<[n, 2]
( €(n,27 O0n=00n=10n-=
<nN,21 O n=00n=10n=2
n=00n=10n=2
(n2&-2=00 -n=0)

- n=20

(n=00n=
(n=00n =
( (n=00n
(n=00n =

nf2 0 n=10
(n20n=1

On ( nf2 0 n=1

1 0n =2

10n=2) &~ n =

1
=
|
=]

1

1 0n=2) &-n =

2) & - n

17 (O1: 2,16)
18 (()1: 17)
19 (OI: 1,18)
1 (Prem

2 (Prem

3 (&: 1V9.17)
4 (OE: PA47)

5 (OE 4)

6 (OE 3,5)

7 (OE: V3.59)
8 (OE 7)

9 (OE 6,8)
10 (CE: P13)
11 (()E 10)

12 (OE 3,11)

13 (()1: 9)

14 (& : 12,13)
=10n-=2)
15 (OE 13.9)
10n =2

16 (()E 15)

17 (OE 14, 16)

18 (O1: 2,17)
19 (()1: 18)
20 (O0: 1,19)



0
I 49,

FOh(nl2 =n=10n=2)

n , 11 (Pren
(nf20n=10n-=2) ! 2 (OE P48)
nf20n=10n=2 3 (OE 2
n=10n-=2 , ' 4 (Prem
n=1 , ' 5 (Prem
n| 2 1 6 (=E: P20, 5)
n=10 n|2 1 7 (O1: 5,6)
n =2 , 1 8 (Prem
n| 2 1 9 (=E P21, 8)
n=20 n|2 1 10 (O1: 8,9)
n| 2 111 (CE: 4,7,10)
n=10n=210 n|2 112 (01 4,11)
nNf2 =« n=10n-=2 1 13 (=1: 3,12)
(n2 n=10n-=2) 114 (()1: 13)
Ohn(n2 e=n=10n-=2) I 15 (O 1,14)
O
I 50.

F OnOm( nfm& <mny O m=20)

n, m 11 (Prem
n| m& < mnj ,1 2 (Prem
n| m 1 3 (& 2)
<[m n] 14 (& 2)
- m=20 , 15 (Prem
nfm&-m=0 ,1 6 (&: 3,5)
(nfm&-m=00 <nm ) ,1 7 (OE P47)

nNfm&-m=0 0 <nm 1 8 (OE 7)



<[n, N , 1 9 (OE 6,8) i

<fmn] & <[n,m 110 (&: 4,9) i

( <fmn] & <n,m 0O F ) ;111 (OE V4. 19) i
<[mn] & <n,m O F 112 (()E 11) i

F , 1 13 (OE 10,12) |
-m=00 F , 114 (OI1: 5,13) i

e m= 0 )1 15 (-l: 5) i
m=0 ,1 16 (-E 15) i
nfm&<mn O m=0 017 (O1: 2,16)
(nfm&<mn O m=20) 118 (()1: 17) i
OnOm ( nfm& <(mn] O m=20) I 19 (OI: 1,18) i
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