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General Arithmetic is the theory consisting of induction on a successor function.
Normal arithmetic, say in the system called Peano Arithmetic, makes certain additional demands
on the successor function. First, that it be total. Secondly, that it be one-to-one. And thirdly,
that there be a first element which is not in its image. General Arithmetic abandons all of these
further assumptions, yet is still able to prove many meaningful arithmetic truths, such as, most
basically, Commutativity and Associativity of Addition and Multiplication, but also Lagrange’s
Four-Square Theorem. Adding one more axiom, the one-oneness of succession, one can prove
many more theorems, such as Quadratic Reciprocity and Fermat’s Little Theorem. By
looking at arithmetic in this general setting, one receives a deeper understanding of the
underlying structures.

0. Abbreviations

x € P for Px

Dom(R) for {x : Ay Rx,y}

Im(R) for {y : Ax Rx,y}

IsFunction(R) for VxVyVz (Rx,y & Rx,z = y=12)
Is1-1(R) for VxVyVz (Rx,y & Rz,y = x=7)
P=Qfor Vx(Px< Qx)or VxVy (Px,y < QOx,y)
P C Qfor Vx (Px=>Qx)or VxVy ( Px,y = QOx,y)
PUQfor{z:Pzv Qz}or {y,z: Py,zv Qy,z} or {x,y,2 : Px,y,z v Ox,y,2}
P\Qfor {z: Pz &~ Qz}

{a} for {z:z=a}

{(a,b)} for {y,z:y=a & z=">b}
¢for{z:mz=z}or{y,z:mz=2}

The first half of this paper covers much of the same ground as Henkin in his paper “On
Mathematical Induction” [Henkin]. That paper looked at a base system which assumed
induction, the totality of successoring (aka the “Successor Axiom”), and successoring’s
functionality. He proved the existence of addition and multiplication and described the models

1. Introduction

We will be working in predicative second-order logic. That is, comprehension is
restricted to predicative (arithmetic) predicates. The language will be augmented by a first-
order constant 0, a second-order one-place predicate N (representing the natural numbers), and a
second-order two-place predicate o (representing succession). Call this base theory, with no
non-logical axioms, but with the specified additions to the language, SLA.

If Ny & ox,y, then y is called a successor of x; and if Nx & ox,y, then x is called a
predecessor of y.



The theory of Peano Arithmetic PA contains these axioms:

(PA1) NO

(PA2) Vn (Nn= 3Im (Nm & on,m))

(PA3) VaVmVm' (Nn & Nm & Nm' & onm & onym' = m=m')

(PA4) VnVmVn' (Nn & Nm & Nn' & onm & on'sm =>n=n')

(PAS) Vn(Nn=-0n,0)

(PA6) Induction schema. Let ¢ be a well-formed formula (with no appearance of m). Use
¢ [x\y] to mean x replaces all (free) instances of y. Suppose ¢ [0O\n] and

VnVm (Nn & onm & ¢ = ¢ [mwn]). Then Vin (Nn= ¢ ).

Note that one can apply (PA6) using Nn = ¢, so in fact (PA6) can be replaced with the
ostensibly stronger principle:

(PA6’) Let ¢ be a well-formed formula (with no appearance of m). Suppose NO = ¢ [O\n] and
VnVm (Nn & Nm & on,m & ¢ = ¢ [m\wn]). Then Vn (Nn= ¢ ).

FPA is the sub-theory without axiom (PA2) - called the Successor Axiom - and (PA1),
which is a trivial axiom of little interest. FPA is able to develop much of arithmetic, which is
demonstrated in Arithmetic without the Successor Axiom. It can, for instance, prove the law of
Quadratic Reciprocity and Bertrand’s Postulate.

It is a natural question to wonder how much arithmetic can be developed in weaker sub-
theories, which still contain (PA6) induction. Let IND be the sub-theory having as axioms all
instances of the induction schema, obviously the weakest such theory. Remark that:

SLA CIND CFPA CPA
where

IND = SLA + (PA6)
FPA = PA\ {(PA1),(PA2)}.

Here is a sampling of what IND can prove.

(IND) Prop 1.01. ¥Yn (Nn=> NO)
Pf:
By induction (PA6’), with ¢ as NO. O

The previous proposition removes most interest from (PA1), since if there is any natural
number, (PA1) holds; in other words, either the vacuous system where there are no natural
numbers, or (PA1).

(IND) Prop 1.02. Let NO & Vn (Nn & 00,n = n=0). Then N = {0}.

Pf:
We claim that Vrn (Nn = NO). Proceed by induction (PA6’), with ¢ as n=0.
Clearly NO = ¢ [O\n] holds.



Now let Nn & Nm & on,m & ¢. By the Induction Hypothesis, n = 0. By assumption,
this forces m = 0.

So Vn (Nn = NO). But NO, so N = {0}. I

(IND) Corollary 1.03. Let NO & Vn (Nn = = 00,n). Then N = {0}. a

The next proposition asserts that every non-zero natural number is preceded by a natural
number different from it.

(IND) Prop 1.04. Vn(Nn & - n=0= 3k Nk & ck,n & ~k=n)).
Pf:
By induction, with ¢ as
(—~n=0= Ik (Nk & ck,n & ~k=n)).

¢ holds trivially when n = 0.
Now let Nn & on,m & ¢. Set k =n. Then Nk & ck,m. 1If k =m, then m = n, so by the
induction hypothesis, (-m =0 = 3k (Nk & ok,n & ~k=m) ). Otherwise. 7k =m, so

Nk & ck,m & =k =m, as desired. I

If any natural number has a successor, then 0 has one, too:

(IND) Prop 1.05. YnVk (Nn & Nk & on.k = 3j (Nj & 00,) ).

Pf:
By induction, with ¢ as
(Fk (Nk & on,k) = 3j (Nj & 00,)) ).
¢ holds trivially when n =0.
Now let Nn & on,m & ¢. Then Ik (Nk & on,k), so by the induction hypothesis,
3j (Nj & 60,)). O

IND also proves various propositions about the ancestral relationship, which will be
grouped below in the section where that relationship is introduced.

If addition is introduced, IND has more to play with. Suppose + is a 3-ary relationship
or formula satisfying:

(ADDO) VkVnVm ( +(k,n,m) = Nk & Nn & Nm )

(ADD1) Vn (Nn= +(n,0,n))

(ADD2) VaVm (+(n,0,m)=>n=m)

(ADD3) VikVaVmVn'Vm' (Nn' & Nm' & +(k,n,m) & on.n' & omm' = +(k,n';m'))
(ADD4) VkVnVn'Vm'(Nn & +(k,n';m') & on,n' = IAm (om,m' & +(k,n,m)) )



And define commutativity as follows:
(+-COMM) ViVnVm ( +(k,nm) = +(nk,m) )
Then it can be shown in IND that addition is commutative if and only the successor relationship

is a function, i.e. that (+-COMM) if and only if (PA3). Indeed, SLA suffices to show one
direction:

(SLA) Prop 1.06. (+-COMM) = (PA3).

Pf:

Suppose (+-COMM) & = (PA3). Then Nn & Nm & Nk & on,m & on,k, for some
n,m,k where = m = k. Now +(n,0,n) by (ADD1), so +(0,n,n) by (+-COMM). Hence +(0,m,k)
by (ADD3), and so +(m,0,k) by (+-COMM), contradicting (ADD?2). O

Now let’s prove the other direction in four steps.

(IND) Prop 1.07. ¥n (Nn = +(0,n,n) ).
Pf:
By induction (PA6’), with ¢ as
+(0,n,n).

NO = ¢ holds when n =0, by (ADD1).
Now let Nn & Nm & on,m & ¢. So +(0,n,n). Then +(0,m,m) by (ADD3). O

(SLA) Prop 1.08. YnVmVk ( 00,k & +(n,k,m) = on,m ).

Pf:
Let 00,k & +(n,k,m). +(n,0,c), for some ¢ where oc,m, by (ADD4). Butn = c, by
(ADD2). O

(IND) Prop 1.09. YuVkVn'Vv (Nn & +(k,n',v) & on,n' = k' (ok.k' & +(k'\n,v)) ).
Pf:
By induction (PA6’), with ¢ as
YkVn'Vv (+(k,n',v) & on,n' = k' (ck.k' & +(k'.n,v))).

Suppose +(k,n',v) & 00,n'. Then ok,v by Prop 1.08 and +(v,0,v) by (ADD1).
Now let Nn & Nm & on,m & ¢. Assume +(k,m',v) & om,m'. Then there exists u such
that ou,v & +(k,m,u), by (ADD4). By the induction hypothesis, ok,k' & +(k',n,u). Then

+(k',m,v) by (ADD3). a

(IND) Prop 1.10. (PA3) = (+-COMM).



Pf:
Assume (PA3). Proceed by induction, with ¢ as

VxVy (+(x,ny) = +(nx,y) ).

Suppose +(x,0,y). Then x =y by (ADD2) and Nx by (ADDO). So +(0,x,y) by Prop
1.07.

Now let Nn & on,m & ¢. And suppose +(x,m,y). Then oxx' & +(x',n,y) for some x',
by Prop 1.09 By the induction hypothesis, +(n,x',y). By Prop 1.09 again, on,z & +(z,x,y), for

some z. By (ADDO), Nm & Nz. Thus m =z, by (PA3). Hence +(m,x,y). a

One might question whether other properties of addition hold, such as associativity.
Unfortunately, associativity, as it is usually stated, pre-supposes the functionality of the addition
relationship, and unlike commutativity, it is less clear exactly what associativity should mean in
an environment where this functionality does not occur. This suggests that functionality is,
after induction, the first assumption that we would like to have. Whether or not this is really the
case, let us proceed as if it were, and limit our investigations henceforth to those systems which
include functionality of the successor relationship (which, as we shall see, implies functionality
of the addition relationship).

That is, let GA (General Arithmetic) be the sub-theory of PA with (PA3) and all
instances of (PA6) as axioms. Note that:

SLA CIND C GA CFPA CPA,
where
IND = SLA + (PA6)
GA =1IND + (PA3)
FPA = PA\ {(PA1),(PA2)} = GA + (PA4) + (PAS)

Evidently, Prop 1.10 shows that in GA any relationship or formula satisfying the
conditions (ADDO) to (ADD4), is commutative.

It will be seen that within GA the natural numbers have the following kinds of models:

1/ The Standard Model.

o —» ] —» 72 —» 53—
2/ The Finite Segments.
0 —m | — 7 —— = 53— . —— I

3/ The Pure Cycles.
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The Pure Cycles have the same structure as the set of congruent numbers mod m+1, although
this characterization can’t be made in the system itself, since m+1 doesn’t exist.
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4/ The Tadpoles.
.. g

5/ The Empty Set. There are no natural numbers, obviously a trivial and mostly uninteresting
possibility.

Examples. Write a model of the axioms in linear fashion, a - b - ¢ - ..., where “x - y” appears if
and only if ox,y. Then the above models can be represented as follows:
1/0-1-2-3-...

2/0-1-2-3-...-m

3/0-1-2-3-...-m-0

4/0-1-..c-d-e-f-g-..-c

Specific examples would be:

0 (the trivial finite segment, with only 0 as natural number but not ¢0,0,)
0 - O (the trivial pure cycle, with only 0 as natural number and with 60,0)
0 -1 -2 - 3 (the finite segment through 3)

0-1-2-3-0 (the pure cycle with top number 3)

0-1-2-3-1 (atadpole)

Notice that models of pure cycles and tadpoles can be represented in non-unique ways. For
instance,

1 0 and
1 0-1-2-3

0-1-2-3-
0-1-2-3-

represent the same structure. 0 - 1 -2 -3 -0 is its smallest representation, and



0-1-2-3-0-1-2-3is the smallest representation where x is an ancestor of y if and only if
x appears to the left of y. [

2. The Ancestral
Frege introduced and was the first to study the ancestral.

Def 2.01. Hered(P) abbreviates
Va,b(Na & Nb & Pa & ca,b = Pb)

o*zx,y abbreviates
Nx & Ny & VP (Px & Hered(P) = Py)

In this case we say that x is an ancestor of y.
G*x,y abbreviates

O*x,y&—-x:y O

Example. o"x,y if and only if there is a manner of representing the model where y is the the
right of x.

0"0,3in0-1-2-3
0"0,3in0-1-2-3-1
0*3,21n0—1—2—3—1sincethisisequvialenttoO—1—2—3—1—2. O

The first several propositions are all well known and due to Frege, The header of these
propositions include “(SLA)” or “(IND)” to emphasize the fact that they can be proved in
these systems (and do not need full GA).

(SLA) Prop 2.02. Let Nx & Ny & ox,y. Then G*Zx,y.
Pf:
Suppose Px & Hered(P). Then Py. Hence 0*=x,y. O

(SLA) Prop 2.03. (Transitivity) Let 6" =x,y & 6" =y,z. Then ¢ =x,z.
Pf:
Suppose Px & Hered(P). Then Py since o*zx,y. So Pz since G*Zy,z. Thus 0™=x,z.



(SLA) Corollary 2.04.
(a) If Nz & 0™=x,y & 0y,z, then 6" =x,z.
(b) f Nz & ox,y & 0*=y,z, then 0*=x,z.
Pf:
Use Props 2.02 and 2.03. a

(SLA) Prop 2.05. (Reflexivity) ¥Yn (Nn = o™ =n,n).
Pf:
Let Nn. Suppose Pn & Hered(P). Then evidently Pn. O

The next proposition asserts that if m has a predecessor n and the condition of one-to-
oneness holds at m, i.e. if n is the unique predecessor of m, then x is an ancestor of m if and
only if x equals m or x is an ancestor of n. Remark that the conclusion need not hold in general,
since in the tadpole model O - 1 -2 -3 -1, 0 is a predecessor of 1, and 3 is an ancestor of 1, but
3 is not an ancestor of 0.

(SLA) Prop 2.06. Yn¥Ym Nn & Nm & onym & ~Ix Nx & ox,m & ~x=n) =
Vx(o™=x,m < 0" =x,n v x = m)).
Pf:
Let Nn & Nm & on,m & - x (Nx & ox,m & = x = n).

Assume 6" =a,m & = a=m. So Na by Def 2.01. Suppose = 0"=a,n. Then Pa &
Hered(P) & — Pn, for some P. Consider Q as P\ {m}. Then Qa. To see that Hered(Q), let
Nu & Nv & Qu & ou,v. Then Pu, so Pv since Hered(P). ~v=m,since " u=n& onm &

= dx (Nx & ox,m & = x =n). Hence Qv. So Hered(Q). Thus Om, a contradiction. So
k—
o ~a,n.

Now assume 0" =a,n. Then 0" =x,m by Corollary 2.04(a). O

0 is a minimal element (although it may not be the only minimal element).

(IND) Prop 2.07. ¥Yn (Nn = ¢"=0,n)
Pf:
By induction (PA6’), with ¢ as

ke
o =0,n.

Then NO = ¢7=0,0 by Prop 2.05.
Now let Nn & Nm & on,m & ¢. So 0*=0,n. By Corollary 2.04(a), 0*=0,m. I



(IND) Corollary 2.08. ¥n (Nn < 6"=0,n) a

The next proposition is the first which requires (PA3). Henceforth, if nothing is
indicated in the header of a proposition, it will be assumed that the theory being used is GA.

Prop 2.09. ¥nVx (on,n & o =nx = n=x).
Pf:

Let on,n & 6 =n,x. Consider P as {n}. Then Pn and, by (PA3), Hered(P). So Px, i.e.
n=x. O

Prop 2.10. Let Ny & ox,y & 0*x,z. Then G*Zy,z.

Pf:

Assume Py & Hered(P). Set Q to P U {x}.

To show: Hered(Q). For let Na & Nb & Qa & oa,b. If Pa, then Pb since Hered(P),

so Ob. And if = Pa, then a = x, so b =y by (PA3); so Pb, and thus Qb. So Hered(Q).
Now QOx. So Qz & =z = x since 0"x,z. Hence Pz.
Thus 0*=y,z. I

Two numbers can always be compared using the ancestral.

Prop 2.11. YnVk (Nn & Nk = 6" =n,k v 6" k,n)
Pf:
By induction (PA6’), with ¢ as

Nn = Yk (Nk = 0" =nk v 6”k,n)

If n = 0, then ¢ since Yk (Nk = 6"=0,k) by Prop 2.07.

Now let Nn & on,m & ¢ & Nm. And let Nk. Then 0" =nk v o™ k,n.

Case 1. n=k. Then ok,m, so 6" =k,m by Prop 2.02.

Case 2. O*n,k. Then by Prop 2.10, 0*=m,k.

Case 3. O*k,n. 0*=n,m by Corollary 2.04(a), so 0*=k,m by Prop 2.03.

Thus G*Zm,k v G*Zk,m. But this is equivalent to O*Zm,k % o*k,m. I

It should be remarked that the choice presented in the previous proposition is not
necessarily mutually exclusive. That is, it may be the case that there exist n and k such that both

k— k
o —n,k and o k,n.



Prop 2.12. Let 6™x,y. Then 3z(Nz & ox,z & 0" =z,y).

Pf
Suppose = z(Nz & ox,z7). Set X to {x}. Trivially, Hered(X). But Xx & = Xy, so
= Hered(X). Thus Nz & ox,z, for some z.

It is claimed that 0*=z,y. For let Pz & Hered(P). Set Qto P U {x}. Then Q is
hereditary (this uses (PA3)). But Ox. So Qy. But =y =x, so Py. Thus 0*:z,y. a

Corollary 2.13. Let 0*=x,y & Nz & o0y,z. Then Iv(Nv & ox,v).
Pf:

If x =y, then the conclusion follows trivially.
Otherwise, = x =y. Then G*x,y, and the conclusion follows by Prop 2.12. O

Although 1 is introduced later, the following proposition essentially asserts that 1 is
minimal among all the non-zero numbers.

Prop 2.14. ¥YnVu (Nn & Nu & ~n=0 & 00,u = 6" =u,n).

Ff.
Suppose Nu & o0,u. Proceed by induction (PA6’), with ¢ as

k—
n=0= o0 ~u,n.

¢ holds trivially when n = 0.
Now let Nn & Nm & on,m & ¢. Suppose n =0. Then m = u by (PA3), so trivially
*

o ~u,m.
On the other hand, suppose = n = 0. Then by the induction hypothesis, 0" =u,n. By
Corollary 2.04(a), o =u,m. O

3. Maximality

The standard model doesn’t have maximal numbers, but every other type of model
(except the vacuous) does, whence their interest and importance.

Def 3.01. Use Max(x), read “x is maximal,” to abbreviate

Nx & Vn(Nn = 0™*=nx) O

Examples. A number is maximal in a model if and only if there is a representation of the model
where the number appears farthest on the right.

(a) The finite segment O - 1 - 2 - 3. The only maximal number is 3.



(b) The pure cycle 0-1-2-3-0. Then all numbers are maximal, as the model has equivalent
representations0-1-2-3-0,0-1-2-3-0-1,0-1-2-3-0-1-2,and
0-1-2-3-0-1-2-3.

(¢) The tadpole O - 1 -2 -3 - 1. Then all numbers but 0 are maximal, as the model has
equivalent representations 0 -1-2-3-1,0-1-2-3-1-2,and0-1-2-3-1-2-4,

(d) The trivial tadpole O - 1 - 2 - 3 - 4 - 4. The only maximal number is 4. a

(SLA) Prop 3.02. ¥xVy (6"=x,y & Max(x) = Max(y)).
Pf:
Let 0*=x,y & Max(x).
Suppose Nn. Then 0" =nx by Def 3.01. By Transitivity (Prop 2.03), 0*=n,y.
Thus Max(y). O

(SLA) Corollary 3.03. VxVy (Ny & ox,y & Max(x) = Max(y)).
Pf.
Nx & Ny & ox,y = 0*=x,y, by Prop 2.02. Now apply the proposition. O

(IND) Corollary 3.04. Max(0) = Yn (Nn = Max(n)).
Pf:
Let Max(0) & Nn. By Prop 2.07, o"=0,n. By Prop 3.02, Max(n). O

If x is its own successor, then it is maximal:

Prop 3.05. V¥x (Nx & ox,x = Max(x)).
Pf:
Assume Nx & ox,x. Let Nn. By Prop 2.11, G*Zn,x % o*x,n. If the latter, by Prop 2.09,

n=x, so still G*Zn,x. I

In fact, if x is its own succssor, then x is not only maximal, it is the unigue maximal
number:

Prop 3.06. YxVy (Nx & ox,x & =y =x = - Max(y)).

Pf:
Assume Nx & ox,x & = y=x. Set Pto {x}. Then Hered(P), by (PA3). But Px and
= Py. So- G*Zx,y, and thus — Max(y). O



Another condition for unique maximality is when a number does not have a successor.
First, we prove maximality:

Prop 3.07. Let Nn & = dm (Nm & on,m). Then Max(n).
Proof:

Let Nx. By Prop 2.11, 0*=n,x Y% O*x,n.

Suppose o =n,x. Set Pto {n}. Then Hered(P) and obviously Pn. So Px. Thusx=n
and so O*Zx,n. And obviously if G*x,n, then O*Zx,n.

Thus in both cases 0" =x,n. Hence Max(n). O

Corollary 3.08. Suppose — 3x Max(x). Then Vx (Nx = Jz(Nz & 0x,2)). a

Prop 3.09. Let Max(n). Then Vx (Nx & = x = n = dz(Nz & ox,7)).
Proof:

Let Nx & = x =n. Then O*X,n by Def 3.01. By Prop 2.12, Nz & ox,z & 0*:z,n, for
some z. a

Corollary 3.10. Let Max(n) & Nm & on,m. Then Vx (Nx = Jz(Nz & 0x,2)).
Proof:
Let Nx. If x = n, then ox,m. Otherwise, = x = n, so by Prop 3.09, 3z(Nz & ox,z). [

Corollary 3.11. Let Max(n) & Max(m) & on,m. Then Vx (Nx = Jz(Nz & 0x,7)).
Proof:
Nm by Def 3.01. Now use Corollary 3.10. O

In summary, if » is a natural number without a successor, then it is the unique maximal
number.

Corollary 3.12. Let Nn and suppose = dm (Nm & on,m). Then Max(n) &
Vx(Max(x) = x = n).

Pf:

Max(n) by Prop 3.07.

Suppose Max(x). Then O*Zn,x. If = x = n, then there exists z such that Nz & on,z by
Prop 2.12, a contradiction. Hence x = n. I

Corollary 3.13. Let Max(n) & Max(k) & = n =k. Then Am (on,m & Max(m)).



Proof:
By Prop 3.09, 3m (Nm & on,m). Now use Corollary 3.03. a

It has previously been noted that, while either 0*:x,y or G*y,x for any natural numbers x
and y, this choice is not necessarily mutually exclusive. In fact, both alternatives obtain if and
only if both x and y are distinct and maximal:

Prop 3.14. YxVy (0" x,y & 6" yx < Max(x) & Max(y) & ~x=y)
Pf:

¢ as

Let 0*x,y & O*y,x. It suffices to prove Max(x). We proceed by induction (PA6’), with

0*=n,x.
NO = ¢™=0,x by Prop 2.07.

Now let Nn & on,m & ¢ & Nm. By the induction hypothesis, o™ =n,x. It suffices to
show that:

VP (Pm & Hered(P) = Px).

So let Pm & Hered(P). Set Q to P U {n}.

Hered(Q). For, suppose Na & Nb & Qa & oa.b. If Pa, then Pb since Hered(P), so
Qb. And if = Pa, then a = n, so b = m by (PA3). So Pb since Hered(P), hence Qb.

Thus On & Hered(Q). By the induction hypothesis, Ox. If = n = x, then Px. On the

other hand, suppose n = x. Then ox,m & O*x,y. By Prop 2.10, 0*=m,y. By Transitivity (Prop
2.03), 6" =m,x.

So, by induction, Vn (Nn = O*Zn,x). Hence Max(x).

Now suppose Max(x) & Max(y) & = x=7y. Then 0*=y,x & 0*=x,y by Def 3.01. The
result follows since 7 x = y. a

Corollary 3.15. VxVyVz (Nx & Ny & Nz & oy,x & 0z,x & = Max(x) = y=7)
Remark: The corollary asserts that o is one-to-one at non-maximal numbers.

Pf:
Let Nx & Ny & Nz & oy.x & oz.x & = Max(x).

Assume ~y=z. By Prop 2.11, o*y,z v o*z,y. WLOG suppose the former. By Prop
2.10, O*ZX,Z. But by Prop 2.02, 0*:z,x. - Max(x), so by Prop 3.05,— z=x. So by Prop
3.14, Max(x), a contradiction. O

Corollary 3.16. ¥Yn¥m (Nn & Nm & on,m & = Max(m) =
Vx(o"=x,m < 0" =x,n v x = m)).

Pf:
Let Nn & Nm & on,m & = Max(m). If Nx & ox,m, then by Corollary 3.15, x = n.



Thus = dx (Nx & ox,m & =~ x =n). So by Prop 2.06, Vx(o"=xm < o =x,nvx=m)). [

Prop 3.17. Let 3z(Nz & 00,z). Then Max(0) if and only if 3z(Nz & 0z,0).
Remark: z(Nz & 0z,0) is simply the condition = (PAS5).

Pf:
Let Nm & o0,m.
Suppose Max(0). And suppose — z(Nz & 0z,0). If m =0, then evidently Iz(Nz &

0z,0). Solet—-m=0. Now o =m0 by Def 3.01 Consider P={x:~x=0}. Then Pm and
trivially Hered(P). So PO, a contradiction. Thus Jz(Nz & 0z,0).
Now suppose Nz & 07,0, for some z. If z =0, then Max(0) by Prop 3.05. Otherwise,

suppose =z =0. Then 02,0 by Prop 2.02 and 070,z by Prop 2.07. Thus by Prop 3.14,
Max(0). a

Corollary 3.18. Let Az(Nz & 0z,0). Then Max(0).
Pf:
By Prop 1.01, NO.
By Prop 3.07, if = 3m (Nm & 00,m), then Max(0).

Otherwise, 3m (Nm & o0,m). So by Prop 3.17, Max(0). I

Prop 3.19. ¥Yn (Nn & = Max(n) = 3P Vx(Px < " =x,n)).
Pf:
By induction (PA6’), with ¢ as

- Max(n) = AP Yx(Px < 0" =x,n).

Suppose NO & = Max(0). Clearly {0} exists, so it suffices to show that 0"=x,0 if and

only if x =0. The “only if” follows from Prop 2.07. And, if o*zx,O, then since 0*=O,x as
well by Prop 2.07, = Max(0) implies x = 0 by Prop 3.14.
Now let Nn & on,m & ¢ & Nm & = Max(m). Then = Max(n) by Corollary 3.03. So

for some P, Vx(Px < o =x,n). Set Qto (P U {m}). By Corollary 3.16, Vx(o™=x,m < Ox).
O

Corollary 3.20. ¥Yn (Nn = AP Vx(Px < o' =x,n)).

Pf:
Let Nn. If = Max(n), then use the previous Prop 3.19. Otherwise, Max(n). Then by
Def 3.01, Vx(Nx < G*Zx,n), so set P to N. I

Def 3.21. Neck(k) abbreviates
Nk & = Max(k) & Ay ( ok,y & Max(y) )



Chin(c) abbreviates

Max(c) & Ay (Ny & oy,c & = Max(y) ) O

Obviously, if there exists k such that Neck(k), there exists ¢ such that Chin(c) & ok,c;
and if there exists ¢ such that Chin(c), then there exists k such that Neck(k) & ok,c.

Examples. A model with a neck and a chin must be a tadpole or a non-trivial finite segment.
In the tadpole O - 1 - 2 - 3 -4 -2, the neck is 1 and the chin is 2.
In the trivail tadpole O - 1 - 2 - 3 - 4 - 4, the neck is 3 and the chin is 4.

The trivial finite segment 0 does not have a chin or a neck.

In the finite segment O - 1 - 2 - 3, the neck is 2 and the chin is 3. O
The neck and the chin are unique, if they exist.

Prop 3.22. Let Neck(k1) & Neck(ky). Then ki = k».

Pf:
So Nk1 & Nky & = Max(k1) & ~ Max(ky) & oky,c1 & oka,co & Max(c1) & Max(cp)

for some cy,c2. So 0*261,62 & 0*:c2,c1.

Suppose = ki = kp. Then by Prop 2.11, 6ki,kp v 6" ka,k;. WLOG suppose the
former. So oky,c1 & 0 k1.ko, and thus 6" =c| .k by Prop 2.10. By Transitivity (Prop 2.03),
0*:c2,k2. But G*Zkz,cz by Prop 2.02. =k = ¢, since "Max(k>) but Max(cz). So 0*02,k2 &
0" k,c2. Thus by Prop 3.14, Max(kp), a contradiction.

Thus k1 = k». O

Corollary 3.23. Let Chin(c1) & Chin(cp). Then c1 = c3. O

Prop 3.24. Let Neck(k) & Nn. Then o =nk if and only if = Max(n).
Pf:
Let Chin(c) where ok,c.

Assume 0" =n.k. Suppose Max(n). And let Na. Then o"=a,n, so by Transitivity (Prop
2.03), 6"=a,k. Hence Max(k), contradicting Neck(k). Thus = Max(n).

Now assume — o*zn,k. Then by Prop 2.11, O*k,n. By Prop 2.10, O*:C,n. So Max(n).
a



Prop 3.25. Let = Max(0) & Max(x). Then 3k Neck(k).
Pf:

Suppose — 3k Neck(k).

Proceed by induction with ¢ as

(Nn = = Max(n)).

Then it is the case that ¢ when n =0, by assumption.
Now let Nn & on,m & ¢ & Nm. Then = Max(n). But then = Max(m), since
= 3k Neck(k).
So by induction, Vrn (Nn = = Max(n)). But Max(x) implies Nx, and so ~ Max(x), a

contradiction. 0

Corollary 3.26. Let = Max(0) & Ix Max(x). Then IkIc (Neck(k) & Chin(c) & ok,c). a

Prop 3.27. AP Vx(Px < Max(x)).
Pf:
4 If = Ax Max(x), then set P to ¢.
Otherwise Ix Max(x). If Max(0), then by Corollary 3.04, ¥ x(Nx < Max(x)), so in this
case set P to N.
Otherwise, let = Max(0). By Prop 3.25, Neck(k) for some k. But - Max(k), so
Vx(Ox < 0" =x,k) for some O, by Prop 3.19. By Prop 3.24, Vx(Qx < Nx & -~ Max(x)).

Hence set P to (N'\ Q). a

Prop 3.28. Let Max(a) & Max(b) & = a =b. Then dp (Max(p) & op,a).
Pf:

Suppose to the contrary, = Ip (Max(p) & op,a).

By Def 3.01, 6"=b,a.

By Prop 3.27, Vx(Px < Max(x)) for some P. Set Q to P\ {a}. Then Qb.

It is claimed that Hered(Q). For let Nx & Ny & Ox & ox,y. Then Px, so Max(x), so
Max(y) by Prop 3.03. But = dp (Max(p) & op,a), so =y =a. Hence Qy. Thus Hered(Q).

But then Qa, a contradiction. a

Corollary 3.29. Let Chin(c) & Nx & oc,x. Then dp (Max(p) & op,c).
Pf:
Ifx=c,thensetp=c.
Otherwise, suppose = x = ¢. Max(x) by Prop 3.03. Then dp (Max(p) & op,c) by Prop

3.28. I

Prop 3.30. Let 6™x,y. Then Iz(Nz & 0" =x,z & 0z.y).
Pf:



Suppose y = 0. Remark that o'x,y implies that there are at least two natural numbers, so

= N = {0}. So by Corollary 1.03, 3z(Nz & 60.z). Now 0" x,0 & 6" 0,x, the latter by Prop
2.07. Soby Prop 3.14 Max(0). By Prop 3.17, Nz & 07,0, for some z. By Corollary 3.04,

Max(z). By Def 3.01, 6" =x.z.
Otherwise, let =y =0.
Suppose Max(y). If Max(b) for any b where = b =y, then by Prop 3.28, Max(p) & op.y

for some p. By Def3.01, 0*=x,p. Thus set z = p.
Otherwise = Max(b) for any b where = b =y. In particular, = Max(x). By Prop 1.04, Nz

& oz,y & =z =1y, for some z. Thus = Max(z). Hence Neck(z), by Def 3.21. Then 0" =Xz by
Prop 3.24. a

The definition of Chin excludes the pure-cycle models, because in these models every
number is maximal. Nonetheless, O in these models shares many similarities with the chin,
which motivates the following definition:

Defs 3.31. Chin0(c) if and only if Chin(c) v (Max(0) & ¢ = 0)
Tail(p) if and only if Ik (Neck(k) & o™ =t,k) v Chin0(?). 0

Examples.

(a) In the tadpole 0 - 1 - 2 - 3 -4 - 2, where 2 is the chin and 1 is the neck, then O, 1, and 2
compose the tail.

(b) In the pure cycle 0 - 1 -2 - 3 - 0, then O is the chin0 and the tail is just O.

(c¢) In the finite segment O - 1 -2 -3 - 4, where 4 is the chin and 3 is the neck, then all elements
of the segment form the tail. O

Remark that if ChinO(x), then Max(x).
In the case of Max(0), obviously Tail(?) if and only if £ =0. And if = Max(0), then

Tail(¢) if and only if 0*:t,k v Chin(t), where Neck(k). So:

Prop 3.32. If NO, then Tail(0). O

Remark also that any chin0, like the chin, is unique:

Prop 3.33. Suppose ChinO(s) & Chin0O(t). Then s =t.
Pf:



If Chin(s) & Chin(t), then Corollary 3.23 implies s = t.
Otherwise, WLOG Max(0) & s =0. Then by Corollary 3.04, Vn (Nn = Max(n)). So

by Def 3.21, - Chin(r). Hence Max(0) & t=0. Sos=t. O

Prop 3.34. Suppose Tail(t) & = ChinO(t) & 0*:s,t. Then Tail(s) & = Chin0(s).

Pf:

By Def 3.21, Neck(k) & 0*=t,k, for some k. By Transitivity (Prop 2.03), 0*=s,k.
Hence Tail(s).

Suppose ChinO(s). Then Max(s), so by Prop 3.02, Max(k). But = Max(k) by Def 3.21.

Hence = Chin0(s). O

If there is a chin, then every number is either part of the tail or maximal; and the only
number which is both, is the chin:

Prop 3.35. Let Chin(c) and Nn. Then Tail(n) v Max(n). Also, Tail(c) & Max(c). And if
Tail(n) & Max(n), then n = c.

Pf:
’ By Def 3.21 Neck(k) for some k.
Suppose = Max(n). By Prop 3.24, o =n.k. By Def 3.31, Tail(n).
Tail(c) by Def 3.31. Max(c) by Def 3.21.
Now suppose Tail(n) & Max(n). By Prop 3.24 — o =n.k. By Def 3.31, ChinO(n). But
Chin0(c), also by Def 3.31. By Prop 3.33 c =n. a

Prop 3.36. Let ChinO(c). Then:

Vn(Nn & = Tail(n) = AR ( IsFunction(R) & Is1-1(R) & ¢ € Dom(R) & n € Im(R)
& Dom(R)\{c} =Im(R)\{n} & RC o
& Vx(x € (Dom(R) U Im(R)) = Max(x)))).

Pf:
Proceed by induction (PA6’), with ¢ as

(Tail(n) v AR ( IsFunction(R) & Is1-1(R) & ¢ € Dom(R)
& n€ Im(R) & Dom(R)\{c} =Im(R)\{n} & RC o
& Vx(x € (Dom(R) U Im(R)) = Max(x)))).

Then NO = ¢ holds when n = 0, since Tail(0) by Prop 3.32.

Now let Nn & on,m & ¢ & Nm. It needs to be shown that ¢ [m\n].

If Tail(m), then we are done. Otherwise, = Tail(m). So - ¢ =m.

Suppose n = c¢. Then consider R as {(n,m)}. Obviously IsFunction(R) & Is1-1(R) &
¢ € Dom(R) & m € Im(R) & R C 6. Max(n) since ChinO(c). By Corollary 3.03, Max(m).
So Vx(x € (Dom(R) U Im(R)) = Max(x)). But also Dom(R)\ {c} = ¢ = Im(R) \ {m}. Hence
¢ [m\n].

So let = n=c. Suppose Tail(n). By Prop 3.33, = ChinO(n). Then by Defs 3.31,
Neck(k) & 0" =nk for some k. Hence — Max(n) by Prop 3.24. 1f = Max(m), then o =mk
again by Prop 3.24, so Tail(m), a contradiction. Hence Max(m), hence Chin(m) by Def 3.21,



implying m = ¢ by Corollary 3.23, also a contradiction.

Thus = Tail(n). Then by the Induction Hypothesis, IsFunction(R) & Isl1-1(R) &
c € Dom(R) & n € Im(R) & Dom(R)\ {c} =Im(R)\{n} & RC o &
Vx(x € (Dom(R) U Im(R) = Max(x)), for some R. Note that - n € Dom(R).

Suppose m € Im(R). We claim that Hered(Im(R)). For suppose x € Im(R) & Nx &
Ny & ox,y. If x =n, then y =m by (PA3); soy € Im(R). And if = x = n, then x € Dom(R). So
Rx,z for some z. Since R C o, then ox,z. By (PA3), y =z, and thus y € Im(R). Thus
Hered(Im(R)). But—~c € Im(R), so ~ o =myc, contradicting Chin0(c).

Therefore - m € Im(R). Set Sto R U {(n,m)}. Since - n € Dom(R) &
- m € Im(R), then IsFunction(S) and IsI-1(S). Obviously ¢ € Dom(S) and m € Im(S) &
S C 0. n€ Im(R), so Max(n). By Corollary 3.03, Max(m). Hence
Vx(x € (Dom(R) U Im(R) = Max(x)). Finally,

Dom(S)\ {c} = (Dom(R)\ {c}) U {n}

= (Im(R)\ {n}) U {n} by the Induction Hypothesis
= Im(R) since n € Im(R)
= Im(S) \ {m}. since - m € Im(R) O

Def 3.37. ChainMax(R,c,n) abbreviates

IsFunction(R) & Is1-1(R) & ¢ € Dom(R) & n € Im(R) & Dom(R) \ {c} = Im(R)\ {n}
& R C 6 & Vx(x € (Dom(R) U Im(R) = Max(x)). O

Then Prop 3.36 shows that, if Chin0O(c) & Nn & — Tail(n), then ChainMax(R,c,n) for
some R.

Prop 3.38. Let ChinO(c) & Max(x) & Max(y) & Max(z) & ox,y & oz,y. Then x =z.

Pf.
! Suppose to the contrary that = x = z. By Prop 3.28, there exists p such that Max(p) &

op,c. If ¢ =p, then x = z by Prop 3.06, a contradiction. So - ¢ =p.

Thus = Tail(p). By Prop 3.36, IsFunction(R) & IsI-1(R) & ¢ € Dom(R) & p € Im(R)
& Dom(R)\ {c} = Im(R)\ {p} & R C 0 & Vx(x € (Dom(R) U Im(R) = Max(x)), for some R.

It is claimed that Im(R) U {c} = {x : Max(x)}, the latter existing by Prop 3.27. For
suppose x € (Im(R) U {c}). If x € Im(R), then Max(x), while if x = c, then by Def 3.21,
Max(c).

On the other hand, assume Max(x). Note that 0*=c,x.

It is claimed that Hered(Im(R) U {c}). For let Na & Nb & a € (Im(R) U {c}) & oa,b.
If a € (Im(R) U {c}), then either a = p or a € Dom(R). In the former case b = c by (PA3). In
the latter case Ra,u for some u. So oa,u. By (PA3) again, u = b, so b € Im(R). So in both
cases b € (Im(R) U {c}). Hence Hered(Im(R) U {c}).

Obviously ¢ € (Im(R) U {c}. Sox & (Im(R) U {c}).

Thus Dom(R) U {p} = Im(R) U {c} = {x : Max(x)}.

If x=p, then = z=p. SozE Dom(R). Thus Rz,v for some v. Hence oz,v. By (PA3),
v=y. Butx =p and (PA3) implies that y = c. So ¢ € Im(R), contrary to assumption. So
- x =p. By asimilar argument, = z =p. So x,z € Dom(R). Thus Rx,s & Rzt for some s,t.

Hence ox,s & oz,t. By (PA3) s=y & t=y. But R is one-to-one, so x = z, a contradiction. I



Prop 3.39. Let Chin(c) & dx (- x = ¢ & Max(x)). Then kIp(—k=p & Nk & Np & ok,c &
op,c & Vz(Nz & oz,c=z=kv z=p)).
Pf.

By Def 3.21, Neck(k) & ok,c, for some k. = Max(k) & Max(c), equally by Def 3.21.
By Prop 3.28, op,c & Max(p) for some p. Evidently = k = p.

Now suppose Nz & oz,c. If = Max(z), then Neck(z) by Def 3.21, and so z = k by Prop

3.22. And if Max(z), then z = p by Prop 3.38. a

The chin is maximal and must have one and only one non-maximal predecessor, the
neck, by Def 3.21 and Prop 3.22. The previous proposition explains that, when there is another
maximal number, different from the chin, o is not one-to-one at the chin, having precisely two
predecessors, a maximal and a non-maximal one (the neck).

For completeness’ sake, consider what happens for the special case when there is no
other maximal number. The chin either is a predecessor of itself or not. If it is, then (since it
cannot be the neck), the chin has precisely two predecessors, itself and the neck, and so o is not
one-to-one at the chin. And if the chin does not precede itself, then the chin has only one
predecessor, the neck, and in this case only is 0 one-to-one at the chin.

The foregoing paragraphs explain when o is one-to-one at the chin. The following
proposition asserts that elsewhere, i.e. at every other number other than the chin, o must be one-
to-one.

Prop 3.40. Suppose Nx & = Chin(x). Then VyVz(Ny & Nz & oy,x & oz,x =y =2).
Pf:

Let Ny & Nz & oy,x & oz,x.
Suppose Max(x). Then Max(y) & Max(z), by Def 3.21. By Prop 3.38,y =z.
Now suppose = Max(x). Then by Corollary 3.15,y = z. O

4. Possible Models

George Boolos proved the first parts of the next four propositions in [Boolos],
following (as he wrote there) Henkin and Frege.

Prop 4.01. Let = (PA1). Then: (PA2) & (PA4) & (PAS).
Pf:
By Prop 1.01, N = ¢. Then vacuously (PA2) & (PA4) & (PAS). a

Prop 4.02. Let = (PA2). Then: (PA1) & (PA4) & (PAS5). Also there exists an x such that all
of the following hold:

(i) =z (Nz & ox,2)
(i) Max(x)
(iii) Vy(Max(y) =y = x)



(iv) Vy(Ny & oy,x = Neck(y) & Chin(x))
v) x=0v (-x=0 & Chin(x))

Pf:
4 By — (PA2), there exists an x such that Nx & - 3z(Nz & ox,z).

By Prop 1.01, (PA1).

By Prop 3.07, Max(x).

By Corollary 3.12, Vy(Max(y) = y = x). By assumption = ox,x,. So, if Ny & oy,x, then
y must be non-maximal, in which case Chin(x) & Neck(y), and so y is the unique predecessor,
by Prop 3.22. But for every number z different than x, z is non-maximal, and so by Corollary
3.15, o is one-to-one at z. Thus o is one-to-one everywhere. Hence (PA4).

Suppose = (PAS). Then Nn & on,0, for some n. Then Max(0) by Corollary 3.18. If
—x =0, then by Corollary 3.13, ox,;m & Max(m) for some m, contrary to assumption. So
x=0. But then by Corollary 1.03,N ={0}. Hence n =0, so 00,0, contrary to assumption.
Thus (PAS).

Finally, if = x =0, then Ny & oy,x for some y by Prop 1.04, which as above must be

non-maximal, and thus Chin(x). O

Prop 4.02 is particularly important for the following reason. If (PA1l) & (PA4) &
(PAS), then the axioms of FPA hold, and all the results of Arithmetic without the Successor
Axiom hold and may be used.

Prop 4.03. Let = (PA4). Then: (PA1) & (PA2) & (PAS). Also: dp,c (op,c & Max(p) &
Chin(c)).
Pf:
By assumption there exists ¢,k,p such that Nc & Nk & Np & ok,c & op,c & =k =p.
By Prop 1.01, (PA1).
By Prop 3.40, Chin(c). By Prop 3.22, either Max(k) or Max(p), WLOG Max(p). By
Corollary 3.11, (PA2).

- Max(k) by Prop 3.38. By Corollary 3.08, (PA2). O

Prop 4.04. Let = (PAS). Then: (PA1) & (PA2) & (PA4). Also:

(i) Vn (Nn = Max(n))

(it) Chin0(0)

(iii) Vx = Chin(x)

(iv) Vn (ChinO(n) = n=0)

Pf:
4 By assumption there exists p such that Np & op,0.
By Prop 1.01, (PA1).
By Corollaries 3.18, Max(0). By Corollary 3.04, Max(p). By Corollary 3.10, (PA2).
By Corollary 3.04, ¥n (Nn = Max(n)).
By Def 3.21, Vx = Chin(x). By Prop 3.40, (PA4).

Chin0(0) and Vn (ChinO(n) = n = 0) by Def 3.31. O

Prop 4.05. Let (PA2). Suppose dx Max(x). Then (PA1) but not both (PA4) and (PAS).



Pf:
4 By Def 3.01 and Prop 1.01, NO, i.e. (PA1).
Now suppose (PAS).
By (PA2), 3z(Nz & 00,z). Since (PAS), by Prop 3.17, = Max(0).
By Prop 3.25, Neck(k) & chin(c) & ok,c, for some k and c. So = Max(k) by Def 3.21.
Now Jz(Nz & oc,z) by (PA2). Thus, by Corollary 3.29, Max(p) & op,c, for some p.

So =k =p. Thus - (PA4). a

Prop 4.06. = 3x Max(x) if and only if (PA2) & (PA4) & (PAS).
Pf:
& First, suppose = dx Max(x).
If = NO, then (PA2) & (PA4) & (PAS5) by Prop 4.01.
Otherwise, let NO. By Corollary 3.08, (PA2). By (PA2), 3z(Nz & 00,7). But
- Max(0). By Prop 3.17, (PAS).
By Corollary 3.15, (PA4).
Now let (PA2) & (PA4) & (PAS). Suppose Max(x) for some x. If Max(0), then
= (PAS), by Corollary 3.18. Otherwise, = Max(0), so there exist k,c such that Neck(k) &
Chin(c). So Nk & = Max(k) & ok,c. 1If Nv & oc,v for some v, then by Corollary 3.29, c has a

maximal predecessor, so = (PA4). Otherewise, = Ny & oc,y, for any y; hence = (PA2). a

So (PA2) & (PA4) & (PAS) can be replaced by “— dx Max(x)”, and a possible
axiomatization for Peano Arithmetic is:

(1) NO, i.e. (PA1)
(2) = 3x Max(x).

B)VaVmVm' (Nn & Nm & Nm' & on,m & on,m' = m=m'"), i.e. (PA3)
(4) Induction, i.e. (PA6).

It is now possible, again following Boolos, to describe the possible models.

Case 1. = (PA1).

By Prop 1.01, N = ¢. This is the vacuous case.

Case 2. = (PA2).

Then (PA1), (PA4), and (PAS), by Prop 4.02. Let Nx & —~ 3z(Nz & ox,z), x existing by

- (PA2). Then Max(x) by Prop 3.07. So every number other than x has a successor, by Prop
3.09. This is the case of the finite segments.

Case 3. (PA1) & (PA2) & (PA4) & (PAS).

This is the case of the standard model. = 3x Max(x), by Prop 4.06.

Case 4. - (PA4).

Then (PA1) & (PA2) & (PAS) and Chin(c), for some c, by Prop 4.03. Then Neck(k) for some
k. Both c and k are the unique chin and neck, respectively. By Prop 3.39, c has precisely two



predecessors. By Props 1.04 and 3.40, every number other than O and ¢ has exactly one
predecessor. 0 has no predecessor. This is the case of the tadpoles.

Case 5. = (PAS).

Then (PA1) & (PA2) & (PA4) and Vn (Nn = Max(n)), by Prop 4.04. Every number has a
unique successor and a unique predecessor. This is the case of the pure cycles.

By logic these cases are exhaustive. By Props 4.01,4.02, 4.03, and 4.04, they are
mutually exclusive.

Let us summarize our findings in the following theorem:

Theorem 4.07. One and only one of the following holds:
Case 1. = (PAI).

Case 2. = (PA2).

Case 3. (PAl) & (PA2) & (PA4) & (PAS).

Case 4. - (PA4).

Case 5. = (PA5). I

dx (Nx & ox,x) defines trivial sub-cases of Cases 4 and 5. That is, suppose Nx & ox,x,
for some x. If x =0, then = (PAS); this is the case of the trivial cycle. And if = x =0, then by
Prop 1.04, x has two distinct predecessors, hence = (PA4).

A trivial sub-case of = (PA2)is: NO & = Jx 00,x.

Def 4.08. Define the following conditions:

(TRV?2) NO & — 3x (Nx & 00,x).

(TRV4) dx (Nx & 7 x =0 & ox,x).

(TRV5) NO & ©0.0. I
Prop 4.09.

a. (TRV2) = - (PA2).

b.  (TRV2)= N = {0}.



C. (TRV4) = - (PA4).

d. (TRV4) = Vn (Nn = Tail(n) ).

e. (TRVS5) = = (PAS).

f (TRV5) = N = {0}.

Pf:

b. Use Corollary 1.03.

d. Suppose (TRV4). Then Nc¢ & = ¢ =0 & oc,c. Then by Prop 1.04, c has two distinct

predecessors. By Prop 3.40 Chin(c). By Def 3.21 Max(c). By Prop 3.06, c is the only
maximal number. Tail(c) by Def 3.21. By Prop 3.35, Vn ( Nn = Tail(n) ).

f Use (PA3) and Prop 1.02. O

The condition dp,c ( op,c & Max(p) & Chin0(c)) has already appeared in Props 4.02
and 4.03. It will prove important beginning in the next section, so the next proposition
summarizes when the condition holds:

Prop 4.10. dp,c (op,c & Max(p) & Chin0(c)) < - (PA4) v = (PAS). Furthemore, in the case

of = (PA4), = ¢ =0 and so Chin(c); and in the case of = (PAS), ¢ =0 and — Chin(c). a
5.0\
Def 5.01. Set o\to {(x,y) : ox,y & (chinO(y) = = Max(x))}. O

In other words, o\ is just 0, except at most one link is removed. It there exists a chinO ¢
and a maximal number p which is its predecessor (i.e. not the predecessor which is the neck),
then (p,c) is removed.

Examples. In the minimal representation, if any link is removed, it is the last.

(a) In the finite segment O - 1 - 2 - 3, 0\ is just the same as o. For the chin is 3 and 2 is non-
maximal.

(b) In the trivial tadpole O - 1 - 2 - 3 - 3, the link 3 - 3 is removed. For the chin is 3 and 3 is
maximal.

(c) Inthe tadpole 0-1-2-3 -1, the link 3 - 1 is removed. For the chin is 1 and 3 is maximal.
Note the link O - 1 is retained, since O is not maximal.



(d) In the trivial pure cycle O - 0, the link O - 0 is removed, since 0 is the chinO and it is maximal.

(e) In the pure cycle 0 - 1 -2 - 3 - 0, the link 3 - 0 is removed, since 0 is the chin0 and 3 is
maximal. I

Prop 5.02. o\ Co. Indeed, o\=o v dxdy (6\= o\ {(x,y)} & ox,y & Max(x) & chin0(y)).

Pf
Suppose Ny & chinO(y). Then Max(y), so there is at most one x such that Nx & ox,y &
Max(x), by Prop 3.38. O

Prop 5.03. o\= 0 < (PA4) & (PAS).

Remark: By Theorem 4.07, the right-hand side is equivalent to
- (PA1) v = (PA2) v ((PAl) & (PA2) & (PA4) & (PAS) ).

Pf:
Apply Prop 4.10 and Prop 5.02. O

Prop 5.04. = (0\)0,0.
Ff.

Suppose (0\)0,0. Then 60,0. By Prop 3.05, Max(0). So Chin0O(0). Hence = Max(0) by
Def 5.01, a contradiction. I

Prop 5.05 (PA3\) VauVmVm' (Nn & Nm & Nm' & (o\)n,m & (c\)n,m' = m=m'")
Pf:
This follows from (PA3) and o\ C o (Prop 5.02). a

Prop 5.06. (PA4\) YnVmVn' (Nn & Nm & Nn' & (6\)n,m & (6\)n';m = n=n")

Pf.
Let Nn & Nm & Nn' & (0\)n,m & (6\)n',m. Suppose ~n=n'.
Now on,m & on',m. By Prop 3.40, this forces Chin(m). But by Prop 3.22, either

Max(n) or Max(n'), contradicting (o\)n,m & (o\)n',;m and Def 5.01. O

Prop 5.07. (PA5\) Vn (Nn=-(c\)n,0)
Pf:
Let Nn & (6\)n,0. Then on,0. So by Corollary 3.18, Max(0). By Corollary 3.04,

Max(n). But then = (0\)n,0, by Def 5.01. O

Lemma 5.08. Let ¢ be a well-formed formula (with no appearance of m). Suppose ¢ [0\n] and



VnVm (Nn & (6\)nm & ¢ = @ [m\n] ). Then Vn ( Tail(n) = ¢).
Pf:
Proceed by induction, with ¢ as

Tail(n) & = chinO(n) = @

@ [O\n], so ¢ holds if n =0.

Now let Nn & on,m & ¢ & Tail(m) & = ChinO(m). Then by Props 2.02 and 3.34,
Tail(n) & —~ ChinO(n). By the Induction Hypothesis, ¢. But (6\)n,m since = ChinO(m). So
@ [m\n].

Hence by Induction, Vn ( Tail(n) & = ChinO(n) = ¢).

Now suppose Tail(n) & ChinO(n). If n =0, then ¢ [O\n]. So suppose = n =0. Then by
Defs 3.31 and 3.21, Neck(k) & ok,n for some k. But evidently 7Tail(k) and = Max(k), so

= ChinO(k). Hence @ [k\n]. But (0\)k,n since Neck(k). Thus . a

Prop 5.09 (PAG6\). Let ¢ be a well-formed formula (with no appearance of m). Suppose ¢ [0\n]
and VnVm (Nn & (c\)n,;m & ¢ = @ [m\n] ). Then Vn (Nn= @ ).

Pf:
Let Nn & on,m & ¢@. If = ChinO(m), then (6\)n,m, so ¢ [m\n]. And if ChinO(m), then
Tail(m), so by Lemma 5.08, ¢ [m\n]. Hence VnVm (Nn & on,n & ¢ = @ [m\n]).

Thus by Induction, Vrn (Nn= ¢ ). O

Propositions 5.05, 5.06, 5.07, and 5.09 show that GA proves (PA3\), (PA4)), (PAS)),
and (PA6\), i.e. the Peano axioms reformulated in terms of (o\). But (PA3) + (PA4) + (PAS) +
(PAG) is just FPA, the system investigated in Arithmetic without the Successor Axiom. Now the
definitions of addition and multiplication presented below will be slightly different than those
for addition and multiplication in Arithmetic, but it is a straightfoward exercise to show that they
are equivalent in the context of FPA. Hence, if FPA proves assertion S and S* is the
corresponding assertion in the system induced by (o)), then GA proves S*.

Since all propositions proved hitherto used only (PA3) and (PA6), they can all be
transfered to true propositions involving o\ instead of o, changing of course definitions

appropriately as well. A “\” will be put after the relevant proposition’s number to indicate the
altered proposition.

Defs 5.10. Hereds\(P) abbreviates

Ya,b(Na & Nb & Pa & (0\)a,b = Pb)
(G\)*=x,y abbreviates

Nx & Ny & VP (Px & Heredg\(P) = Py)
(o)) >l<x,y abbreviates

(V) 'xy&-x=y



Maxg\(x) abbreviates

Nx & Yn(Nn = (0\)*=n.x)

Similarly we will subscript other predicates, with the obvious meaning. O

Prop 5.11. ¥x¥y ((6V)*x,y = = (6V)"y.x).

Pf:

Let (0\)*x,y & (0\)y,x. Then ~x=1y. And by Prop 3.14\, Maxc\(x) & Maxg\(y).
Suppose Maxg\(0). Then either x or y is not equal to 0. So by Corollary 1.03\, Nz &

(0\)0,z, for some z. Hence by Prop 3.28\, Np & (c\)p,0 for some p, contradicting (PA5\), i.e.
Prop 5.07.
Thus = Maxg\(0). By Corollary 3.26\ Ching\(c) for some c. By Prop 3.3N\-k=p &

Nk & Np & (0V)k,c & (0\)p,c, for some k and p. But this contradicts (PA4\), i.e. Prop 5.06. O
Corollary 5.12. ¥x = (0\)*x,x. O

Corollary 5.13. Vx = (0\)x,x. O

Prop 5.14. YxVy (Maxg\(x) & Maxg\(y) = x =y & = Iz Nz & (0\)x,2)).
Pf:
Let Maxg\(x) & Maxg\(y). Suppose = x =y. Then (6\)*x,y & (0\)"y,x by Def 5.10,

contradicting Prop 5.11.
Thus x = y.
So suppose Nz & (0\)x,z, for some z. = z=x by Corollary 5.13, so (0\)*x,z. But

Maxg\(x), so (0\) *z,x. But this contradicts Prop 5.11. a

So, if 0\ has a maximal element, then it has only one maximal element, which does not
have a successor. Thus there are no pure cycles and no tadpoles under o\. Thus:

Prop 5.15. (0\)\=o0\
Pf:
Suppose (0\)x,y & chinOg\(y) & Maxg\(x). Then Maxg\(y) by Def 3.31\. Sox =7y and

=3z ( Nz & (0\)x,2), by Prop 5.14, contradicting (o\)x,y. Hence by Def 5.01, (G\)\ = O\ a

Prop 5.16. Yn¥x ((0\)*=nx = ¢ =nx).
Pf:



By induction on o\,, with ¢ as
Vx ((0V)*=nx = 0™=nyx).

Suppose (0\)*=O,x. Then Nx, so 0*=O,x.

Now let Nn & (0\)nm & ¢ & (0\)*=m.x. By Corollary 2.04(b)\, (0\)*=n.x. By the
Induction Hypothesis, o =nx. on,m by Def 5.01 of o\

By Corollary 5.13, 7 n =m.

Suppose n=x. Then—-m=x. So (0\)*m,x and (0\)“x,m, the latter by Prop 2.02\. But
this contradicts Prop 5.11.

Thus = n=x. So G*n,x. By Prop 2.10, O*Zm,x. I

Corollary 5.17. ¥x (Maxg\(x) = Max(x)). O

Corollary 5.18. Ax Maxg\(x) < Jx Max(x).
Pf:

If Maxg\(x), then Max(x) by Corollary 5.17.

Now let Max(x). If o\ = o, then the result follows immediately. Otherwise, by Prop
5.02,0\= o\ {(p,y)} for some p,y where op,y & Max(p) & chin0(y).

We claim that Maxg\(p). For suppose Nz & (o\)p,z for some z. Then op,z, by Def

5.01. By (PA3) z=y. But this contradicts o\ = o\ {(p,y)}. So -3z (Nz & (6\)p,z). By
Prop 3.07 Maxg\(p). a

Other than the trivial (PA1\), (PA2)) is the sole axiom which may not hold in the system
induced by (0\), so it is worthwhile to consider exactly when it does and does not hold:

Prop 5.19. (PA2\) <> - (PA1) v ((PA1) & (PA2) & (PA4) & (PAS)), i.e.
= (PA2\) < - (PA2) v = (PA4) v = (PA5).

FPf.
First, note that by Theorem 4.07,

(PA2\) & = (PAl) v ((PA]) & (PA2) & (PA4) & (PAS))

and
- (PA2\) < = (PA2) v = (PA4) v = (PAS)

are equivalent.

Suppose = (PA1). Then (PA2\) vacuously.

Suppose (PA1) & (PA2) & (PA4) & (PAS). Then by Prop 4.06, — 3x Max(x). By
Prop 5.02, o\ = o, so (PA2\).

Suppose - (PA2). Then - 3dp,c (op,c & Max(p) & Chin0(c)) by Prop 4.10 and
Theorem 4.07; so by Prop 5.02, o\ = o, so = (PA2\).

Suppose = (PA4) v = (PAS). Then by Prop 4.10, op,c & Max(p) & Chin0O(c) for some
p,c. We claim that p does not have a o\-successor. For = (o\)p,c by Def 5.01. Soif Nz &
(0\)p,z, then op,z by Prop 5.02, forcing by (PA3) z = ¢, contradicting = (0\)p,c. Hence



- (PA2V).

So, in the cases of = (PA2), = (PA4), or = (PAS), Prop 4.02\ applies, and there exists a

unique x such that all of the following hold:

(i) =3z (Nz & (0V)x,2)

(it) Maxg\(x)

(#ii) Vy(Maxg\(y) = y=x)

(iv) Vy(Ny & (6\)y,x = Neckg\(y) & Ching\(x))
W) x=0v (nx=0 & Ching\(x)).

6. Ordering

(0\) allows the definition of a well ordering on N.

Defs 6.01. x <y if and only if ((5\)*:x,y.
x<yifandonlyifxsy&-x=y.

< is the normal ordering. We state without proof:

Prop 6.02.

(@) Vn(Nn=0=<n)

(b) Vn(n=0< Nn&n=0)

(¢) Vn(Nn=n=n)

(d) VnNmVk(n=m&ms<sk=n=<k)
(e) VnNmVk(n=m & m=n=n=m)
(H VnVm ((c\)n,m = n < m)

(g) VnVm ((6\)n,m = - m < n)

(h) YnVm ((c\)n,m = Vx(x <m < x = n))

(@) VnVm(n<m= Ix (c\)nx & x =m) & Ay (6\)y,m & n < y))



Also:

Prop 6.03. Let Nn. Then {x: x <n} and {x : x < n} exist.

FPf:
By Corollary 3.20\, {x : x = n} exists. Butthen {x: x =n & = x =n} exists, by

Predicative Comprehension. O

Theorem 6.04. Let S € N, where = S = ¢. Then S has a minimum element (wrt to the ordering

<). O

Prop 6.05. Suppose = (PA2) v = (PA4) v = (PAS). Then there exists a unique ¢ such that
Vn(Nn=n=<t).

Pf:
= (PA2\), by Prop 5.19. Prop 4.02\ assures us the existence of such a unique . O

Def 6.06. If there exists t such that Nr & Vn (Nn = n < 1), then we write top(f) and say that 7 is
the top. O

By Prop 6.02(e) any top must be unique.

Prop 6.07. Suppose = (PA4) v = (PAS), and let top(t) & chinO(c). Then ot,c.

Pf:
By Prop 4.02\ = 3z (Nz & (0\)t,7). By Prop 4.03 and 4.04, (PA2), so Nv & ot,v for

some v. Prop 5.02 forces v = c. O

Theorem 6.08. (Pigeon Hole Principle) Let Nn, A C {x : x = n}. Suppose for some R,
Is1-1(R) & Dom(R)={x:x=<n} & Im(R)=A. Then A = {x:x < n}.
Pf:

Use the standard induction proof. O

Prop 6.09. Suppose = (PA2) v = (PA4) v = (PAS). Let A € N, and suppose for some R,
Is1-1(R) & Dom(R) =N & Im(R) = A. Then A =N.
Pf:

Apply Theorem 6.08, Prop 5.19, and Prop 4.02\. O

Corollary 6.10. Suppose = (PA2) v = (PA4) v = (PAS). Let A C N\ {0}, and suppose for



some R, IsI-1(R) & Dom(R) = N N\ {0} & Im(R) = A. Then A = N\ {0}. 0

Finally, note that, by Prop 5.15, (o)) induces exactly the same ordering as <. That is,
(=) = =,, so we will always write <, even in the cases where (<\) might be more appropriate.

7. Addition.

In this section it is shown that there exists an addition formula which satisfies (ADDOQ)
through (ADD#4), and it will be shown to have most of the standard properties.

Def7.01. +(a,b,c) if and only if Na & Nb & Nc &

AR (RO,a & Rb,c & IsFunction(R) & Dom(R) = {z : z < b}
& VuVu'VwVw' Nw' & (oVuu' & oww' & u' < b & Ru,w = Ru'.w")
& YuVu'NwVw' Nw' & (o\)u,u' & Ru'.w' = Aw(Nw & ow,w' & Ru,w)))
O

Example. Suppose N = {0,1,2,3,4}. Of the five cases of Theorem 4.07, this excludes Case 1
(the vacuous model) and Case 3 (the standard model). Let “U” stand for the addition being
undefined.

Case 2. = (PA2). The finite segments.

HwphNh-=0+
AwWMN-—=0O0
ChWN ==
cCCcChWNDN
ccccha~bd

ccchhww

Case 4. = (PA4). The tadpoles.
(@ 0-1-2-3-4-1.

AWN—2O+
AWN—_,OO
—DWN = =
N—=DAWNN
WN—-= DWW
AWN = AD

(i) 0-1-2-3-4-2.



+ 0 1 2 3 4
0 0 1 2 3 4
1 1 2 3 4 2
2 2 3 4 2 3
3 3 4 2 3 4
4 4 2 3 4 2
(7ii) 0-1-2-3-4-3.

+ 0 1 2 3 4
0 0 1 2 3 4
1 1 2 3 4 3
2 2 3 4 3 4
3 3 4 3 4 3
4 4 3 4 3 4
(7ii) 0-1-2-3-4-4.

+ 0 1 2 3 4
0 0 1 2 3 4
1 1 2 3 4 4
2 2 3 4 4 4
3 3 4 4 4 4
4 4 4 4 4 4

Case 5. - (PAS). The pure cycle.

HhwpN-—=0O+
A wWnN-00
OPhWN= =
O h~hWNDN
N—=0Oh~hww
wWN—=0O DD

Remark that these are the only addition tables which satisfy conditions (ADDO) through
(ADDA4).

Recall the properites of addition introduced in Section 1.

(ADDO) ViVnVm ( +(k,n,m) = Nk & Nn & Nm )

(ADD1) Vn (Nn= +(n,0,n))

(ADD2) VaVm (+(n,0,m)=n=m)

(ADD3) VikVaVmVn'Vm' (Nn' & Nm' & +(k,n,m) & on.n' & omm' = +(k,n';m'))
(ADD4) VkVnVn'Vm'(Nn & +(k,n'ym') & on,n'= Am (omm' & +(k,n,m))

It will be shown that + as defined in 7.01 satisfies these five conditions. First, and evidently,
(ADDO) holds.

Prop 7.02. Let Nc & (6\)n,m & ob,c & +(a,n,b). Then +(a,m,c).
Pf:
Since +(a,n,b),



RO,a & Rn,b & IsFunction(R) & Dom(R) = {z:z =< b}
& YuVu'VwVw' (Nw' & (oVu,u' & oww' & u' < b & Ru,w = Ru'.w')
& VuVu'VNwVw' Nw' & (oVu,u' & Ru'.\w' = Aw(Nw & ow,w' & Ru,w) )

for some R, by Def 7.01.

Define S as R U {(m,c)}. S0,a since RO,a. Sm,c by definition. = m < n by Prop 6.02(g),
so " m € Dom(R). Thus IsFunction(S) follows from IsFunction(R). Also

Dom(S) = Dom(R) U {m}
={z:z=n}U {m}
={z:z=m} by Prop 6.02(h).

Next, suppose Nw & Nw' & (ou,u' & ow,w' & u' = m & Su,w.

Let u'=m. Then by Prop 5.06 (PA4\), u = n. Hence Ru,w. But Rn,b. Thus w=>b,
since IsFunction(R). But then by (PA3), c =w'". So Su',w.

Otherwise, suppose = u' = m. Then by Prop 6.02(h), u' <= n. So u < n, hence Ru,w.
Thus Ru'.w', hence Su'.w'.

Finally, suppose Nw' & (o\u,u' & Su'.w'. If = u'=m, then Ru',w'. So by assumption,
Nw & ow,w' & Ru,w, for some w, hence Su,w.

On the other hand, suppose u'=m. Then w'= ¢ and, by (PA4\), u = n. Sn,b since Rn,b;

hence Nb & ob,w' & Sn.b. I

Prop 7.03. Let (6\)n,m & +(a,m,c). Then there exists v s.t. ov,c & +(a,n,v).

Ff.

Since +(a,m,c),

RO,a & Rm,c & IsFunction(R) & Dom(R) = {z:z=m}
& VuVu'VwVw' Nw' & (oVu,u' & oww' & u' <m & Ru,w = Ru'.w")
& VuVu'VwVw' Nw' & (oVu,u' & Ru'.\w' = Aw(Nw & ow,w' & Ru,w) )

for some R, by Def 7.01. Now Nc & (o\)n,m & Rm,c, so Nv & ov,c & Rn,v, for some v.
We claim that +(a,n,v).
Set Sto R\ {(m,c)}.
-~ m =0 by Prop 5.07. So S0,a.
- n=mby Corollary 5.13. So Sn,v.
Obviously, IsFunction(S).
Since IsFunction(R), -~ m € Dom(S). Thus

Dom(S) = Dom(R) \ {m}
={z:z=m}\{m}
={z:z=sn} by Prop 6.02(h).

Next, let Nw' & (oVu,u' & ow,w' & u' = n & Su,w. So u'=m & Ru,w. Hence, Ru',w'.
= u'=msince u' < n. Thus Su',w'.

Finally, let Nw' & (o\)u,u' & Su'.w'. Then Ru'.w', so Nw & ow,w' & Ru,w, for some w.
But u' € Dom(S), so u' <= n, and so u < n. Butn <m, hence - u =m. And so Su,w.

But then +(a,n,v). I

Prop 7.04. (ADD2) Let +(a,0,b). Then a = b.
Pf:



By Def 7.01, RO,a & RO.b & IsFunction(R), for some R. Hence a = b. O

Prop 7.05. Yn¥Vc¢ (+(0,n,c) = n=rc)
Pf:
By induction via (0\), with ¢ as

Ve (+(0,n,c) = n=c).

Then ¢ holds when n =0, by Prop 7.04.
Now assume Nn & (o\)n,m & ¢, i.e. V¢ (+(0,n,c) = n=c). And suppose +(0,m,c).
By Prop 7.03 there exists v s.t. ov,c & +(0,n,v). By the induction hypothesis, n =v. By (PA3)

m=c. I:l

Prop 7.06. Va (Na = +(0,a,a))
Pf:

Let Na. Note that NO by Prop 1.01.

Set R to {x,y: x = a & x =y}, which exists by Prop 6.03 and Predicative
Comprehension. Then R0,0 & Ra,a & IsFunction(R) & Dom(R) = {z : z < a}.

Suppose Nw' & (oVYu,u' & ow,w' & u'<a & Ru,w. Thenu =w. By (PA3) u'=w".
Thus Ru'.w'.

Finally, suppose Nw' & (o\)u,u' & Ru',w'. Then u' < a, so u <a. Hence Ru,u. But
ou,w'since u'=w'.
Thus +(0,a,a). O

Prop 7.07. (ADD1) VYa (Na = +(a,0,a))
Pf:
4 Let Na. Note that NO by Prop 1.01.
Set Rto {x,y: x=0& y=a}. Then RO,a & RO,a & IsFunction(R) &
Dom(R) = {0} ={z:z=<0}.
Suppose Nw' & (ou,u' & oww' & u'<0 & Ru,w. Then u'=0, so by Prop 4.07
(PAS\), = (6\)u,u'. Hence Ru',w' follows vacuously.
Finally, suppose Nw' & (o\)u,u' & Ru',w'. Then again u'=0, so = (o\)u,u'. Thus
vacuously, Iw(Nw & ow,w' & Ru,w).

Thus +(a,0,a). I

It will be convenient to prove (ADD2) and (ADD3) with the help of commuativity of
addition, so our first objective is to prove commutativity.

Prop 7.08. Let Nc' & (0\)a,a' & oc,c' & +(a,n,c). Then +(a',n,c').
Pf:
By induction via (o)), with ¢ as
YaVa'VeVce' (Ne' & (0V)a,a' & oc,c' & +(a,n,c) = +(a'n,c')).

Assume Nc¢' & (0\)a,a' & oc,c' & +(a,0,c). Then a = ¢, by Prop 7.04. By (PA3)



a'=c'. By Prop 7.07 +(a'0,c").
Now assume Nn & (o\)n,m & ¢. And suppose Nc' & (0\)a,a' & oc,c' & +(a,m,c).
Note by the definition of +, Na & Nc¢ & Nm. By Prop 7.03, ov,c & +(a,n,v), for some v. By

the induction hypothesis +(a',n,c). By Prop 7.02, +(a';m,c"). O

Prop 7.09. (Commutative Law of Addition) YNn¥aV¥'b (+(a,n,b) = +(n,a,b)).
Pf:

By induction via (0\), with ¢ as
YaVb (+(a,n,b) = +(n,a,b)).

Suppose +(a,0,b). Then a = b by Prop 7.04, so +(0,a,b) by Prop 7.06.
Now assume Nn & (o\)n,m & ¢. And suppose +(a,m,b). Then by Prop 7.02 +(a,n,c)

& oc,b, for some c. By the induction hypothesis, +(n,a,c). By Prop 7.08 +(m,a,b). I
It is now possible to prove (ADD3) and (ADD4).

Prop 7.10. (ADD3) VnVaVbVa'Vb' (Na' & Nb' & ca,a' & ob,b' & +(n,a,b) = +(n,a',b")).
Pf:

By induction via (o\), with ¢ as
YaVbVa'Vb' (Na' & Nb' & ca,a' & ob,b' & +(n,a,b) = +(n,a',h")).

Suppose Na' & Nb' & oa,a' & ob,b' & +(0,a,b). By Prop 7.05, a=b. By (PA3)
a'=b'. By Prop 7.06,+(0,a',b").

Now assume Nn & (o\)n,m & ¢. Let Na' & Nb' & oa,a' & ob,b' & +(m,a,b). By
Commutativity (Prop 7.09), +(a,m,b). By Prop 7.03, ov,b & +(a,n,v) for some v. By
Commutativity again, +(n,a,v). By the Induction Hypothesis, +(n,a',b). By Commutativity
again, +(a',n,b). By Prop 7.02, +(a',m,b"). By a fourth use of Commutativity, +(m,a'.b"). O

Prop 7.11. (ADD4) VnVaVa'Vb' (Na & oa,a' & +(n,a',b") = 3b (cb,b' & +(n,a,b)) ).
Pf:
By induction via (0\), with ¢ as

VYaVa'Vb' (Na & ca,a' & +(n,a',b") = 3b (ob,b' & +(n,a,b)) ).

Suppose Na & oa,a' & +(0,a',b"). Then a'=>b'by Prop 7.05. Set b =a. Then
+(0,a,b) by Prop 7.06.

Now assume Nn & (c\)n,m & ¢. Let Na & oa,a' & +(m,a',b'). Then +(a';m,b") by
Commutativity (Prop 7.09). By Prop 7.03, ob,b' & +(a',n,b) for some b. By Commutativity
again, +(n,a',b). By the Induction Hypothesis, oc,b & +(n,a,c) for some c. By Commutativity,

+(a,n,c). By Prop 7.02, +(a,m,b). I

Prop 7.12. Nn¥VaVbVa'Vb' (ca,a +(n,a,b) & +(n,a',b") = ob,b").
Pf:



By induction, with ¢ as
YaVbVa'Vb' (ca,a +(na,b) & +(n,a',b") = ob,b").

Let oa,a' +(0,a,b) & +(0,a',0"). Then a=b & a' = b' by Prop 7.05, so ob,b'.

Now assume Nn & on,m & ¢. Let ca,a' +(m,a,b) & +(m,a'.b'). By Commutativity
(Prop 7.09), +(a,m,b) & +(a'.m,b"). By Prop 7.03, ov,b & +(a,n,v) & ov',b' & +(a',n,v"), for
some v and v'. By the Induction Hypothesis, ov,v'. By (PA3), b =v'. Hence cb,b'". O

As one would expect based on the functionality of o, + is also functional.

Prop 7.13. Let +(a,n,b) & +(a,n,c). Then b =c.
Pf:
By induction via (0\), with ¢ as
YaVbVe (+(a,nb) & +(a,n,c) = b =c).

Suppose +(a,0,b) & +(a,0,c). Then by Prop 7.04,a=banda=c. Sob =c.
Now assume Nn & (o\)n,m & ¢. And suppose +(a,m,b) & +(a,m,c). Then there exists
v,u s.t. ov,b & +(a,n,v) and Nu & ou,c & +(a,n,u), by Prop 7.03. By the induction hypothesis

u=v. By (PA3)b=c. O

Def 7.14. If +(n,m.k), then use (n+m) to refer to k. a

By stipulation, when (n+m) appears in an atomic proposition, it may be infered that
(n+m) exists.

Lemma 7.15. Nn¥aVb ( Ax((a+n) + by=x=3Ax(a+b)=x).
Pf:

By induction, with ¢ as
VYaVb ( Ax ((a+n) + b)=x= IAx (a + b) = x).

Suppose ((a + 0) + b) =x. Then Na by Def 7.01, so (a + 0) = a by Prop 7.07.

Now assume Nn & on,m & ¢. Suppose ((a + m) + b) =x. Then (a + m) =y, for
some y where Ny. By Prop 7.03, 0z,y & (a + n) = z, for some z. By Commutativity (Prop
7.09), (b + (a + m)) =x. By Prop 7.03, oux & (b + (a + n)) = u. By Commutativity,

((a + n) + b) = u. By the Induction Hypothesis, x (a + b) = x. O

Prop 7.16. (Associative Law of Addition).
VnVaVbVe (((a+b) +n)=c< (a+ (b+n))=c).

Pf:

First, we prove



VuVaVbVce ((a+b) +n)=c=(a+(b+n))=c) (*).
by induction via (0\), with ¢ as
YaVbV¥c (((a+b) +n)=c= (a+ (b+n))=c).

Let (a+b)+0)=c. Then(a+b)=cand (b +0)=b,so(a+(b+0))=c.

Now assume Nn & (o\)n,m & ¢. And let ((a + b) + m) =c. By Prop 7.03,
((a + b) + n) = v for some v where ov,c. By the Induction Hypothesis, (a + (b + n)) =v. By
Lemma 7.15, (b + m) exists. By Prop 7.12, o(b + n),(b + m). By Prop 7.12 again,
o(a + (b + n)),(a + (b + m)), that is ov,(a + (b + m)). By (PA3), (a + (b + m)) =c.

Hence (*).

To see that VaVaVbVc ((a + (b +n)) =c= ((a + b) + n) = ¢), use (*) and apply

Commutativity. O

Def'7.17. Suppose 3j (Nj & 00,j). Then, by (PA3), this j is unique. Use “1” to refer to this
number, should it exist. O

Remark that 1 may equal 0. If this is the case, N = {0}.

Prop 7.18. Y\nN'm (Nn & Nm & onym < (n+ 1) = m).
Remark: The proposition holds even in the case when 0 = 1.

Pf:

Let Nn & Nm & on,m. By Prop 1.05 1 exists. By Prop 7.07 (n + 0) =n. By Prop
7.10,(n+ 1) =m.

Now let (n + 1) = m. Then Nn & Nm by Def 7.01. By Prop 7.04, (n + 0) = n. By
Prop 7.12, on,m. I

Corollary 7.19. Suppose = (PA4) v = (PAS), and let top(¢) & chinO(c). Thent+ 1 =c. In the
case of = (PAS),t+1=0.

Pf:
By Prop 6.07, ot,c. By Defs 6.06 and 3.31, Nt & Nc. Hence by Prop 7.18,t+ 1 =c.
In the case of = (PAS), ¢ = 0 by Prop 4.04. O

As we have just seen, it is possible that non-zero numbers sum to 0, in the case when
= (PAS5). The following proposition offers a characterization of sums to O.

Prop 7.20.
(a) 7 (PA1) v (PAS) v (TRV2) v (TRVS) & VxVy ((x+y)=0=x=0&y=0).

(b) = (PA1) v = (PAS5) v (TRV2) v (TRV5) <> ¥n (Nn=3c (n+¢)=0).



Pf:

(a) If = (PA1) v (TRV2) v (TRVS), then trivially VxVy ((x+y)=0=x=0& y=0).
Assume (PAS5) and let (x + y) =0. Suppose " x=0 v =y=0. WLOG suppose
- x=0. Then by Prop 1.04, Nk & ok,x for some k. By Prop 7.18 (k + 1) = x. Substituting
and manipulating, ((k + y) + 1) =0, hence by Prop 7.18, = (PAS), a contradiction. Therefore
x=0&y=0.
Now suppose VxVy ((x+y)=0=x=0& y=0) & (PAl) & = (TRV2) &
- (TRVS). By the latter three conjuncts, NO & o0,u for some u where = u =0. That is, 1 exists
and = 1 =0. We need to prove (PAS). So suppose Nn & on,0. By Prop 7.18, (n + 1) =0.
By the first conjunct, 1 = 0, a contradiction.

(b) If = (PA1) v (TRV2) v (TRVS), then trivially Van (Nn=3dc (n +¢) =0).

Suppose = (PAS). Then Nk & ok,0 for some k. By Prop 7.18, (k + 1) =0. Proceed by
induction (PA6’), with ¢ as dc (n + ¢) =0.

NO = ¢ holds when n =0 since (0 + 0) = 0 by Prop 7.06.

Now assume Nn & Nm & on,m & ¢. (n + ¢) = 0 by the induction hypothesis. If ¢ =0,
then n =0, by Prop 7.04, so m = 1 by (PA3); but then (m + k) = 0. Otherwise, suppose
—¢=0. By Prop 1.04, Nw & ow,c for some w. Thus by Prop 7.04,(w + 1) =c. So
(n+ (w+ 1)) =0. Re-organizing, (m + w) = 0.

Finally, suppose (PA1) & (PA5) & = (TRV2) & = (TRVS). By the first, third, and
fourth conjuncts, 1 exists and = 1 =0. By (@) = 3dc (1 +¢) =0. a

Def7.21. (+-TOT) Suppose VnVm (Nn & Nm = Ik (n + m) = k). Then we say + is total.

Prop 7.22. (PA2) v (TRV2) <> (+-TOT).

Ff.

Suppose = (PA2) & = (TRV2). For some n, Nn & = dm (Nm & on,m). By Prop 1.01,
NO. By = (TRV2), 3x (Nx & 00,x). Hence 1 exists. But then by Prop 7.18, (n + 1) does not
exist, whence = (+-TOT).

Suppose (TRV2). Then N = {0} by Prop 4.09(b). But (0 + 0) =0 by Prop 7.06. So
+ is total.

Finally suppose (PA2). Proceed by induction, with ¢ as

Vx (Nx = 3k (x + n) = k).

Suppose Nx. Then NO, and (x + 0) = x by (ADD1), Prop 7.07. Hence ¢ [O\n].
Now assume Nn & on,m & ¢. And let Nx. Then (x + n) = k, for some k, by the
Induction Hypothesis. By (PA2), ok,z, for some z with Nz. By (ADD?3) aka Prop 7.10,

x+m)=z. 0

Corollary 7.23. Suppose = (PA1) v = (PA4) v = (PAS5). Then (+-TOT).

Pf:
By Props 4.01,4.03, and 4.04, = (PA1) v = (PA4) v = (PAS5) implies (PA2). Now use
Prop 7.22. O



An important property which + may not have, is Cancellation. Additive cancellation has
aright and a left version:

(+-RCANC) YaVbVcVd (+(a,b,c) & +(a,d,c) = b =d)
(+-LCANC) VaVbVcVd (+(ab,c) & +(d,b,c) = a =d)

Because additive commutativity holds in GA, these two are equivalent in GA, and indeed both
are equivalent to:

(+-CANC) VaVbVc ((a+b)=(a+c)=b=c).

Additive cancellation does not necessarily hold in GA, because of the maximal elements in the
tadpole model. Now the tadpole models can be excluded by assuming that the successor
relationship is an injection, i.e. by assuming (PA4). In fact:

Prop 7.24. (+-CANC) < (PA4).

Pt
Suppose (PA4). We proceed by induction, with ¢ as

VoVe((n+b)=(n+c)=b=c).

For, assume (0 + b) = (0 + ¢). Then b = ¢ by two uses of Prop 7.05.

Now assume Nn & on,m & ¢. Let (m + b) = (m + ¢). By (ADD4) and Commutativity
of Addition (Prop 7.09), ck1,c & (n+ b) =k1 & ok),c & (n + b) = k), for some k1,k2. By
(PA4), k1 = k2. By the induction hypothesis, b = d.

For the other direction, suppose = (PA4). Then Nn & Nm & Nn' & on,m & on',m &
- n=n', for some n,n';m. By Prop 7.18,(n+ 1) =m and (n' + 1) = m. Hence = (+-CANC).

O

o\ induces an addition. That is, we may define (+\)(a,b,c) if and only if Na & Nb & Nc

AR ( RO,a & Rb,c & IsFunction(R) & Dom(R) = {z:z< b}
& VuVu'VwVw' Nw' & (oVu,u' & (c\Nw.w' & u'<b & Ru,w = Ru'.w")
& VuVu'VwVw' Nw' & (6Vu,u' & Ru'.w' = Iw(Nw & (c\)w,w' & Ru,w))).

Remark that we should have written ((6\)\)u,u" instead of (o\)u,u' but didn’t because of Prop
5.15. A similar comment applies to <.

Example. Suppose N ={0,1,2,3.4}. Then:

+\ 0 1 2 3 4
0 0 1 2 3 4
1 1 2 3 4 u
2 2 3 4 u u
3 3 4 U u u
4 4 U U U U O



+\ has all the properties of +, since o\ has all the properties of 0. As before, we will put
a “\” after the proposition number when we are citing a proposition for +\ instead of +.

+ coincides with +\, the addition induced by o\, when the latter is defined:

Prop 7.25. VNKVYn ((G+n) =k & i G () n) =i < (j () n) = k).

Pf:
Proceed by induction via (o\), with ¢ as

ViVk((G+m)=k&Ai+)Yn) =i () n) =k).

Suppose (j + 0) = k. Then k =j by Prop 7.04. Njby Def 7.01. So (j (+\) 0) =k by
Prop 7.07\.

Now suppose (j (+\) 0) = k. Then k =j and Nj, by Prop 7.04\. So (j + 0) =k, by Prop
7.07.  Obviously, 3i (j (+\) 0) = ).

Hence the base case holds.

Now assume Nn & (o\)n,m & ¢. Suppose (j + m) =k & (j (+\) m) = i, for some i.
Then (j (+\) n) = v, for some v with (G\)v,i, by Prop 7.03\. By the induction hypothesis,
(j+n)=v. ByProp7.02,(j+m)=i Thusi=xk.

For the other direction, suppose (j (+\) m) = k. Then (j (+\) n) = v, for some v where
(0\v,k, by Prop 7.03\. By the induction hypothesis, (j + n) =v. By Prop 7.02, (j + m) = k.

Obviously, 3i (j (+\) m) = i. O

Although + and +\ cannot be assumed to be relationships, and are officially symbols
within an abbreviation, we will abuse the “C” and “=" notation in the obvious way because it

allows for a more concise and clearer expression of the proposition we would like to assert. For
instance, officially the next corollary asserts, “VjVkVn ((G(+\)n)=k= (j+n) =k)”:

Corollary 7.26. +\ C +. a

Prop 7.27. +\ =+ < o\=0 v (TRV)).
Pf:

(=) Suppose +\ =+ & = (TRVS5). By Prop 5.02, it suffices to show that = IxIy such

that ox,y & Max(x) & chinO(y). For, suppose to the contrary, that there are such x,y. Then Nx
& Ny, by Defs 3.01 and 3.21. So NO by Prop 1.01. If = 3j (Nj & 00,j), then N = {0} by Prop
1.02; but ox,y, so 00,0, a contradiction. Hence 3j (Nj & 00,)), i.e. 1 exists. By Prop 7.18,
(x+ 1) =y. By assumption (x (+\) 1) =y. Suppose Nu & (0\)0,u for some u. Thenu =1 by
Prop 5.02 and (PA3). And thus (x (+\) u) =y. So by Prop 7.18\, (0\)x,y. But this contradicts
the Def 5.01. So there does not exists any u such that Nu & (o\)0,u. By Prop 1.02\, N = {0},
which forces (TRV5), a final contradiction.

(=) By Corollary 7.26, it suffices to show VjVkVn ((j+n) =k = (j (+\) n) = k).

Suppose o\ = 0. Proceed by induction, with ¢ as



ViVk (G +n) =k= ( (+) n) = k).

Suppose (j + 0) = k. Then j =k by Prop 7.04. Nj by Def 7.01. So (j (+\) 0) =k by
Prop 7.07\.

Now assume Nn & (o\)n,m & ¢. Suppose (j + m) = k. Then there exists v s.t. ov,k &
(j+n)=v, by Prop 7.03. By assumption (o\)v,k. By induction, (j (+\) n) =v. By Prop 7.10\
G+ m)=k.

Suppose (TRVS5). Then N = {0} by Prop 4.09(f). So, suppose (j + n) = k. Then by
Def7.01, Nj & Nn & Nk, soj=n=k=0. By Prop 7.02\, (j (+\) n) = k. O

Corollary 7.28.
+\ =+ < - (PAl) v - (PA2) v ((PA1l) & (PA2) & (PA4) & (PAS5)) v (TRVS)

Pf
Apply Prop 5.03 to Prop 7.27. O

Corollary 7.29. (+\)\ = +\
Pf:
(PA4\) by Prop 5.06 and (PAS\) by Prop 5.07.
So by Theorem 4.07, = (PA1\) v = (PA2\) v ( (PA]\) & (PA2\) & (PA4\) & (PAS))).

Now use Corollary 7.28. O

Prop 7.30. VuVx(x<sn<dc(x(+)c)=n)
Pf:

Proceed by induction via (0\), with ¢ as
Vx(xsn<esdec(x(#\)c)=n).

x=<0< x=0& N0 by Prop 6.02. NO = 0 (+\) 0 =0 by Prop 7.07. Now suppose
x (+\) ¢ =0. By Prop 7.20(a)\, x = 0, which implies x < 0 by Prop 6.02(b).

Now assume Nn & (o\)n,m & ¢.
Suppose x < m, i.e. (0\)*=x,m. By Prop 2.06\, (0\)*=x,n v x =m. If x =m, then set

¢ =0 and use Prop 7.07. If = x = m, then (0\)*:x,n, so x < n. By the induction hypothesis,
x (+\) d = n for some d. By the induction hypothesis, d < n, hence d < m by Props 6.02(d) and
6.02(e). By Prop 6.02(i), (0\)d,e & Ne for some e. By Prop 7.10\ (ADD3\), x (+\) e = m.

In the other direction, suppose (x (+\) ¢) =m. If ¢ =0, then x = m by Prop 7.04\
(ADD2\). Otherwise, = ¢ =0, so by Prop 1.04\, (0\)p,c & Np for some p. Nowx (+\)p=u &
(0Vu,m, for some u where by Prop 7.11\ (ADD4\). By (PA4\) aka Prop 5.06, u = n. Thus

x < n by the induction hypothesis. So x = m by Props 6.02(f) and 6.02(d). O
Corollary 7.31. Suppose x < n. Then dc (x + ¢) = n. O

Corollary 7.32. YxVNy (Nx & Ny=x=<(x (+) y)) O



In the case of = (PAS) the premise in Corollary 7.31 can be dropped.

Prop 7.33. Suppose = (PA5). Then VxVy(Nx & Ny = 3dc (x + ¢) = y).

Pf:
Let Nx & Ny. By Prop 7.20(b) (x + z) =0 for some z. By Prop 7.06 (0 +y) = y.

Substituting, and then by Associativity, (x + (z +y)) = y. O

Prop 7.34. Suppose a < b and (b + ¢) exists. Then (a + ¢) exists.
Pf:

a (+\) e = b, for some e, by Prop 7.30. a+ e =bby Prop 7.25. So ((a + e) + ¢) exists.
Apply Commutativity and Associativity to see that ((a + ¢) + e) exists. Thus clearly a + ¢

exists. I

8. Multiplication.

Def 8.01. *(a,b,c) if and only if Na & Nb & Nc &

dR (RO,0 & Rb,c & IsFunction(R) & Dom(R) = {z : z < b}
& VuVuNwVw' (oVu,u' & u'<s b & Ruw & (a +w)=w' = Ru'.w")
& VuVu'VwV¥w' (Nw' & (o\u,u' & Ru'.w'

= dw((a+w)=w'& Ru,w))) O

Example. Suppose N = {0,1,2,3,4}. Again, of the five cases of Theorem 4.07, this excludes
Case 1 (the vacuous model) and Case 3 (the standard model). Let “U” stand for the
multiplication being undefined.

Case 2. = (PA2). The finite segments.

* 0 1 2 3 4
0 0 0 0 0 0
1 0 1 2 3 4
2 0 2 4 U U
3 0 3 U U U
4 0 4 U U U
Case 4. -~ (PA4). The tadpoles.

(i 0-1-2-3-4-1.

* 0 1 2 3 4

0 0 0 0 0



1 0 1 2 3 4
2 0 2 4 2 4
3 0 3 2 1 4
4 0 4 4 4 4
(@) 0-1-2-3-4-2.

* 0] 1 2 3 4
0] 0 0 0 0 0
1 0 1 2 3 4
2 0 2 4 3 2
3 0 3 3 3 3
4 0 4 2 3 4
@@i) 0-1-2-3-4-3.

* 0] 1 2 3 4
0] 0 0 0 0 0
1 0 1 2 3 4
2 0 2 4 4 4
3 0 3 4 3 4
4 0 4 4 4 4
@@i) 0-1-2-3-4-4.

* 0] 1 2 3 4
0] 0 0 0 0 0
1 0 1 2 3 4
2 0 2 4 4 4
3 0 3 4 4 4
4 0 4 4 4 4
Case 5. = (PAS). The pure cycle.

* 0] 1 2 3 4
0] 0 0 0 0 0
1 0 1 2 3 4
2 0 2 4 1 3
3 0 3 1 4 2
4 0 4 3 2 1

As with addition, consider the following properties of multiplication:

(MULTO) VikVnVm ( *(knym) = Nk & Nn & Nm )

(MULT1) Vn (Nn= *(n,0,0))

(MULT2) Vn¥m ( *(n,0,m) = m=0)

(MULT3) VkVaVmVn'Vm' (Nn' & Nm' & *(k,n,m) & on,n' & +(m,k,m") = *(k,n',m'))
(MULT4) VkVaVn'Vm' (Nn & *(k,n'im') & on,n' = Am (+(m,k,m') & *(k,n,m)) )

We willl show that our * satisfies these properties. Obviously (MULTO) holds by Def 8.01.

Prop 8.02. Let (oc\)n,m & (a + b) = c & *(a,n,b). Then *(a,m,c).
Pf:



Since *(a,n,b),

R0,0 & Rb,c & IsFunction(R) & Dom(R) = {z:z= b}
& YuVu'VwVw' (0Vuu' & u'<sb & Ruw & (a+w)=w' = Ru'.w')
& YuVu'VwVw' Nw' & (o\)u,u' & Ru'.w'

= dw((a + w) = w' & Ru,w))

for some R.

Now use R U {(m,c)} to prove *(a,m,b) a

Prop 8.03. Let (6\)n,m & *(a,m,c). Then there exists v s.t. (a +v) = ¢ & *(a,n,v).

Ff.

Since *(a,m,c),

RO0,0 & Rb,c & IsFunction(R) & Dom(R) = {z : z <= m}
& VuVuNNwV¥w' (oVuu' & u'<sm & Ruw & (a +w)=w' = Ru'.w")
& VuVu'VwV¥w' Nw' & (o\u,u' & Ru'.w' = Iw((a + w) = w' & Ru,w))

for some R. Now (o\)n,m & Rm,c, so (a + v) = ¢ & Rn,v, for some v. Use R\ {(m,c)} to prove
that *(a,n,v). I

Prop 8.04 (MULT2). Let *(a,0,b). Then b =0.
Pf:
By Def 8.01, R0,0 & RO,b & IsFunction(R), for some R. Hence b = 0. I

Prop 8.05. ¥Yn¥c¢ (*(0,n,c) = ¢ =0)
Pf:

By induction via (0\), with ¢ as
Ve (*(0,n,c) = ¢ =0).

Then ¢ holds when n =0, by Prop 8.04.

Now assume Nn & (o\)n,mn & ¢, i.e. Ve (*(0,n,c) = ¢ =0). And suppose *(0,m,c).
By Prop 8.03 there exists v s.t. (0 +v) = ¢ & *(0,n,v). By the induction hypothesis, v =0. By
Prop 7.05 , c=0. I

Prop 8.06. Va (Na = *(0,a,0))
Pf:
4 Let Na. Note that NO by Prop 1.01.

Set Rto {x,y:x=<a & y=0}. Then R0,0 & Ra,0 & IsFunction(R) &
Dom(R)={z:z=a}.

Suppose (OVuu' & u'<a & Ruw & (0 + w)=w'. Thenw =0. By Prop 7.05,w'=0.
Thus Ru'.w'.

Finally, suppose Nw' & (o\)u,u' & Ru'.w'. Then w'=0. Also, u'<a, so u <a. Hence
(0+0)=0 & Ru,0.
Thus *(0,a,0). 0



Prop 8.07 (MULT1). Va (Na = *(a,0,0))
Pf:
g Let Na. Then NO by Prop 1.01.
Set Rto {x,y: x=0& y=0}. Then R0,0 & R0,0 & IsFunction(R) &
Dom(R) = {z:2z=0}.
Suppose (oVu,u' & u'<0 & Ru,w & (a + w) =w'. By Prop 6.02(b), u' =0. But by
(PAS\) = u'=0. Thus vacuously, Ru'.w".
Finally, suppose Nw' & (o\)u,u' & Ru'.w'. Then u'=0. But by (PA5\) ~u'=0. Thus
vacuously, Iw((a +w) =w'& Ru,w).

Thus *(a,0,0). a

Prop 8.08. Ya (Na = *(a,0,a))
Pf:

Let Na. Note that NO by Prop 1.01.

Set Rto {x,y: x=0& y=a}. Then RO,a & RO,a & IsFunction(R) &
Dom(R) = {0} ={z:z=<0}.

Suppose Nw' & (oVu,u' & oww' & u' <0 & Ru,w. Then u' =0 by Prop 6.02(b), so
by Prop 5.07 (PAS\), = (0V)u,u'. Hence Ru'.w' follows vacuously.

Finally, suppose Nw' & (o\)u,u' & Ru',w'. Then again u'=0, so = (0\)u,u'. Thus
vacuously, Iw(Nw & ow,w' & Ru,w).

Thus +(a,0,a). a

Prop 8.09. Let (0\)a,a' & (n+ c¢) =c' & *(a,n,c). Then *(a',n,c").
Pf:

By induction via (o\), with ¢ as
YaVa'VeVe' ((0Vaa' & (n+c¢)=c' & *(a,n,c) = *(a'n,c')).

Assume (0\)a,a' & (0 + ¢) = ¢' & *(a,0,c). Then ¢ =0, by Prop 8.04. By Prop 7.04,
c=c',soc'=0. By Prop 8.07 *(a'0,c").

Now assume Nn & (o\)n,m & ¢. And suppose (0\)a,a' & (m + ¢) = ¢' & *(a,m,c). By
Prop 8.03, (a +v) =c & *(a,n,v), for some v. By Prop 7.18, m=(n+ 1) and a'= (a + 1).
Thus,

c'=(m+c)
=((n+1)+(a+v) by Substitution
=((a+ 1D+ (n+v) by Associativity and Commutativity of Addition
=@+ m+v)) by Substitution
Now *(a',n,(n + v)) by the Induction Hypothesis. So by Prop 8.02, *(a',m,c"). a

Prop 8.10. (Commutative Law of Multiplication) Yn¥a¥'b (*(a,n,b) = *(n,a,b)).
Pf:
By induction via (0\), with ¢ as

YaV'b (*(a,n,b) = *(n,a,b)).



Let *(a,0,b). By Prop 8.04, b =0. By 8.06, *(0,a,0).
Now assume Nn & (o\)n,m & ¢. And suppose *(a,m,b). Then (v + n) =b & *(a,n,v),

for some v. By the Induction Hypothesis, *(n,a,v). By Prop 8.09, (m,a,b). I

As with addition, it is now possible to prove small but important generalizations of
Props 8.02 and 8.03.

Prop 8.11 (MULT3). VnVaVbVa'Vb' (Na' & ca,a' & (b +n) =b' & *(n,a,b) = *(n,a',b)).
Pf:

By induction via (0\), with ¢ as
YaVbVa'Vb' (Na' & oa,a' & (b + n) =b' & *(n,a,b) = *(n,a',b")).

Let Na' & ca,a' & (b +0) =b' & *(0,a,b). Then b =0 by Prop 8.05, so b' =0 by Prop
7.04. Thus *(0,a',b").

Now assume Nn & (oc\)n,m & ¢. Let Na' & oa,a' & (b + m) =b' & *(m,a,b). Then by
Prop 8.10, *(a,m,b). By Prop 8.03, (a +v) = b & *(a,n,v) for some v. By Commutativity of
Multiplication, (Prop 8.10), *(n,a,v). By Prop 7.18, m=(n+ 1)and a' = (a + 1). Thus

b'=(b+m)
=((a+v)+(n+1))
={(a+ 1)+ (v +n) by Associativity and Commutativity of Addition
=(a'+ (v +n))

By the Induction Hypothesis, *(n,a',(v + n)). By Commutativity of Multiplication,
*(a',n,(v + n)). By Prop 8.02 and Commutativity of Mutliplication, *(m,a',b"). O

Prop 8.12 MULT4). VaVaVa'Vb' (Na & ca,a' & *(n,a',b") = 3b (n + b) = b' & *(n,a,b))).
Pf:

By induction via (0\), with ¢ as

YaVa'Vb' (Na & oa,a' & *(n,a',b') = 3b (n+ b) =b' & *(n,a,b)) ). O

Prop 8.13. Yn¥aVbVa'Vb' (ca,a' & *(n,a,b) & *(n,a',b') = (n+b)=b").
Pf:
By induction, with ¢ as

YaVbVa'Vb' (0ad & *(na,b) & *(na',b') = (n +b) = b').

Let oa,a' & *(0,a,b) & *(0,a',b"). Then b =0 and b' =0 by Prop 8.05. By Prop 7.06,
O+b)=0>"

Now assume Nn & on,m & ¢. Let oa,a' & *(m,a,b) & *(m,a',b'). By Commutativity
(Prop 8.10), *(a,m,b) & *(a';m,b"). By Prop 8.12, v+a)=b & *(an,yv) & (V'+a)=b'&
*(a',n,v"), for some v and v'. By Commutativity and the Induction Hypothesis, (n + v) =V'. By
Prop 7.18,a'=(a+1). So((n+v)+(a+1))=>b". By Associativity and Commutativity of
Addition (Props 7.09 and 7.16), (n + 1) + (v + a)) = b'. By Prop 7.18 again, (n + 1) = m.
Thus (m + b) = b'. O



Prop 8.14. Let *(a,n,b) & *(a,n,c). Then b =c.
Pf:

By induction via (0\), with ¢ as
YaVbVc (*(a,n,b) & *(a,n,c) = b =c).

Suppose *(a,0,b) & *(a,0,c). Then by Prop 8.04,b=0and c=0. Sob=c.

Now assume Nn & (o\)n,m & ¢. And suppose *(a,m,b) & *(a,m,c). Then there exists
vaus.t.(a+v)=b& *(a,n,v) and (a + u) = c & & *(a,n,u), by Prop 8.03. By the induction
hypothesis u =v. Thus b =c. O

Henceforth we will write (a*b) for ¢ when *(a,b,c), which is guaranteed to be well-
defined by the previous proposition. If (a*b) appears in an atomic proposition, then it will be
assumed that *(a,b,c) for some c.

Prop 8.15. Suppose 3j (Nj & 00,j), i.e. 1 exists. Then Va(Nn = (1*n) = n)
Remark: The proposition holds even when 1 =0.

Pf:
Let Nn. Then
(1*n) = ((0*n) + n) by Props 8.11 and 8.10
=(0+n) by Prop 8.06
=n by Prop 7.06 O

Prop 8.16. (Distributive Laws)

(a) YnVaVbVc ( (n*(a + b)) = ¢ = (n*a) + (n*b)) = ¢ ).

(b) VnNaV¥b¥e ( ((n*a) + (n*b)) =c & ~n=0=> (n*(a + b)) = ¢ ).

(c) VaVaVbVcVd ( ((n*a) + (n*b)) =c & (a+ b) =d = (n*(a + b)) = ¢ ).

Remark: Nn¥VaVbVc ( ((n*a) + (n*b)) = ¢ = (n*(a + b)) = c¢) does not hold in general. For
in the case n =0, ((n*a) + (n*b)) may exist but not (a + b).

Pf:
(a) By induction, with ¢ as
YaVbVec ( (n*(a + b)) =c = ((n*a) + (n*b)) =c).
Let (0*(a + b)) = c. Then ¢ =0 by Prop 8.05 & (0*a) =0 & (0*b) = 0 by Prop 8.06,

so ((0*a) + (0*b)) = ¢ by Prop 7.06.
Now assume Nn & on,m & ¢. And suppose (m*(a + b)) = c.

c=((n*(a+b))+(a+b)) by Props 8.11 and 8.10
= (((n*a) + (n*b)) + (a + b)) by the Induction Hypothesis



= (((n*a) + a) + (n*b) + b)) by Associativity and Commutativity of
Addition
= ((m*a) + (m*b)) by Props 8.11 and 8.10

(b) By induction, with ¢ as
YaVbVc ( (n*a) + (n*b))=c & n=0= (n*(a+b))=c).

¢ holds vacuously when n = 0.

Now assume Nn & on,m & ¢. And let ((m*a) + (m*b)) = c & = m =0. Suppose
n=0. Thenm=1. By Prop 8.15 ¢ = (a + b) = (m*(a + b)).

Otherwise suppose = n = 0.

c =({((n*a) + a) + (n*b) + b)) by Props 8.11 and 8.10
= ((n*a) + (n*b)) + (a + b)) by Associativity and Commutativity of

Addition
=((n*(a+b)+ (a + b)) by the Induction Hypothesis
= (m*(a + b)) by by Props 8.11 and 8.10
©  AsO). 0

Prop 8.17. (Associative Laws of Multiplication).

(a) VnVaVbVc (((n*a)*b)=c & " n=0= (n*(a*bh))=c).

(b) VnVaVbVcVd (((n*a)*b) = ¢ & (a*b) =d = (n*(a*b)) =c).
Pf:

(a) By induction, with ¢ as
YaVbVc ((n*a)*b) =c & - n=0= (n*(a*b)) = c).

¢ holds vacuously when n = 0.

Now assume Nn & on,m & ¢. And let (m*a)*b) =c & ~m =0.
Suppose m = 1. Then ¢ = (a*b) = (1*(a*b)) by Prop 8.15.
Otherwise, suppose =m =1. Then - n=0. So

c =(((n*a) + a)*b) by Prop 8.12
= (((n*a)*b) + (a*b)) by Prop 8.16(a) and Commutativity of
Multiplication
= ((n*(a*b)) + (a*b)) by the Induction Hypothesis
= ((a*b)*m) by Prop 8.11 and Commutativity of
Multiplication
(b)  As(a). O

Prop 8.18. (Division Algorithm - Existence) Let Nn & k> 0. Then there exists g, r such that
n=(qg*k)y+r)&r<k.
Pf:

LetSbe {s:3r(n=((t*k)+5))}. Sn,since n= (0 * k) + n). Hence S has a
minimum element r, by Theorem 6.04. So n = ((q * k) + r), for some q.

Suppose = r < k. By Prop 2.11\, k <r. By Prop 7.30, (k (+\) ¢) =r for some c. By



Prop 1.02, 1 exists. By Prop 8.15, (1 * k) = k. Hence

n=0g*k)+ 1 *k)+c using the Associative Law of Addition
=g+ *k)+c by Prop 8.16(b)

Hence Sc. ¢ <r by Prop 7.30. Since r is the minimum, ¢ = r. But then k =0 by Prop 7.24\, a
contradiction. 0

Def 8.19. (*-TOT) Suppose VnVm (Nn & Nm = 3k (n * m) = k). Then we say * is total.
a

In order to characterize totality of multiplication, it is helpful to consider a new trivial
case, where the only natural numbers are 0 and 1:

Def 8.20. Let (TRV*) be the condition:

Vn(Nn=n=0v o0,n). I

Prop 8.21. (TRV¥*) if and only if one of these cases:

()0

(ii)0-0

(ii)) 0 - 1

(" 0-1-0

n0-1-1 a

Prop 822. = (TRV*) dy(Ny & ol,y&-y=0&-y=1).

Pf:

! Suppose = (TRV*). Then there exists x such that Nx & = x =0 & = 00,x. By Prop
1.04, Np & op,x for some p. By Prop 1.05, 1 exists. By Prop 2.14,1 < x, so indeed 1 < x.
By Prop 6.02(i) ol,y, for some y. Prop 1.02 implies that -y =0. If y =1, then an easy
induction implies that N = {0,1}, a contradiction. Hence -y = 1.

The other direction is obvious, using (PA3). O

Prop 8.23. (PA2) v (TRV*) & (*-TOT).
Pf:

If (PA2), then (+-TOT) by Prop 7.22, so a simple induction show that (*-TOT).

If (TRV*), then either N = {0} or N = {0,1}, and in both cases (*-TOT).

Now suppose (*-TOT) & “Vn (Nn=n=0v o0,n). By Prop 8.22 Ny & ol,y, for
some y. We want to show (PA2). So let Nn. It has already been shown that O and 1 have a

successor, so it may be supposed that - n=0and ~n=1. By Prop 2.14,1 <n. (n*y) exists
by (*-TOT). By Prop 7.18,y=1+1,so

(n*y)=n*1+1))



=m*l+n*1) by Prop 8.16(a)

=(n+n) by Prop 8.15
So (n + n) exists. By Prop 7.34, (n+ 1) exists. By Prop 7.18 n has a successor. O
Corollary 8.24. Suppose = (PA1) v = (PA4) v = (PAS). Then (*-TOT). a

As with addition, o\ induces a multiplication, which we will symbolize by (*\). An easy
induction shows:

Prop 8.25. N\ C* a

Now it can be seen that FPA proves the assertion (originally proved by Lagrange) that
“Every natural number can be expressed as the sum of four squares.” Thus, GA proves:

Prop 8.26. Let Nn. Then dadb3c3d such that

n=(a () a) () (b YD) (+)) (¢ (*V) ¢) (+) (d (*Y) d) 0

But the previous proposition immediately implies the following:

Prop 8.27. (Lagrange) Let Nn. Then Ja,b,c,d such that

n=@*a)+b*b)+(c*c)+(d*d)

Pf:
Use Props 8.26, 7.25, and 8.25. a
We willl state without proof:

Prop 8.28. *\=* < o\=0 v (TRV¥). a

Prop 829. VaVy (Nx & Ny & ~x+0& y=0& (x () y)exists =>x = (x (*\)y)) [



9. Division

Def 9.01. 1f 3b (a * b) = ¢, then we write a | ¢ and say that a divides c. O

Prop 9.02.

(@) Ya(Na=>alO0)

Bb)Va(0la=a=0)

(c)Va(Na & lexists=11a)

(dVa(Na=ala)

(e) (Transitivity) YaVbVc (alb& blc=alc)

(H VaVbVc (alb&alc& (b+c)exists=al(b+c))

(g) VaVbVc (alb & (b *c)exists=al(b*c))

(W) Va¥VbVe (alb & (b *c)exists= (a*c) | (b*c))

Pf:

(a) Let Na. Then (a * 0) =0 by Prop 8.07.

(b) Let Ol a. Then (0 * b) = a for some b. So a =0 by Prop 8.05.
(¢) Let Na and suppose 1 exists. Then (1 * a) =a by Prop 8.15. So 1| a.

(d) Let Na. If 1 exists, then (a * 1) =a by Prop 8.15,s0 a | a. 1f 1 does not exist, then
a=0by Prop 1.02, and so a | a by (a).

(e) Suppose alb & blc. If a=0,then b=c=0 by (b), and thus 0 | ¢ by (a).
Otherwise ~a=0. (a * x)=b and (b * y) = ¢, for some x,y. So ((a * x) * y)=c. By
the Associative Law of Multiplication (Prop 8.17(a)), (a * (x * y)) =c, hence a | c.

() Letal b & al c, and suppose (b + ¢) exists. If a=0, then b =c =0 by (b), so
(b + c)=0Dby Prop 7.06, and thus O | (b + c) by (a).
Otherwise, suppose = a =0. (a * x) =b and (a * y) = ¢, for some x,y. So
((a * x) + (a *y)) = (b + ¢), since the latter exists. By the Distributive Law (Prop 8.16(b)),
(a@*x+y)=bB+c),soal(d+c).

(2) Let a | b and suppose (b * c) exists. Obviously, b | (b * ¢), so apply (e).

(h)  Apply (e) and (g). 0



Prop 9.03. Suppose = (PAS). Letalb& al(b+c). Thenalc.

Pf:

If a=0,then b =0 and (b + ¢) =0 by Prop 9.02(b), so c =0 by Prop 7.04,and so a | ¢
by Prop 9.02(a).

Otherwise, suppose = a = 0.

a*u=b&a*v=(b+c),for some u,v. By Prop 7.33, there exists ¢ such that
u + ¢ =v. Substituting and re-arranging, a * u + a * ¢ = a * u + ¢. By Cancellation (Prop

7.24),a*u=c. Thusalc. O

Prop 9.04. Suppose = (PAS), and let fop(t). Then Vn Nn=t1n).
Pf:
t+1=0,by Corollary 7.19.
Let Nn. Then n + v =0 for some v, by Prop 7.20(b). If v =0, then n =0 by Prop 7.04,
and so ¢ | n by Prop 9.02(a).
Otherwise = v =0.
vi¥@+1)=v*0=0,by Prop 8.07.
v*t+v=0,by Props 8.16(a) and 8.15.
So v * t = n by Cancellation (Prop 7.24). a

As usual (0\) induces a division relationship, which will be written (N). So x (IN) y if and
only if (x (*\) z) =y, for some z.

Prop 9.05. (\) CI
Pf:
Use Prop 8.25. a

In PA the smallest multiple of a number is itself. This need not be the case in GA.

Def 9.06. Let Nn. The least multiple of n, written Im(n), is:

0 when n =0, and
the least number a > 0 such that n | @ when n > 0. I

Prop 9.07.

(@) Va (Na = alIm(a))

(b)Va (Na & ~a=0=0<Im(a))
(¢)Va (Na= Im(a) <a)

(d) 1 exists = Im(1) = 1

(e) all ©Ilm(a)=1



() IfIm(a)=1,then Vn Nn=aln) a

Def 9.08. Let Nn & = n=0. Then n is a zero divisor, written zd(n), if there exists an x such
that = x=0and (n * x) = 0. O

Zero divisors only occur in the case = (PAS):

Prop 9.09. If there exists a zero divisor, then = (PAS).
Pf:

Suppose (x *y)=0& = x=0 & ~y=0. By Prop 1.04 Nu & ou,y & Nv & ov,x for
some u,v. Prop 7.18, (u+ 1)=yand (v + 1) =x. By Distribution (Prop 8.16(i)) and Prop
8.15, (x * u) + x =0. Substituting and rearranging, ((x * u) + v) + 1 =0. By Prop 7.18,

N((x * u) + v) & o((x * u) + v). Thus = (PAS). O

Remark the converse does not hold, as there may be no zero divisors even when
= (PA5). For instance, there are no zero divisors in the case 0 -1 -2 - 0.

Prop 9.10. Suppose n | 1. Then = zd(n).
Pf:

By assumption n * x = 1 for some x.

Suppose n * y=0, where - n=0& -y=0. n*x*y=y,by Prop8.15, so re-
arranging (Commutativity and Associativity of Multiplication), (n * y) * x=y. By Prop 8.06,

0 =y, a contradiction. Hence # is not a zero divisor. O

Corollary 9.11. = zd(1). a

Prop 9.12. Suppose = (PAS), and let Nn & - n=0& = n=1. Then Im(n) =1 v zd(n).

Fyf.

Suppose x * n=y * n & = x =y, for some x,y. By Prop 7.33,(x +c) =y, for some c.
By Prop 7.04 = ¢ =0. By Distribution (Prop 8.16(7)) and Cancellation (Prop 7.24),
¢ *n=0. Thus zd(n).

Otherwise each x * n must be unique, so by Prop 6.09, there exists some x such that

x*n=1. Then Im(n) = 1. I

10. Prime Numbers



Def 10.01. Letp>1. pisprimeifandonlyif Vn(nlp=n=pvn=1). O

Remark that (o)), as usual, induces a notion of primality, which will be called \-prime;
that is, p is \-prime if and only if Vn (n (N p=n=p v n=1). Obviously:

Prop 10.02. Suppose p is prime. Then p is \-prime.
Pf:
Use Prop 9.05. a

We will show that if = (PAS), then there are no primes, except for a few special cases.

Prop 10.03. Suppose = (PAS), and suppose p is \-prime. Then Im(p) =p v Im(p) = 1.
Pf:
By the Division Algorithm (Prop 8.18\), there exist g,r such that

p=Im(p) (*\) g (+\) r & r <Im(p).

By Props 7.25 and 8.25, p = Im(p) * g + r. Now p | Im(p) by Prop 9.07(a), so p | r by Prop
9.03. But r < Im(p), so this forces r = 0. Since p is \-prime, Im(p) =p v Im(p) = 1. a

Prop 10.04. Suppose — (PAS) and let p be prime. Then fop(p).
Pf:
Use Prop 9.04. O

So, if = (PAS), there can be at most one prime, and this must be the top. The question
now becomes when the top can be prime.

Prop 10.05. Suppose = (PAS).
(a) Inthe case 0 - 1 - 2 - 0, there is a unique prime, 2.
(b) Inthe case 0 -1 -2 -3 -0, there is a unique prime, 3.
(c) Inthecase0-1-2-3-4-5-0, there is a unique prime, 5.
In any other case there are no primes.
Pf:
Manual calculation of the multiplications tables in the three cases reveals that 2, 3, and 5
are primes and uniquely so. (Alternatively, Prop 9.04 proves uniqueness as well.)

Prop 10.04 says that only a top can be a prime. By Prop 10.02, any prime must be a
\-prime. This means, in the case of 0 - 1 - 2 -3 - 4 - 0, there is no prime.



So let top(t) and suppose ¢ is a prime. It may be assumed that 7 = 6.

By Prop 9.12 and 9.07(f), it suffices to show that there is one number between
(exclusive) 1 and ¢ which is not a zero divisor.

By Bertrand’s Postulate (which can be proven in FPA, see [Boucher] Proving
Bertrand’s Postulate), there exists a \-prime p such that s < p <t, where 2 (*\) s (+\) 1 =¢. We
are done unless p is a zero divisor, so assume it is. We claim that 2 * p = 0.

Now p (+\) x = ¢ for some x by Prop 7.30, where = x =0 by Prop 7.04\. p=s (+) 1
by Prop 6.02(h)\ and Prop 7.18\, 50 s (+\) 1 (+\) ¢ = p, for some ¢, by Prop 7.30. Equating
two expressions of 7 (and allowing re-arrangements using Associativity or Commutativity)

2(VVs(+H) 1 =p (+HH x
SEHYs(+F) 1 =s#H) 1 (+) c (+) x
SsHY1I=c(HHYx(+VH) 1 by Cancellation (Prop 7.24\)

Thus s (+\) 1 =z x (+\) 1 by Prop 7.30, so p = x (+\) 1 by Prop 6.02(d). By Prop 7.30 again,
p=x(+\)1(+\) e, for some e. e <p by Prop 7.24\ and Prop 7.20(a)\. But then

2¥p=p+p
=p+x+1+e by Prop 7.25
=t+1+e by Prop 7.25
=0+e by Corollary 7.19
=e by Prop 7.06

If e > 0, then Im(p) < e < p, which by Prop 10.03 forces Im(p) = 1, in which case p is not a zero
divisor by Prop 9.10, a contradiction. Hence e = 0.

Now t=6,s0s=3,s0p>3. Thus—~p=3. And so -3 (]\) p since p is \-prime. By
the Division Algorithm (Prop 8.18\),p =3 (*\) g (+\) r, wherer=1o0r2. Sop=3*qg+r,
and

So by Prop 9.03,31(2*r). So312or314. But3 |4 implies 3|1 by Prop 9.03 again, so in
both case Im(3) < 3, which forces Im(3) = 1. But then 3 | ¢ by Prop 9.07(f), and t is not prime.

[

Note in passing that a similar analysis shows that, when — (PA4), i.e. the tadpole models,
the prime numbers occur only in the tail (and are the usual primes), except for a few special
cases.

11. Gaussian Arithmetic

Consider a final addition to our hierarchy of arithmetic theories. Define GSA
(Gaussian Arithmetic) to be the sub-theory of PA consisting of GA + (PA4). So:

SLA CIND C GA C GSA CFPA CPA,
where

IND = SLA + (PA6)
GA = IND + (PA3)



GSA = GA + (PA4)
FPA = GSA + (PAS) =PA\ {(PA1),(PA2)}.

In this section we will be working exclusively in GSA.

By assuming (PA4) the tadpoles have been excluded, so the possible models are: the
vacuous; the standard; the finite segments; and the cycles.

GSA can be broken down into two mutually exclusive cases: (PAS), in which case the
theory is just FPA; and = (PAS), in which case any proposition proved in GA by supposing
- (PAS) holds. As we shall see, a reasoning by cases will allow us to tackle certain well-known
arithmetic assertions.

As Prop 7.24 says, the addition of (PA4) gives us the cancellation law for addition, and
thus a well-defined subtraction.

Prop 9.03 already proved part of the next proposition, but a self-contained proof is still
provided here, for the sake of completeness:

(GSA) Prop 11.01. Ya¥VbVc (alb& al(b+c)=alc)

Remark: The proposition does not hold in GA. For instance, consider 0 - 1 -2 -3 -2. Then
B+1)=2,s0213and21(3+1),but=211.

Pf:
Suppose alb & al (b +c). Then (a * x) =b and (a * y) = (b + ¢), for some x,y. So

(@a*y)=(a*x) +c).
By Prop 2.11\,x<yory=x.
Suppose x <y. Then by Corollary 7.31, x + z =y for some z. Thus

(@* (x+2z2)=(a*x)+c)
(@a*x)+@*2)=(a*x)+c) by Distribution (Prop 8.16(a))
(a*2)=c by Cancellation (Prop 7.24)

Soalec.
Now suppose y < x. Then by Corollary 7.31, y + u = x, for some u. So

(@a*y)y=(a*(y+u)+c)
(a@a*y)=(a*y)+(a*u)+c) by Distribution (Prop 8.16(a))
O=@*u)+c by Cancellation (Prop 7.24).

Suppose (PAS). Then by Prop 7.20(a) ¢ =0, so a | ¢ by Prop 9.02(a). On the other hand,
suppose = (PAS). Then (u +d) =0 forsomed. Soa*d=((a* (u+d))+c)=c,and

ald. I

(GSA) Prop 11.02. Let Na. Then Im(a) | a.

Remark: The proposition does not hold in GA. For instance, consider
0-1-2-3-4-5-6-7-4.

Then Im(6) =4, but =41 6.



Pf:

If a = 0, then the result holds since 0 | 0 by Prop 9.02(a).

Otherwise, suppose = a =0. Then — Im(a) =0, so by the Division Algorithm (Prop
8.18), there exist g, such that a = (¢ * Im(a) + r) & r < lm(a). By Prop 11.01, a | r, which

forces r = 0 given the leastness of Im(a). Thus Im(a) | a. O

(GSA) Corollary 11.03.
(a) Ya¥b (alb < Im(a)lb).
(b) YaV¥b (alb < allm()).

(¢) YVaV¥b (Na = Im(lm(a)) = Im(a) ). O

(GSA) Corollary 11.04. Let Na & Nb. Then (a * x) = b has a solution if and only if
Im(a) | b. [

Prop 9.13 shows that the previous corollary is equivalent in FPA to the assertion:
Let Na & Nb. Then (a * x) = b has a solution if and only if a | b.

In the case of = (PAS), the corollary is effectively equivalent to the assertion that (a * x) = b
(mod n) if and only if gcd(a,n) | b.

(GSA) Prop 11.05. Let Im(x) | y. Then Im(x) (N) y.
Pf:

If Im(x) = 0, then y = 0, and so clearly Im(x) (\) y.

Otherwise, suppose = Im(x) = 0.

By the Division Algorithm (Prop 8.18\), there exist g,r such that y = g (*\) Im(x) (+\) r
and r < Im(x). By Props 7.25 and 8.25, y = g * Im(x) + r. But Im(x) | Im(y) by Transitivity
(Prop 9.02(e)), so by Prop 11.01, Im(x) | r. By Transitivity again, x | r. By the assumption of

the leastness of /m(x), r = 0. Hence Im(x) (\) y. O

(GSA) Corollary 11.06. YNxVy (Im(x) |y < Im(x) (\) y) O

It has been shown in Arithmetic without the Successor Axiom that the Law of Quadratic
Reciprocity can be proved in FPA. Recall that this Law says, “Suppose p and g are distinct odd
primes. Then...” But Prop 10.05 shows that, in GA + = (PAS), there are no distinct primes,
much less distinct odd primes. Hence, the Law of Quadratic Reciprocity can be proved in
GSA, with one proof beginning ,“Let p and g are distinct odd primes. By Prop 10.05, (PAS).”
The rest of the proof could then be the one furnished in Arithmetic. This still leaves open the
question, of course, whether a more natural proof exists.

FPA proves the following version of Fermat’s Little Theorem:



Let a be a natural number, p be a prime, where — p | a, and suppose
aP-1 exists. Then p | (aP-1-1).

In the special cases mentioned in Prop 10.05, the unique prime p divides every number, by Prop
9.04. So, GA + - (PAS) proves Fermat’s Little Theorem. Since FPA does as well, GSA
proves it.

It is perhaps instructive to consider Fermat’s Little Theorem in the context of GA.
First, unlike with GSA, subtraction is not well-defined in GA, and a natural number may have
two predecessors. So Fermat’s Little Theorem would need to be modified in some way from
the form we have just given it. Its most natural variant might be:

Let a be a natural number, p be a prime, where = p | a, and
suppose Nn & on,p. Further suppose Nx & ox,a’’. Then p | x.

However, this assertion is not true in GA. Consider for example the tadpole
0-1-2-3-4-5-6-7-8-...-14-15-6. Setp=3,a=4,n=2,and x=5. Although it
has not been defined, a”* = 42 should be equal to 4 * 4 = 6, so we have 02,3 and 05,6. But

= 315. There are weaker assertions than the natural variant which can be proved in GA, but in
the author’s opinion it would be an abuse to call any of them Fermat’s Little Theorem.

12. Henkin’s “On Mathematical Induction”

There is much in the present paper already covered in “On Mathematical Induction”
[Henkin], so it is worthwhile to write a brief survey of that paper here. Henkin considers a base
system which assumes induction, successoring’s functionality, and successoring’s totality, that
is (PA2) + (PA3) + (PA6). This, of course, is different from GA in the inclusion of (PA2),
which, in the hierarchy we have considered, is the last axiom added. The results of Henkin,
however, do not depend essentially on (PA2) - that is, they can be reframed so that the axiom
need not be assumed and Henkin’s proofs go through - so this difference is less important than
it might seem at first.

Henkin proves that addition and multiplication can be defined in his base system, and he
characterizes the pure cycle and tadpole models in terms of congruences. He knew that the
Commutative, Associative, and Distributive Laws hold, but he does not say anything about
propositions further along, and in particular it does not seem he considered whether more
advanced number-theoretic results can be demonstrated, or at the least there is no mention of
such. The development in his paper is more abstract and phrased model-theoretically, whereas
the development here is more in the classic mathematical tradition of definition and proof.

13. Conclusion

The surface has only been scratched in terms of an understanding of what can and what
cannot be demonstrated in General or Gaussian Arithmetic. It would be an interesting exercise
to classify all the theorems, say which appear in Hardy and Wright, according to the hierarchy
presented here. It would be especially interesting to get natural proofs. Further investigation is
needed, and further investigation will yield new insights into the structure of the natural
numbers.
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