THREE THEOREMS OF GODEL
by Andrew Boucher
First Draft
10 Nov 2005

Introduction

It might seem that three of Godel’s results - the Completeness and
the First and Second Incompleteness Theorems - assume so little that
they are reasonably indisputable. A version of the Completeness
Theorem, for instance, can be proven in RCAq, which is the weakest

system studied extensively in Simpson’s encyclopaedic Subsystems of
Second Order Arithmetic. And it often seems that the minimum
requirements for a system just to express the Incompleteness Theorems
are sufficient to prove them. However, it will be shown that a
particular sub-system of Peano Arithmetic is powerful enough to
express assertions about syntax, provability, consistency, and models,
while being too weak to allow the standard proofs of the theorems to
go through. An alternative proof is available for the First
Incompleteness Theorem, but is of such a different nature that the
import of the theorem changes. And there are no alternative proofs
for (certainly) the Completeness and (apparently) the Second
Incompleteness Theorems. It is therefore perfectly rational for
someone to be skeptical about Godel’s results.

Notation

x ! P for Px

Dom(R) for {x: "y Rx,y}

Im(R) for {y : "x Rx,y}

IsFunction(R) for #x#y#z (Rx,y & RX,z$ y=2)
Is1-1(R) for #x#y#z (RX,y & Rz,y $ x=12)

P %Q for #x ( Px & Qx)

P' Qfor#x (Px$ Qx)

P( Qfor{z:Pz) Qz}oriy,z:Py,z) Qy,z} or {x,y,z : PX,y,z) Qx,y,z}
P* Qfor {z : Pz & Qz}

P\ Qfor {z : Pz & - Qz}

R +P for {x,y : Px & Rx,y}

fa} for {z:z = a}

, for{z : -2z =17}

R’x for y if IsFunction(R) & Rx,y



The Sub-Theories

The language of Peano Arithmetic contains a constant symbol O, a one-
place predicate - (representing the natural numbers), and a two-place
predicate . (representing succession). Its axioms are:

(PA1) -0

(PA2) #n#tm(-n&.nm$ -m)

(PA3) #n(-n$ "m.nm)

(PA4) #n#m#m' (-n&.nm&.nm'$ m=m')

(PAS) #n#m#n'( -n&-n"&.nmé&.n''m$ n=n')

(PAG) #n(-n$ - .n,0)

(PA7) Induction schema. Let, be a well-formed formula (with no
appearance of m). Use, [x\y] to mean X replaces all (free) instances of
y. Suppose, [O\n] and#n#m (-n& .nm &, $ , [m\n] ). Then
#n(-n$ , ).

It is standard to call (PA3) the Successor Axiom, but for reasons which
soon become apparent, this term will be reserved for the conjunction
of (PA2) and (PA3).

Depending on whether the language is first- or second-order, the
theory with the appropriate logical axioms, is called first- or second-
order PA. If it is necessary to clarify, then PA1 will be used for the
first-order theory and PA2 for the second-order.

The axioms of PA2 can be deduced from the Frege-Arithmetic-like
second-order theory (call this FF) with mathematical axioms:

(F1) #n#m#P (- n&/ nP&/ mP $ n=m)

(F2)#P (/ O,P& —-"xPx)

(F3) #n#m#P#Q#a (- n & .nm & —Pa & #x(Qx & Px) x=a)

$ (/! nP& / mQ))

(F4) Induction schema. Let, be a well-formed formula (with no
appearance of m). Use, [x\y] to mean X replaces all (free) instances of
y. Suppose, [O\n] and#n#m (-n& .nm &, $ , [m\n] ). Then
#n(-n$ , ).

(F5) -0

(Fo) #n#P#a(-n&/ nP&-Pa$ "m(-m&/ m,(P( {a})))

Here “/ m,P” should be taken to mean, “P numbers m.” (F6) is called
the Ad Infinitum axiom. In fact, PA2 is proof-theoretically equivalent
to FF. That is, FF will prove every proposition that PA2 does, and PA2



will prove every proposition that F does, provided one gives a natural
definition of “/ n,P”. (Without any definition, obviously it would be
impossible for PA2 to prove any non-logical propositions containing
u/ n,P”.)

Let FPA be the sub-theory of second-order Peano Arithmetic which has
as axioms (PA4), (PAS5), (PA6) and (PA7), i.e. PA2 without the Successor
Axiom. And let F be the sub-theory of FF which contains axioms (F1),
(F2), (F3), and (F4), i.e. F without the Ad Infinitum Axiom. Then FPA
and F are also proof-theoretically equivalent.

(Note: Systems of Foundations of Arithmetic demonstrates that F
proves the axioms of FPA and that FF proves the axioms of PA2.
Equivalence of F with a Sub-Theory of Peano Arithmetic proves that FPA
proves the axioms of F, with an appropriate definition of “/ n,P”. Itis
an easy consequence that PA2 proves the axioms of FF. The
implications hold if comprehension is either predicative or full.)

Subsequently we will speak about what F proves and what one can do in
F, but by these equivalences, one can see that one is speaking equally
about FPA, a sub-theory of PA2.

The models of F are the standard model as well as all initial segments.
One model is therefore singleton, having as its only first-order element,
{0}. Proof-theoretically F is downward. That is, once a natural number
is assumed or can be shown to exist, then all natural numbers less than
n can be proven to exist. This is important, because many important
theorems are downward. For instance, the theorem that each natural
number has a prime factorization assumes the existence of a natural
number n and asserts that for this n there is a sequence, of length
smaller than n, of primes smaller than n. It is therefore downward and
provable in F.

Other theorems, though, cannot be proved. For instance, the
proposition that there are an infinity of primes - that is, there is not a
natural number which numbers the set of primes -, is not downward,
but upward. Its proof requires the assertion of the existence of
numbers larger than any which are assumed, because, given a natural
number n, one must know that there exists a number equal to one
more than the product of all numbers less than or equal to n, which of
course would be greater than n. But the existence of such a product
cannot be proven in F. Indeed, it is easy to see that the argument



cannot be rectified and the proposition is actually unprovable in F,
since in each bounded segment other than {0}, the theorem is false.
For instance, {0,1,2,3,4,5} has three primes, i.e. the set of prime
numbers can be numbered by a natural number (3), so it is finite not
infinite.

Note that the fact that F is a second-order, rather than first-order,
theory is of crucial importance. Second-order theories (PA2, FF, etc.)
have automatic access to sequences, which their first-order
counterparts do not. That is, first-order arithmetic can refer to
sequences only indirectly, by using natural numbers as codes for
sequences. But the code is almost always a natural number much
bigger than any natural number which has been assumed, and so a
first-order theory without the Successor Axiom is in difficulties when it
wants to assert the existence of sequences. For instance, the Euclidean
Algorithm says that, for every natural number n, there exists a
sequence of smaller natural numbers with certain characteristics. In a
first-order theory, the number which would code this sequence is much
greater than n, so the existence of the sequence could not be infered in
a “first-order F.” But in F, because it is a second-order theory, this
sequence can be represented by a second-order relationship, which
exists since its length is always less than n.

Remark that the negation of (F6) is
"n"P'a(-n&/ nP&-Pa&k-"m(-mé&/ m,(P( {a})))
Use Max(n) to abbreviate
"Pra(-n&/ nP&-Pa&-"m(-mé&/ m,(P( {a}))),
i.e. that n is the largest natural number.
Sequences and Sequences of Sequences
It will simplify matters slightly to restrict sequences to finite sequences.
Definitions of “<” and “+” can be given and standard theorems
involving them are provable in F, as is shown in Systems of Foundations

of Arithmetic. Such results will be assumed.

Def. R is a finite sequence of length n, written Seq (R,n), if and only if
Ris a 1-1 function with domain {x: 1 < x < n}, i.e.



- n & IsFunction(R) & Is1-1(R) & Dom(R) %{x : 1 < x < n}
Seq(R) if and only if "n Seqg(R,n).

Def. 1f Seq (R,1) and R’1 = ¢, then we say R is a singleton sequence and
write R as <c>.

Def. Let R, S, and T be sequences. Then R is concatenated from S
followed by T, written R %(SAT), if and only if

"n"m"k (Seq(R,n) & Seq(S,m) & Seq(T,k) & (m+k) =n
&#x (1 <x<m$ Rx=°S5%)
&#x (1 <x<k$ R(x+m) =Tx))

We will suppose that the usual properties of sequences and
concatenations hold (with the obvious exception that one may always
concatenate two sequences to produce a new sequence). In particular,
concatenation is associative and we may write SATAU and such without
ambiguity, up to equivalence (so long as it exists!).

Def. When i <j<n and A is a sequence of length n, let Trans(A)i,j)
refer to that sequence B (clearly unique up to equivalence) such that B
is of length (j-i+1) and B’k = A’(k+i-1) for all k where 1 < k < (j-i+1).

That is, B is the part of A from i through j.

While second-order logic has an immediate way of representing
sequences, it does not have a simple way of representing sequences of
sequences, since the value of a sequence must be a first- and not a
second-order entity. However, sequences of sequences can be
expressed using a three-place predicate as follows.

Def. Suppose B is a 3-ary predicate. We say B is a sequence, of length
n, of sequences and write SeqOfSeq(B,n) if and only if

#i#j#k(Bi,j,k$ 1 <i<n)
&#i(1<i<n$ Seq({(j,k) : Bij,k}) )

SeqOfSeq(B) if and only if "n SeqOfSeq(B,n).

Def. Suppose SeqOfSeq(B). We say X is the ith sub-sequence of B and
write SubSeq(i,X,B) if and only if



Seq (X) & #j#k(B(i,j,k) & X’j = k)

In an abuse of notation, we will write this as X %B’i . In other abuses of
notation, write X ! B if and only if SubSeq(i,X,B) for some i, and write
B %{X} if and only if SeqOfSeq(B,1) & X! B. It should be clear that
other abuses of notation may be defined appropriately, and we shall
use them as needed.

Definition of a Logical Language

The subject of Godel’s Theorems are logical theories, which may be
viewed as sets of axioms and rules of inference, as well as a language.
A language is a set of symbols as well as a set of rules as to which
sequence of symbols are certain linguistic types, such as logical
constants, variables, terms, and well-formed formulas (wffs).

Unfortunately this is not how a language is often defined in logical
texts. Often linguistic types are defined in such a way that, not only are
rules enunciated as to which sequences are of the particular type, but
also so that sequences of symbols are generated and asserted positively
to exist ad infinitum, an assumption in essentials equivalent to the
Successor Axiom.

For instance, Mendelson [Introduction to Mathematical Logic, 1st ed.,
p. 15] writes (I'm changing the logical notation to be consistent with
the one used in the present paper):

(1) All statement letters (capital Roman letters) and such
letters with numerical subsripts are statement forms.

(2) If A and B are statement forms, then so are (-A), (A &
B), (A) B), (A$ B), and (A & B).

(3) Only those expresions are statement forms which are
determined to be so by means of (1) and (2).

This definition does two things. Firstly, it explains what something
must be to be a statement form. Such explanation is, of course, the
natural role of a definition. But it goes beyond explanation and beyond
the normal job of a definition by, secondly, positively asserting the
existence of objects. That is, the definition asserts that certain
statement forms exist and indeed exist ad infinitum, e.g. (A),



(=A),(=(=A)),(=(=(=A)))),... The definition is, intentionally or
otherwise, not only categorizing sequences of symbols, but positively
asserting their existence. It has assertive force and is not neutral, as
definitions should be.

Defining a language in this way therefore games the discussion; if the
set of theories of such languages is not to be empty, then the Successor
Axiom must be true. It is therefore to be avoided and an unbiased
method sought. For instance, a neutral replacement of Mendelson’s
definition would be:

Suppose A is a sequence of symbols. Then A is a statement
form if there exists a sequence of statement forms Afq,...,Apn

(for some n > 1) such that:

1) Apis A
2) for everyi (1 <i<n),Ajis either:

a) a capitial Roman letter
b) (-Aj), (Aj & AK), (Aj) Ak), (Aj$ A), and

(Aj & Ag), where 1 <jk <i.

Remark that this definition does not assert the existence of A. Rather,
it accepts A’s existence and says what condition must obtain in order
for A to be in the category of statement forms. It is therefore
legitimate as a definition; it categorizes but it does not assert.

This motivates the following definition of a first-order language. Only
the apparatus of F is used in the definition.

The following numbers represent the symbol to their right:

T A wN—=O

’

Note that this implicitly assumes that 5 exists.

Def. The symbol set of a first-order language is a 5-tuple (V,C,P,U,S)
where each set is pairwise disjoint, each is a subset of {x: 6 <x}, and V
and P are non-empty, i.e.



(V* C)%, &(V* P)%, & (V* U) %, & (V* S) %,
& (C* P)%, &(C* U)%, &(C* S) %, & (P* U) %,

&P* S)%, &(U* S)%, &-V %, &P %,
&&NV(C(P(U(S)' {x:6=<x}

V can be thought of as the set of variables, C as the set of constants, P
the set of predicates, U the set of function symbols, and S the set of
predicate variables (which will be used exclusively for the statement of
axiom schemas, as will be seen in the definition of the axioms of first-
order Peano Arithmetic).

Remark that it is now implicitly assumed that 7 exists (since V and P,
which are disjoint, must each contain one natural number greater than
or equal to 6). That is, from the assumption of the existence of a
symbol set, then it may be infered that 7 exists.

Def. The terms of a first-order language wrt to a symbol set
(V,C,P,U,S), written Terms (V,C,P,U,S), is defined as the set of those
sequences T of symbols such that:

1) T is a singleton sequence with value a constant or
variable term, i.e. T %<c> for some c wherec! (C( V); or
2) T is a sequence of symbols f(tq,t2,...,tk) where f ! U and

each tj is already a member of Terms (V,C,P,U,S).

This definition can be formalized in F using sequences of sequences.
That is, in F the definition of a term T can be expressed as a formula
with one free variable, T, as follows:

"n (SeqOfSeq(B,n) & B'n %T &
#i(1<i<n$
"k (Seq(B’i,k) &
(k=1& (Bi)’1! (C( V))
) ((Bi)’1! U & (B’i)’2 =0 & (B'i)’k
&"7"z (Seq(Z,z) & Im(Z) ' {x:1<
&71=2&7z=Xk
&#atb(l <a<b<z$ Za<ZDb)
&#j(1<j<z1
$ (1<j$ (Bi)((Zj)-1)=)5)
&"u(u<i
& B'u %

=1
X < k}



Trans(B'i,(Z’)+1,(Z’(j+1))-1)
)))))))

When V,C,P,U,S can be understood, this formula will be written
“Terms (T)”.

Example. Consider the term f(g(c1,¢2),c3,c4), where the ¢j are

constants and the f,g function symbols. Then the term can be
represented as a sequence B of length 6 of sequences, where:

B’1 is ¢1 (the singleton sequence)
B’2 is ¢

B’3 is c3

B4 is c4

B’5 is g(c1,c2)

B’6 is f(g(c1,c2),¢3,c4)

For i = 6, Z (in the definition above) should be a sequence of length 4,
where 72’1 =2,7’2=9,723=11,and 2’4 = 13. Then (B’6)’(Z’2) =
(B’6)’(Z’3) = 5, i.e. a comma. Also:

Trans(B’6,(2’1)+1,(2’2)-1) is g(c1,c2), which is B’5
Trans(B’6,(2’2)+1,(Z’3)-1) is c3, which is B’3
Trans(B’6,(Z2’3)+1,(2’4)-1) is c4, which is B’'4

End of Example.

Def. The atomic formulas of a first-order language wrt to a symbol set
(V,C,P,U,S), written Atomic (V,C,P,U,S), is defined as those sequences
A of symbols such that:

A is a concatentation of a predicate, “(“, k terms separated
by commas, and “)”.

This can be expressed in F as the following formula with one free
variable A:

"n (Seq(An) & A’1! P&A2=0&An=1
&"7"z ( Seq(Z,z) & Im(Z) ' {x:1<x<n}
&71=2&772=n
&#a#b(l <a<b<z$ Za<7ZDb)



&#j(1<j<z1
$ (1<j%$ AWZ5)-1)=25)
& Terms(Trans(A,(Z’j)+1,(Z’(j+1)-1)))
)

This formula will be abbreviated Atomic(A). The same definition where
A’1 belongs to (P ( S) will define the formulas AtomicSchema(A).
Obviously, if Atomic(A), then AtomicSchema(A).

Def. The well-formed formulas of a first-order language wrt to a
symbol set (V,C,P,U,S), written Wff (V,C,P,U,S), is defined as the set of
those sequences W of symbols such that either:

1) Atomic (W); or

2) W s a concatenation of “#”, a variable, and a well-
formed formula; or

3) Wis a concentation of “-=” and a well-formed formula;
or

4) W is a concatentation of “(“, a well-formed formula,
“$ 7, a (perhaps different) well-formed formula, and “)”.

Presumably the reader accepts that this can be expressed as a formula
in F, in the style of the definition of a term given above. Let Wff (W)
abbreviate the relevant formula. Let WffSchema(W) be the formula
where AtomicSchema(W) replaces Atomic(W). Obviously, if Wf(W),
then WffSchema(W).

The reader presumably accepts that it is possible to define a wif W
being an instance of a wif schema S, that is all instances of a predicate
variable in the schema are replaced by a wif, where the number of free
variables in the wif equals the number of arguments after the predicate
variable. Let Instance(W,S) represent such a formula. For simplicity,
we say that a wff is an instance of itself, so always Instance(W,W) when
W is a wif.

Def. Consider the first-order axiomatization found in Mendelson,
Introduction to Mathematical Logic 1st ed., p. 57. The axioms are
(W,U, and V are wffs):

1) Ws$ (Us V));

2) (W3S (Us V) (Ws U)$ (WS V)

3) (F-U$ -W)$ ((-US$ W)s$ U));

4) #xiW $ W(t), where t is a term free for xj in W; and



5) #xi(W$ U)$ (W$ #x4U), where W contains no free
occurence of xj.

Let LogAxiom(W) be a formula in F which expresses W being a sequence
of symbols which is a logical axiom. Let MP (W,U,V) be a formula in F
which expresses that W and V are wiffs and U is the concatenation of
“(“W, “$ 7, V,and “)”. And let Gen(W,U) be a formula in F which
expresses that W is a wif and U is the concatenation of “#”, a variable,
and W. Again, we trust the reader agrees that such formulas can be
written down.

The non-logical axioms of a theory will be represented by a sequence of
sequences.

Def. Let NonLogAxiomSet(A) be a formula in F which expresses that A
represents a set of wffs (which will serve as axioms), that is:

SeqOfSeq(A) & #X (X! A$ WifSchema(X))
Def. Let NonLogAxiom(A,X) be the formula
NonLogAxiomSet(A) & "i Instance(X,A’i)

That is, X is one of the non-logical axioms of A or an instance of one of
its schema.

Def. A proof n long of X from the axiom set A is a 3-ary predicate P
such that:

WIH(X) & SeqOfSeq(P,n) & SubSeqg(n,X,P)
&#i(l<i<n$ "W (WI(W) & SubSeq(i,W,P))
& #i#W(SubSeq(i,W,P)
$ (LogAxiom(W)
) NonLogAxiom(A,W)
) "j"k"U"V (j <i& k <i& SubSeq(j,U,P)
& SubSeq(j,V,P) & MP (U,V,W) )
) "j"U (j <1i &SubSeq(j,U,P) & Gen (UW) ) ) )

We write ProofLong(n,A,P,X). We write Proof(A,P,X) and say that Pis a
proof of X from A if "n ProofLong(n,A,P,X). We write Provable(A,X) and
say that X is provable from A if "P Proof(A,P,X).

Def. Let NonLogAxiomSet(A). A is consistent if there is no wif W such



that both Wand -W are provable from A.
The Deduction Theorem

The Deduction Theorem, of course, is not a result of Godel. Yet it will
be useful to consider it, because it introduces many of the ideas to be
employed in the subsequent discussion of the Completeness Theorem.
Specifically, in this section it will be shown that the Deduction Theorem
is equivalent to the Ad Infinitum Axiom over F.

The reader should accept that it is possible to define, in F, what a
closed wiff is.

Statement of the Deduction Theorem. Let X be a closed wff and W a
wif. Suppose NonLogAxiomSet(A’) and A %A’ ( {X}. If Provable(A,W),
then Provable(A’,(X $ W)).

Proposition. The Deduction Theorem is equivalent to (F6) over F.
Pf.

Let the symbol set of the language be (V,C,P,U,S).

One direction (that F +(F6) proves the Deduction Thereom)
simply uses the standard proof.

For the other direction, suppose that (F6) is not true. Then
Max(n) for some n. Define the symbol set V = {6}, C =,,
P={x:6<x},F=,,and S =,. For readability, let “x” be the variable
symbol and “P1”, “P2”, ..., “Pn-¢” the predicate symbols. Use Xj to
abbreviate “Pj(x)”. Note that each Xj is of length 4.

Suppose n < 10. Let A = {X1} and A’ =,. Then obviously
Provable(A,X1). But in order for Provable(A’,(X1$ X1)), the conclusion
(X1 $ X1) must be statable. But it is of length 11. Hence it may be
supposed thatn > 11.

Choose k such that 2k = n or 2k = n-1, according to whether n is
even or odd. k < n-6 sincen > 11, so X1,X2,...,Xk exist. Let A’ have as
non-logical axioms {(Xj; $ Xj+1):1<i<k}andlet A=A’ ( {X1}. Note
that (Xj $ Xj+1) is of length 11 so it can be used in a proof. Clearly Xg
is provable from A as follows:

X1

(X1$ X2)

X2

(X2$ X3)



(Xk-1$ Xk)

Xk
Note that the length of the proof is 2*(k-1)+1, which is n or n-1. It
should be clear that there is no proof of length less than or equal to n
of (X1$ Xk) from A’. Hence the Deduction Theorem doesn’t hold.
End of Proof.

The Completeness Theorem

In this section only F will be modified so that it is a third-order theory,
modified so that relationships all have arity 1 and take ordered tuples
as argument. This is so that relationship and function symbols can be
considered in the most general way and modelled in the most natural
fashion.

Fix a symbol set (V,C,P,U,S).

Def. A set D is an interpretation domain and d is an interpretation
using D if and only if d is a function with domain (C ( P ( U) such
that:

1) d maps C (the set of constants in the language) into D;

2) d maps P (the set of predicate symbols in the language) into
the set of all relationships of D; and

3) d maps U (the set of function symbols in the language) into
the set of all functional relationships of D.

Clearly d is a third-order entity, hence our use of third-order logic.

Def. Let d be an interpretation using D. Suppose s is a function from V
into D. The d-extension of s is the function e (which can be proven to
exist in third-order F) s.t.

1) e(x) =s(x)ifx! V
2)e(c)=d(c)if c! C
3) Iff! U and ty,t2,...,tx ! Terms such that

f(t1,t2,...,tk) ! Terms, then e(f(t1,t2,...,tx)) is the element of d
mapped to by d(f) when supplied with arguments e(ty1),e(t2),...,e(tk).

So e extends s from the set of variables to the set of all the terms in the
natural way.

The following inductive definition can be expressed in third-order F:



Def. Let d be an interpretation using D. Suppose s is a function from
V into D, and let e be its d-extension. Then s satisfies a wif if and only
if:

1) s satisfies an atomic wif P(ty,t2,...,tk) if d(P) holds of

e(ty),e(t2),...,e(tk)

2) s satisfies — Pif and only if s does not satisfy P

3) s satisfies (P $ Q) if and only if s satifies Q or does not satisfy
P

4) s satisfies #xW if and only if every W is satisfied by every
function f from V into D, where f(u) = s(u) for all u! V\{x}.

Def. Let d be an interpretation using D. A wff W is true in d if every
sequence s from V into D satisfies W. A set of wiffs and schemas is said
to have d as a model if every wif in the set and every wif which is an
instance of a schema is true in d.

Statement of the Completeness Theorem. Let (V,C,P,U,S) be a symbol
set. Suppose NonLogAxiomSet(A) and that A is consistent. Then A has
a model.

Remark: In fact this is the Completeness Theorem for countable
languages, since all sets are subsets of - .

Proposition. The Completeness Theorem is equivalent to (F6) over
third-order F.
Proof:

The standard proof shows that F + (F6) proves the Completeness
Theorem.

For the other direction, suppose that (F6) is not true. Then
Max(n) for some n. By the pre-supposition noted in the definition of a
language, note that n > 7. We will construct an axiom set which is
consistent but which does not have a model.

Define the symbol setV={6},C=,,P={x:6<x},F=,,and S =
, . For readability, let “x” be the variable symbol and “P1”, “P2”, ...,
“Pn-6” the predicate symbols. Use Xj to abbreviate “Pj(x)”. Note that
each Xj is of length 4.

Suppose n < 11. Remark that “-—--X1” has seven characters and
so exists. Let A = {X1,-——X7}. Then this set is consistent, because

axiom (3) cannot be invoked, since its use would involve a wff which is
of length greater than 11. But clearly A does not have a model.
So suppose n > 12. Put k = n-6. Consider the set A of wiffs



X1,(Xi-1$ Xi),(Xk $ —X1): 2 <i<Kkl.

Then A is consistent, because any proof of —X; would need to be at

least (2k+1) long. But (2k+1) > n. A consideration of cases would
show that there is no other wff W such that both W and -W are
provable from A.

But clearly A cannot have a model.

Peano Arithmetic

In this section first-order Peano Arithmetic (PA1) will be defined
explicitly. PA1 has the following language:

C= {7}

P = {8}
U=1{9,10,11}
S=1{12}
V=4{x:13<x}

Remark that, since V must be non-empty, a discussion of PA1 pre-
supposes that at least 13 exists.

To conform with common usage, we will write the single element of C
as O (zero), the single element of P as = (equality), the three elements
of U as’ (successoring), + (addition), and * (multiplication), the single
element of S as A, and the elements of V as x1, X2, ...

The non-logical axioms of PA1 are (following Mendelson again):

(1) (x1=x2% (x1=x3% x2=x3))
(2) xX1=x28% X1 =x2')

(3) ~0=x7

(4) x1"=x2"8% x1=Xx2)

(5) x1+0=x1

(6) x1+x2" = (X1 +x2)’

(7) x1*0=0

(8) X1*x2 =X1*X2+X1

(9) (A(0) $ (#x1(A(x1)$ A(x1)) $ #x1A(x1)))

Remark that the last axiom is in fact a schema, using the predicate



variable A. Any wif may be substituted into A, in a way which should
be clear but we shall not specify formally.

Call this set of non-logical axioms PA1.
Godel’s First Incompleteness Theorem

Godel’s First Incompleteness Theorem, as applied to PA1, first-order
Peano Arithmetic, says that there is a sentence which is undecidable,
i.e. neither it nor its negation is provable from PA1l. Indeed, it
constructs such a sentence, which turns out to have a very unusual,
apparently self-referential character. Call this sentence G (and call its
negation - G).

F is not able to prove the existence of G. As stated in the previous
section, a discussion of PA1 pre-supposes that 13 exists, but G and - G
are of length much greater than 13. Nonetheless, both can be
physically written down, and so for the sake of discussion, suppose that
they exist, so one can consider the Godel claims that — Provable(PA1,G)
and - Provable(PA1,-G).

Now Godel’s reasoning uses the ad infinitum character of the natural
numbers necessarily, right at the beginning. For he considers a coding
of syntax into the natural numbers, which as a rule represents a
syntactical element of a particular length by a number which is much
bigger. Indeed, these numbers are then supposed to be representable
in PA1 by syntactic elements, which must then have a code, and so on.
It is clear that there is an assumption of Ad Infinitum.

But pointing out the essential use of Ad Infinitum in a proof, even if
this essential use is shared by all proofs currently known, is not the
same thing as saying that F is unable to prove — Provable(PA1,G) and

- Provable(PA1,-G). Indeed, this seems a remarkably difficult thing to
do, since the most natural way to show that F is unable to prove either
would be to construct a proof of G or -G in PA1. But if one could do
that, PA2, which can of course prove both - Provable(PA1,G) and

- Provable(PA1,-G), would be inconsistent.

On the other hand, given the nature of the construction of G, it would
seem very difficult for F, shorn of the ability to talk about codings, to
be able to prove either of — Provable(PA1,G) and - Provable(PA1,-G).
For instance, just because there is a proof of G or — G in PA1 can not be
held to imply that there exists a number which is a coding of this proof.



What can be shown is that F implies the First Incompleteness Theorem
in the sense that there exists an undecidable sentence, although the
example of this sentence and the type of argument must change in the
case where there is a maximum number.

Statement of the First Incompleteness Theorem for PA1. There exists a
sentence S such that — Provable(PA1,S) and — Provable(PA1,-S).

Proposition. F proves the First Incompleteness Theorem.
Proof:

The standard proof shows that F + {F6} proves it.

Now consider the case where F6 is not true. Then Max(n) for
some n. By the pre-supposition noted in the definition of PA1, note
that n > 13. We will construct a sentence which is undecidable in PA1.

Consider the sentence (call it L)

e

where there are 2k “=” signs prefixed, with k = (n-3)/2 if n is odd and
k = (n-4)/2 if nis even. (k > 1 since n > 13.) Then the length of the
sentence L is either n-2 or n-1. Call the sentence with one fewer “-”
signs — L. But clearly there can be no proof of L or — L without using
Logical Axiom 3 with either L or — L as one of the sub-wffs U or W. But
this would force the length of the sentence to be greater than n.

End of Proof.

That is, in the case where F6 is not true, the First Incompleteness
Theorems follows for the simple reason that, in the first-order system
considered here, the proof of a sentence S must almost always contain
sentences longer than S.

Now a lot of philosophical water has flown under the bridge because of
Godel’s First Incompleteness Theorem, in part because of its self-
referential nature. The author modestly proposes that a check on such
philosophical speculation should be the consideration of the case of a
maximum number, where the Theorem holds for a significantly more
prosaic reason.

The Second Incompleteness Theorem

Godel’s Second Incompleteness Theorem, applied to PA1, says that PA1
cannot prove C, where C is a sentence which can be held to assert the



consistency of PA1. What has been said about G, can pretty much be
transposed to C. That is, without the ability to reason about Godel
codings, it seems difficult to see how one can arrive at the conclusion
that - Provable(PA1,C), since C has been formulated with such codings
in mind. On the other hand, the most natural way for F to show that
Provable(PA1,C) would be to construct a proof, which would entail the
inconsistency of PA2, no easy matter of course. So, while the Godel
proof does not apparently go through without the Successor Axiom, it
cannot be stated definitively that it needs it or not. This appears to be
an open, and if the answer is positive, an extremely difficult if not next-
to-impossible, problem.

Conclusion

It was noted above that F is not able to prove that there are an infinity
of prime numbers. Nonetheless, it is possible to modify the statement
of the theorem in any number of ways so that its spirit is maintained
and such that it becomes true and provable in F. Most trivially, one
can assert that, for all natural numbers n and m, if m equals (n! + 1),
then there is at least one prime number between, inclusively, n and m.
Because the existence of m is now an assumption, rather than an
assertion needing proof, the standard argument can now go its way.
Similarly, while F cannot prove the Commutativity of Addition
expressed thusly

#x#y (X +y) =(y +X)
it can prove it in this version

#x#y#z (X+y)=29% (y+X)=12)

The same applies to the Deduction Theorem. By restating it with the
assumption of the existence of some large m, which is a function of the
lengths of X, W, and a proof of W from A, it can be shown using the
standard argument that there is a proof of length less than m of

(X$ W). Now it seems to the author that the gist of the Deduction
Theorem is not concerned with whether or not a number as large as m
exists; the gist is that, given that m does exist, that a particular proof
can be transformed into another. So while the Successor Axiom is
essential to the Deduction Theorem per se, other versions of the
Theorem, with the same spirit, do not require it. Skepticism of the Ad
Infinitum Axiom does not, then, in an essential way, take away from the
Deduction Theorem, because it can be reformulated.

It does not seem that the Completeness Theorem warrants the same
insouciance. For its essential purpose is to assert the existence of a



model, which in the case of some theories (such as PA1) must be
infinitary. The Successor Axiom is thus really and truly essential.
Similarly, it seems to be (but, to be clear, the author is unable to assert
“is”) really and truly essential in the reasoning for the Second
Incompleteness Theorem. In any case a further paper is projected to
flesh out the concept of the essential use of the Successor Axiom.

Godel was apparently not unaware of the nature of his reasoning. He
wrote about the Completeness Theorem in a letter (quoted in “What did
Godel Believe and When did He Believe It?”, by Martin Davis, Vol 11,
Number 2, June 2005, The Bulletin of Symbolic Logic THE BULLETIN OF
SYMBOLIC LOGIC, by Martin Davis, p 194, originally from p. 397-8 Kurt
Godel, Collected works. Vol. V. Correspondence H-Z, S. Feferman et al.,
editors):

This blindness (or prejudice, or whatever you may call
it) of logicians is indeed surprising. But | think the
explanation is not hard to find. It lies in a widespread
lack, at that time, of the required epistemological attitude
toward metamathematics and toward non-finitary reasoning...

| may add that my objectivist conception of mathematics
and metamathematics in general, and of transfinite reasoning
in particular, was fundamental also to my other work in
logic.

One does not have to be an out-and-out skeptic of the Ad Infinitum
Axiom to notice that it does not of the same character as, for instance,
(F2) and (F3), which seem to have an analytic character about them
and so can be justified by appealing to the meaning of their terms. The
meaning of a predicate can never imply the existence of something
which falls under the predicate (with the possible exception of
Cartesian-like examples). So the meaning of “natural number” cannot
imply the existence of natural numbers nor, a fortiori, their existence
ad infinitum. Knowledge of the Ad Infinitum Axiom must come from
elsewhere than the meanings of the terms, which naturally raises the
question, Where? Indeed, it should call into question how well and
indeed if it is known at all.

Skepticism of a realm of abstract objects ad infinitum seems perfectly
rational; indeed, it is hard to see how a rejection of this kind of infinity
could possibly cause difficulties for a human being, with his apparently
finite mind. Buch such a rational individual would necessarily look at
the results of Godel’s three theorems with very different eyes than is
currently the case.



