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Introduction

In the Foundations of Arithmetic, Frege famously developed a theory which today goes
by the name of logicism - that it is possible to prove the truths of arithmetic using only logical
principles and definitions. Logicism fell out of favor for various reasons, most spectacular of
which was that the system, which Frege thought would definitively prove his thesis, turned out
to be inconsistent. In the early 1980s a movement called neo-logicism was begun by Crispin
Wright. Neo-logicism holds that Frege was almost right, in that arithmetic can be proven in
second-order logic using only definitions and one quasi-logical proposition, called Hume's
Principle, which says that the number of Ps equals the number of Qs if and only if they can be
put into one-to-one correspondence. There has been some controversy about the status of
Hume’s Principle - for instance, whether it counts as a logical or analytic proposition. (See e.g.
the similarly titled, “Is Hume’s Principle Analytic?, by Crispin Wright and George Boolos.) In
this paper a different tack will be tried. Indeed Frege is almost right. He is almost right
because a large part of arithmetic and number theory, or at the least a large part of something
which looks like them, can indeed be generated using only logical principles and definitions,
without the assumption of any quasi-logical assertion and in particular without Hume’s
Principle. Specifically, logic will be taken as second-order logic with full comprehension and the
addition of one distinguished 2-ary predicate “M”. A large amount of arithmetic and number
theory will then be developed, using only (second-order) logical principles and definitions. It
can thus be seen that the epistemological status of this large part of arithmetic is independent of
the question of the status of Hume’s Principle.

List of Basic Symbols and Terms Used

The left-side abbreviates the right-side:

XEP Px

P=0Q Vx (Px < Qx)or VxVy (Px,y < Ox)y)
PC QO Vx(Px= Qx)

PCOQO Vx(Px=0x)&-P=Q

PUQ {z:Pzv Qz}or{yz:PyzvQyz}
P\Q {z:Pz& - Qz}or{yz: Pyz &~ Qyz}
R[A {yz: Ryz & Ay}

(R°S) {xz: 3y (Rx,y & Sy2)}

) {z:—z=z}or{yz:~z=2}

L) {z:z=12}

{a} {ziz=a}

{ab} {z:z=av z=>b}

{(a.b)} {yz:y=a&z=0}

{(ab,c)} {yz:x=a&y=b&z=c}

Dom(R) {x:3dyRxy}

Im(R) {y: 3 Rxy}

IsFunction(R) VxVyVz (Rxy & Rxz=y=27)

Is1-1(R) VxVyVz (Rxy & Rzy=>x=27)

P~Q0 AR (P = Dom(R) & Q = Im(R) & IsFunction(R) & Is1-1(R))
The System

Consider second-order logic, with full comprehension and the addition of one



distinguished 2-ary predicate “M”, which takes a first-order letter in its first argument and a
second-order letter in its second argument. Intuitively, one may think of “Mn,P” as saying “P
numbers n things.” Consider the following definitions:

(D1) zero(z) =def VP (Mz,P < P = ¢)

(D2) onn =def YVP(Mm ,P = Ja Pa) & YPVa( —-Pa = (Mn,P < Mm,(P U {a}))
(D3) Nn =def VYF( Vx(zero(x) = Fx) & VxVy(Fx & ox,y = Fy) = Fn)

(D4) x eq y =def AP(Mx,P & My,P)

Note: one perhaps should write x = y in (D4) to emphasize that eq will play a role similar to
equality.

Call the resulting system G. It will be shown, first, that G proves five Peano Axioms and then,
secondly, that they are sufficient to prove a large part of arithmetic.

Proving Five Peano Axioms

Prop 1. (Peano Axiom - all zeroes are natural numbers)
Vz(zero(z) = Nz)

Pf:

Let zero(z).

Suppose Vx(zero(x) = Fx) & VxVy(Fx & ox,y = Fy). So Fz. Hence Nz by (D3).

0

Prop 2.¥nVm(Nn & on,n = Nm)
Pf:

Let Nn & onm.

Suppose Vx(zero(x) = Fx) & VxVy(Fx & ox,y = Fy). Then Fn by (D3). So Fm.
Hence Nm by (D3). O

Prop 3. (Peano Axiom - Induction) Assume:

1/ Vx(zero(x) = Fx) and
2/ VxVy(Nx & Fx & ox,y = FYy).
Then:

Vx(Nx = FXx).

Pf:

Define F'as {x : Nx & Fx}. Then Vx(zero(x) = F'x), using Prop 1 and 1/.
Suppose F'x & ox,y. Then Fy by 2/. But F'x = Nx, so Nx & ox,y, which implies Ny by
Prop 2. Hence Ny & Fy,i.c. F'y. Thus VxVy(F'x & ox,y = F'y). By (D3), if Nn, then F'n.

0

Prop 4. (Finite Hume's Principle) Vn(Nn & Mn,P = (Mn,Q < P ~ Q))
Pf:

By induction with F as

VPYQO Mn,P = Mn,Q < P~ Q)).

Suppose zero(n). Let Mn,P. Then P = ¢ by (D1). If Mn,Q, then Q = ¢ by (D1); so
P~Q. Andif P ~ Q, then Q = ¢; so Mn,Q by (D1).

Now suppose Nn & on,n & Fn, and suppose Mm,P. By (D2) Pa for some a. By (D2)
again, Mn (P \ {a}).

Suppose Mm,Q. Then by (D2) Qb for some b. By (D2) again, Mn,(Q\ {b}). By the



induction hypothesis, P\ {a} ~ O\ {b}. By logic P~ Q.
Now suppose P ~ Q. Let R be a one-to-one function from P onto Q. Then Ra,b for
some b with Qb. Then R [ (P \ {a}) is a one-to-one function from P\ {a} onto O\ {b}. Hence

P\ {a} ~Q\{b}. By the induction hypothesis Mn,(Q\ {b}). By (D2) Mm,Q. 0
Corollary 5. Let Nn & Mn,Q, where Q = ¢. Then zero(n).
Pf:
It must be shown that
VP(MH,P < P= ¢)
But this follows from the proposition. O

Prop 6 (Pigeon Hole Principle) YnNPYQ(Nn & Mn,P & Mn,Q &« PC Q=P = Q)
Pf:
By induction with F as
VPYOMn,P & Mn,Q & PC Q= P=0Q)
If zero(n) & Mn,P & Mn,Q & PC Q,then P=¢d and Q= ¢,s0 P = Q.
Now suppose Nn & on,n & Fn, and suppose Mm,P & Mm,Q & P C Q. By (D2) Pa
for some a. Hence Qa. By (D2) Mn,(P\ {a}) and Mn,(Q \ {a}). By the induction hypothesis,

(P\{a})=(Q\{a}). Hence P= Q. O

Prop 7.¥n(Nn = 3z (zero(z) & Nz))

Pf:
By induction, with F' as 3z zero(2).
Suppose zero(x). Then obviously 3z zero(z), hence Fx.
Now suppose Fx & ox,y. Then 3 z zero(z), hence Fy.
By induction, Vr(Nn = 3z zero(z)).

By Prop 1, it may be concluded that Vn(Nn = 3z (zero(z) & Nz)). O
Let POTINF(n) abbreviate
dP3a(Mn,P & — Pa)
and POTINF abbreviate

Vn(Nn = POTINF(n)).

With POTINF (for "potential infinity") it can quickly be proven that the successor
relationship is a one-to-one function which does not have a zero in its image. In the next section,
it will be shown how to derive POTINF.

Prop 8. (Peano Axiom - Ois a function).
VnVmVm'(Nn & onn & ongn' = m eq m')
Pf (assuming POTINF):
Suppose Nn & on,m & on,m'. By POTINF, =~ Pa & Mn,P for some P.a. By (D2)

Mm (P U {a})) and Mm'(P U {a})). By (D3) meq m'. 0

Prop 9. (Peano Axiom - O is one-to-one)
VnVn'Vm(Nn & Nn' & Nm & onn & on';m = neqgn')
Pf (assuming POTINF):

Suppose Nn & Nn' & Nm & on,m & on';m. By POTINF - Pa & Mn,P for some P.a,
and -~ P'a' & Mn',P' for some P'a'. By (D2) Mm (P U {a}) and Mm,(P'U {a'}). By Finite
Hume's Principle, (P U {a}) ~ (P'U {a'}). By logic P ~ P'. By Finite Hume's Principle again,
Mn,P'. By (D4) negn'. 0



Prop 10 (Peano Axiom - no zero is a successor)
VnVz(Nn & zero(z) = -~ on,)
Pf (assuming POTINF):
Suppose Nn & zero(z) & on,z. By POTINF,3P3a(—Pa & Mn,P). By (D2)

Mz,(P U {a}). But this contradicts (D1). 0
Proving POTINF

Def 11.x <y =def Nx & Ny & APAQ(P C Q & Mx,P & My,Q)
Defl12.x<y=defx<y&-xeqy

Prop 13. Let onyn & POTINF(m). Then POTINF(n).
Pf:
Mm,P for some P, since POTINF(m). By (D2) Pa for some a. By (D2)

Mn,(P\{a}). Evidently = (P\ {a})a. Hence POTINF(n). 0

Prop 14. Let Nn & on,n & POTINF(n). If k < n,then k <m. Hence,~m < n.
Pf:

By Prop 2,Nm.

Letk<n. Then Nk & Nn & P C Q & Mk,P & Mn,Q, for some P and Q, by Def 11.
By POTINF(n) there are Q',a' such that =~ Q'a' & Mn,Q'. So Q ~ Q' by Finite Hume's
Principle (Prop 4). If YxQ'x, then Q C Q', and the Pigeon Hole Principle (Prop 6) forces
Q = Q', contradicting - Q'a'. Hence = Qa, for some a. By (D2) Mm ,(Q U {a}). Of course
PC (QU {a}),sok=m. If k=m,then P=(Q U {a}) by the Pigeon Hole Principle, which
contradicts P € Q & — Qa.

If m < n, then m < m by the previous paragraph. By Def 11, Mm,P for some P. But

then m eq m by (D4), contradicting m < m (see Def 12). 0

Corollary 15. Suppose Nn & on,n & POTINF(n). If k < nthen k <m.
Pf:

Let k <n. Then k < n, so k < m by Prop 14. O
Corollary 16. Suppose Nn & on,n & POTINF(n). Then n < m.
Pf:

By POTINF(n), Mn,P & — Pa, for some P,a. Obviously P C P,so by Def 11,n < n.
By Prop 14,n <m. d

Def17. P <n=def Vx(Px=>x<n)
Def 18. P < n=def Vx(Px=>x<n)

Prop 19. Let P <n. Then - Pn.
Pf:
Suppose Pn. Then n < n since P <n. Thus = n eg n. But P < n implies P < n, which

implies Mn,Q for some Q. So n eq n, a contradiction. O

Prop 20. Vn(Nn & POTINF(n) = 3P(Mn,P & P < n)).
Pf:
By induction (Prop 3), with F as
POTINF(n) = 3P(Mn,P & P < n)
Suppose zero(n). Then Mn,$. Trivially, ¢ < n.
Now suppose Nn & Fn & on,m. And suppose POTINF(m). By Prop 13, POTINF(n).
By the induction hypothesis, Mn,P & P < n, for some P. Then = Pn by Prop 19. So by (D2)



Mm (P U {n}). By Prop 14, P <m. By Corollary 16,n < m. Hence (P U {n}) <m. 0

Corollary 21. ¥Yn(Nn & POTINF(n) & onyn = AP(Mm,P & P < n)).
Pf:

Let Nn & POTINF(n) & ongn. Then by Prop 20, Mn,P & P < n for some P. By Prop
19, Pn. So by (D2) Mm (P U {n}). But P <n and by Def 11, n < n (using the fact that

Mn,P). O
Prop 22.¥Yn(Nn = POTINF(n))
Pf:

By induction (Prop 3), with F as

POTINF(n).

Suppose zero(n). Then Mn,p & — ¢n.

Now let Nn & Fn & ongn. And suppose Nm. Then POTINF(n), so there exists P such
that Mm,P & P < n, by Corollary 21. But = m < n by Prop 14, so = Pm. O

Remark that it is now possible to show that:

Prop 23. eq is an equivalence relation on N, that is:

(a) Vn(Nn = n eq n)

(b) YnVm(n eq m = m eq n)

(c) VnVmVk(Nn & Nm & neqgm & m eq k= n eq k)

Pf:

(a) Suppose Nn. Then by Prop 22, POTINF(n), so Mn,P, for some P. But then n eq n.

(b) Obvious from the definition of eq, (D4).

(c). Suppose Nn & Nm & neq m & m eq k. Then Mn,P & Mm.,P & Mm,Q & Mk,Q, for
some P,Q. By Finite Hume’s Principle (Prop 4), P ~ Q. By Finite Hume’s Principle again,
Mn,Q. Hence n eq k. O

More of Arithmetic, but not All

Second-order Peano Arithmetic can be considered as making seven assumptions:

(PA1) NO

(PA2) VnVm (Nn & onjn= Nm)

(PA3) Vn(Nn=3dmonm)

(PA4) VunVmVm' (Nn & onyn & onyn'= m=m")

(PA5) VuVmVn'(Nn & Nn'& onjm& on'ym=n=n')

(PA6) Yn(Nn=-0n0)

(PA7) Induction schema. Let ¢ be a well-formed formula. Suppose ¢[0\n]
and VnVm ( Nn & onn & ¢ = ¢[m\n] ). Then Vn (Nn= ¢ ).

It has just been shown that G proves (essentially) (PA1), (PA4), (PAS), (PA6), and (PA7). But
this is just the system FPA studied in Arithmetic Without the Successor Axiom, which proves a
substantial part of arithmetic, such as the Euclidean Algorithm, the existence and uniqueness of
prime factorization, and Quadratic Reciprocity. It is straight-forward to verify that these proofs
go through as well in G.

Call the two omitted axioms - (PA2) and (PA3) - the Successor Axiom. These two
ensure that every natural number has a successor, which in turn is a natural number (which itself
has a successor). Without the Successor Axiom, it is not possible to prove that there are an
infinity of prime numbers (although it is possible to prove that there exists a prime number
between any numbers n >0 and (n! + 1)). Again, details may be found in Arithmetic Without
the Successor Axiom.



Conclusion

Definitions of terms with prior meanings, like those of arithmetic, is problematic,
because it is uncertain whether the new, defined meaning co-incides with the old. So, strictly,
one should not say that G proves a large part of arithmetic; it only proves something which can
be made to look like arithmetic. To avoid this possible point of contention, the author prefers to
develop arithmetic not from definitions but rather axioms which make assertions about
undefined primitives, such as “0”, “N”, and “zero”. Of course, these axioms would be very
close to the definitions. The point of the development of the present paper is to show that
definitions and second-order logic, without any additional principle such as Hume’s are
powerful enough to get the job done, that is, derive a good deal of arithmetic.

Arithmetic, however, is severed in two. One part can be derived from definitions or
axioms which have the same content or less as these definitions. Another part, relying on the
ontological assertiveness found in the Successor Axiom or Hume’s Principle, cannot. So while
the methodology of arithmetic - stating axioms and using logical inference to arrive at theorems
- is monolithic, the difference in the nature of the axioms ensures a dual nature in arithmetic
itself.
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